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Summary This study presents a modeling paradigm for scheduling problems in

supply chains. The constituents of a supply chain need to cooperate, rather than

compete, in order to achieve maximum respective benefits. To analyze this, it is

essential to have a concise but comprehensive formulation of this problem. This

formulation, in addition to being computationally viable, must account for special

characteristics of supply chains. It is argued that lot streaming provides an appropri-

ate paradigm for scheduling problems in supply chains. It is shown that event-time

models provide a general formulation for lot streaming problems. Furthermore, logic-

based modeling framework of constraint programming makes it possible to handle

special requirements of these models. This is illustrated by a small example. It is

also shown that the fundamental results for single-job lot streaming problems can

be systematically obtained as special cases of this generalized formulation. This

demonstrates that event-time formulation accurately models all of the features of

the problem; and that starting with a concise but comprehensive formulation, solu-

tions for special cases of the problem can be obtained systematically. To that end, a

number of additional special case formulations of single-job lot streaming problem is

presented. An appendix presents a schema for lot streaming problem classifications.

1 Introduction

Today’s supply chains differ from the integrated logistics systems of the past
primarily because of the autonomous nature of its constituents. In the tra-
ditional approach to integrated logistics, the entire system is treated as a
monolithic entity, whereas today’s supply chains are usually comprised of
components that are autonomous entities with competing interests. These
constituents of the supply chain, such as manufacturers, wholesalers, and re-
tailers, will be better off if they operate in co-operation. Similar situation
arises in supply contracts. (Cachon 2003) Co-operation via supply contracts
results in a win-win outcome for all parties concerned. The same is true for
supply chain scheduling, which is concerned with timing and amount of ma-
terial handling moves throughout the supply chain. Supply chain scheduling



2 Ömer S. Benli

has replaced the integrated production planning and scheduling systems of
traditional logistics; and cooperation is essential in scheduling operations in
supply chains.

At “The Factory Scheduling Conference” held at Carnegie Institute of
Technology in May 1961, William Pounds argued that production scheduling
problem was not “. . . a visible one in many firms because other parts of the
firm have absorbed much of the impact of poor scheduling.” (Pounds 1961) If
the due dates were not routinely met, it was customary to give protracted due
dates; if there were a bottleneck machine, the problem was solved by acquiring
another machine. Although the changing nature of business competitiveness
demands highly advanced production scheduling systems, sufficient emphasis
is still not being given to scheduling in supply chains. In the indexes of two re-
cent handbooks on supply chain management, 6 out of 765 pages in Graves &
de Kok (2003) and only one page out of 817 pages in Simchi-Levi et al. (2004)
directly refer to scheduling. de Kok & Fransoo (2003) suggests the following
explanation: “Decisions with regard to the different components of planning of
supply chain operations have traditionally been analyzed independently from
one another by the researchers. Research addressing the scheduling problem,
the (multi-echelon) inventory problem, and the aggregate capacity planning
problem have hardly been interconnected while maintaining their own char-
acteristics.”

Production planning problems customarily are posed as periodic review
processes. On the other hand, detailed scheduling problems extend over rela-
tively shorter planning horizons and require continuous time domain. Among
the first to comment on this incongruity was Karmarkar (1994); comparing
the different modeling perspectives in theory and practice, he stated that:

[Analytical models] often treat capacity in terms of loading time
buckets. However, in practice, it is much easier to think in terms of
time lines and events and intervals. In some models, such as schedul-
ing with Gantt charts, we use this kind of modeling, but we lack
ways of dealing with decomposition or composition of these models.
As a result, capacity and planning models are often formulated very
differently. Perhaps this is one reason that time interval and release
oriented methods like mrp and drp are used in practice for planning
even though they are completely unable to actually deal with resource
allocation decisions.

