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Abstract: For any ring R, some characterizations are obtained for unit regular
elements in a corner ring eRe in terms of unit regular elements in R.
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1 INTRODUCTION

Throughout this note, R denotes a ring with identity. An element a € R is said
to be unit regular in R if o = aua for some u € U(R), the group of units of R.
Let us write ur(f2) for the set of all unit regular elements in R. If ur(R) = R, R
is said to be a unit regular ring (see [1]).

Unit regular rings play an important role in the structure theory of (von Neu-
mann) regular rings since they are precisely those regular rings over which the
finitely generated (say left) projective modules satisfy the cancellation law [3: (4.5)].
Alternatively, unit regular rings can also be characterized as regular rings of stable
range one [3: (4.12)]. '
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For any idempotent e € R, the ring eRe (with identity €) is said to be a corner
ring of R. It is easy to show that, for any a € eRe:

(*) a € ur(eRe) = a € ur(R).

(Take b = 0 in the implication (1) = (4) in the Theorem below.) However,
the converse of (*) is not true in general. To construct a counterexample, let
S be a ring with an element s which is regular but not unit regular. Choose

t € S such that s = sts, and let i = My(S5), e = (1] g) € R. Then, for
s 0 s
a—(U D)GBReandu-—(l D)eR,wehave
- a0 t 1 s 0 (sts O ki
“r={oo/\10)\oo) Lo o)™ "
. LI B
Since u. € U(R) (with inverse 1 —t )), we have a € ur(R). However, a ¢

ur(eRe) since eRe = 5, and s ¢ ur(S).

The fact that () is only a one-way implication leaves one to wonder whether
there exists a characterization of the elements of ur(eRe) in terms of those of ur(R).
In this note, we'll provide some such characterizations. As an easy consequence of
these, for instance, we get a direct, “elementwise” proof for the fact that any corner
ring of a unit regular ring is unit regular. Some of the implications in the main
result below can also be proved by using the technique of endomorphism rings in
[2]. However, we believe a direct proof without recourse to the results of [2] is of
independent interest. Another advantage of our proof is that it applies equally well
to l-sided unit regular elements and 1-sided unit regular rings. '

We thank K. R. Goodearl for pointing out to us that the converse of () is
false in general. This remark of Goodearl prompted us to find an “iff” statement
to replace the “only if” statement (¥).

2 MAIN RESULTS

‘We come now to the main result of this paper.

THEOREM Let e=¢e¢?€ R, f =1—¢e, and @ € eRe. Then the following
statements are equivalent:
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) a € ur(eRe);

) a+ f € ur(R);

) a+beur(R) for any b€ U(fRf);

Y a+be ur(R) for some b € U(fRf);
a+beur(R) for any b€ ur(fRf);
a+b € ur(R) for some b e fRf which is neither a left nor a right 0-divisor of
fRf.

Proof  Clearly, (4) = (3) = (2) = (3') = (5), so it suffices for us to
prove (1) = (4) and (5) = (1).

(1) => (4). Let D = eRe x fRf, which is a subring of R (with the same identity
e+ f =1). For any b € ur(fRf), we have clearly

a+ b€ ur(eRe) x ur(fRf) = ur(D) C ur(R).

(1
(2
(3
(3
(4
(5

)
)

(5) = (1). For b as in (5), write a+b = (a + b)u(a +b) where u € U(R). Then
a + b = aua + bubd + bua + aub,

where the four summands on the RHS lie in eRe, fRf, fRe, and eRf respectively.
By the Peirce Decomposition Theorem [5: p.318], we have a = aua, b = bub and
bua = aub = 0. Now let v = u~! € R, and consider the two elements

v'i=eve € eRe, ' :=e(u— ubu)e € eRe.

We have
au'a = ae(u — ubu)ea
= a(u— ubu)a
= aua — (aub)ua
= aua
= a,

so it suffices to show that u', v’ are mutually inverse in the ring eRe. Now
(1 - bu)f € fRf and [(1 —bu)f]b =b—bub=0,s0 (1—bu)f =0 (since b
is not a right O-divisor in fRf), and hence (1 —bu)e = 1 — bu. Using this, we get
u'v' = eu(l— bu)e- eve

= eu(l—bu)ve

= e(l — ub)uve

= e(l —uble

£
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since be € fRf- e = 0. Similarly, the fact that b is not a left O-divisor in fRf
implies that e(1 — ub) = 1 — ub, and using this, we can calculate as before that
v'u’ = e. Therefore, u' € U(eRe), and the fact that ¢ = au'e shows that ¢ €
ur(eRe), as desired. QED

REMARKS

(A) There is an obvious statement (4’) obtained by replacing “for any” in (4) by
“for some”. However, (4’) is in general weaker than the other conditions, as we
have seen before (by taking b=01).

(B) The proof of (5) = (1) actually shows more; namely, if a + b is a right unit
regular element of R (in the sense of Ehrlich [2]) for some b € fRf which is not
a right 0-divisor of fRf, then a is a right unit regular element of the corner ring
eRe.

(C) It is also of interest to point out that the proof of (5) == (1) did not really
make full use of the fact that uv = 1 = vu. In fact, as the reader may check, all we
needed in the proof was that uve = e = evu. Therefore, (1) would have followed

if we just assume that, for the element u above, there exists v € R such that
ww—1€ Rf and vu—1¢€ fR.

As an immediate consequence of the Theorem above, we obtain:
COROLLARY Let e =¢€? € R. If R is a unit regular ring, so is eRe.

Proof Let f=1—e. Forany a € eRe, we have a+ f € ur(R). By (2) = (1)
in the above Theorem, we have a € ur(eRe (A similar proof, using Remark (B)
above, shows that if 1 is a 1-sided unit regular ring in the sense of Ehrlich [2], then
so is eRe for any idempotent e € R.) QED

The Corollary above is a well-known result in the theory of unit regular rings.
However, the only known proof of it depends on a characterization theorem of
Ehrlich [2] and Handelman [4] (in terms of module cancellation) for an endomor-
phism ring to be unit regular. (See also [6: Ex. (21.9)].) Our treatment above
provided the first “elementwise” proof of this corner ring result.
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