
Sample Applied Nonlinear ODE Comprehensive Exam

Do any six problems. Clearly indicate in the table below which problems you want to be graded. If you
do not select the problems we will grade the first 6 problems. Good luck!

Problems 1 2 3 4 5 6 7 8

Select

1. (a) Show that the phase paths of the Hamilton system ẋ = −∂H/∂y, ẏ = ∂H/∂x are given by
H(x, y) = constant. If (x0, y0) is an equilibrium point, show that (x0, y0) is stable according
to the linear approximation if H(x, y) has a maximum or a minimum at the point. Assume
that all the second derivatives of H are nonzero at x0, y0.

(b) For the system ẋ = y[16(2x2 +2y2−x)−1] and ẏ = x− (2x2 +2y2−x)(16x−4), show that the
system is Hamiltonian and obtain the Hamiltonian function H(x, y). Obtain the equilibrium
points and classify them.

2. (a) For the system ẋ = X(x, y), ẏ = Y (x, y), show that there are no closed paths in a simply

connected region in which
∂X

∂x
+
∂Y

∂y
is of one sign.

(b) Use part (a) and the directions of the phase paths to show that the system ẋ = xy − y2, ẏ =
x3y + sinx has no closed path in the entire x, y plane.

3. Use the method of equivalent linearization to find the amplitude and frequency of the limit cycle
of the equation ẍ+ ε(|x| − 1)ẋ+ x+ εx3 = 0, 0 < ε << 1. State the equivalent linear equation.

4. Apply Lindstedt’s method to the problem

(1 + εẋ)ẍ+ 4x = 0, x(ε, 0) = a, ẋ(ε, 0) = 0,

to obtain 2π-periodic solutions to O(ε), and to obtain the amplitude-frequency relation to O(ε2).

5. (a) Write down the definitions of Poincaré stability and Liapunov stability for plane autonomous
systems.

(b) Prove that Liapunov stability of a solution implies Poincaré stability for plane autonomous
systems. Construct an autonomous system as a counter-example and show that the converse
is not true.
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6. (a) Suppose that

(i) A is a constant n× n matrix whose eigenvalues have negative real parts;

(ii) For t0 ≤ t <∞, C(t) is continuous and

∫ t

t0

||C(t)|| dt is bounded.

Show that all solutions of the linear homogeneous system ẋ = {A+C(t)}x are asymptotically
stable.

(b) Use the result in (a) to investigate the stability of the solutions of the linear system

ẋ = (−2 + te−t)x+ y + t2 sin(t), ẏ = −5x+
√

3te−ty − πt.

7. (a) Suppose that in a neighborhood N of the origin, the regular system ẋ = X(x) and the function
V (x) satisfy

(i) X(0) = 0;

(ii) V (x) is continuous and positive definite;

(iii) V̇ (x) is continuous and negative semidefinite.

Show that the zero solution of the system is uniformly stable.

(b) Show the zero solution of the system ẋ = y − sin3 x, ẏ = −4x− sin3 y is uniformly stable by
using the function V (x, y) = x2 + αy2 with a suitable α.

8. (a) State the Poincaré-Bendixson theorem. Do NOT prove the theorem.

(b) Consider the system
ṙ = r(3− r2) + µr cos θ, θ̇ = −1,

where r2 = x2 + y2 and µ > 0 is a parameter. Check the conditions of the Poincaré-Bendixson
Theorem and determine for what values of µ there exists a periodic solution. Find the region
where the closed path is in.
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