Likewise, Bill Maxwell questioned the use of models that lump operations
and events into large time buckets and suggested formulation of “event-time”
models which are in essence “ordered sequence of time and data.” (Maxwell
1997)
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2 Lot Streaming Paradigm

A major problem in production planning is how to handle sequencing require-
ments on resources, whereas models of traditional machine scheduling cannot
handle lot sizing. Lot streaming may provide the necessary conceptual frame-
work for integrating lot sizing and machine scheduling. Basically, lot stream-
ing is moving some portion of a process batch ahead to begin a downstream
operation. Classical machine scheduling theory envision an operation as an
elemental task to be performed. It is assumed that “[t]he processing times of
successive operations of a particular job cannot be overlapped. A job can be
in process on at most one operation at a time” (Conway et al. 1967). This
assumption is justified when jobs are monolithic entities. But for scheduling
production lots, where each lot consists of a number of units, this assumption
may be overly restrictive. The processing time of such a lot is comprised of a
(usually “detached”) setup time and the sum of the processing times of each
unit in the lot. For instance, when the machine is available, it is not reasonable
to delay its setup until all the items arrive from the upstream machine.

Lot streaming, in this context, was introduced in papers by Baker (1988)
and Trietsch (1987). In a later joint work, they discuss the practical impor-
tance of this approach. (Trietsch & Baker 1993) A number of manufacturing
management innovations, such as Group Technology (leading to cell based
manufacturing, resulting in shorter lead times and reduced work in progress
inventories), Just-in-Time Systems (“lot size of one”), and opt/Synchronous
Manufacturing (transfer vs. process batches) paved the way to lot stream-
ing theory, which provides a rigorous analytical treatment of these issues. In
the recent years lot streaming attracted considerable attention in machine
scheduling research. Chang & Chiu (2005) present a comprehensive review of
lot streaming literature.

There does not seem to exist a unified approach to solving lot streaming
problems. Probably this is due to the fact that a general model for lot stream-
ing problems does not exist. The event-time modeling approach, introduced
in the next section, attempts to provide such a paradigm.

3 Event-Time Models

In event-time modeling events are ordered sequence of material handling
moves (interstage material transfers). There are two types of events:

exogenous events whose time of occurrence are given (as parameters of the
problem), such as demand occurrences or order deadlines, and

endogenous events whose occurrence times are decision variables of the model,
such as wip movements.

Essentially, the model is formulated as a multi-item periodic review process
with variable period lengths. Let
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M be the index set of all items i, and
Me be the index set of items i that have external (independent) demand in

addition to possible internal (dependent) demand. The items i ∈ Me are
called end items.

Also define

P(i) as the predecessor set of item i, which is the index set of items that are
required in the procurement of item i, and

S(i) as the successor set of item i, which is the index set of items that require
item i in their procurement.

Interstage transfers can occur at time points Tt, t ∈ T, where T =
{1, . . . , n} is the index set of all such time points. These time points are
decision variables of the problem except for the points corresponding to ex-
ogenous events: the given deadlines or other external demand occurrences. Let
a subset of T ⊃ Te = {τ1, τ2, . . . , τm} denote set of time points corresponding
to exogenous events.

A period, which has variable length, is defined as the time interval
[Tt−1, Tt], t ∈ T, and referred to as period t. The section of the process de-
picting the inventory and procurement operations corresponding to item i is
called stage i. In each period, stage i contains two buffers. During period t,
the items that will be needed in the procurement of item i are inventoried in
input buffer and the procured item i, that is not yet transfered to the input
buffers of successor items is stored in the output buffer. The corresponding
material flow is depicted in Figure 1.

We can now define the following variables:

Yit is the amount added to the input buffer of item i in period t, which
consists of all predecessor items, in required proportions, needed for the
procurement of item i. One unit of item i requires αji units of item j for
all j ∈ P(i).

Iit is the input inventory level of item i at the end of period t (amount in the
input buffer at Tt).

Xit is the amount of item i procured during [Tt−1, Tt]; that is, amount of
procurement during period t in stage i.

Oit is output inventory level of item i at the end of period t (amount in the
output buffer at Tt).

Lit is the sum of external (independent) demand for item i at period t and
the amount of item i made available for its successor items at time Tt,
which is the size of the transfer batch at the end of period t in stage i:
Lit = Dit +

∑

j∈S(i) αijYj,t+1.

Whether or not a transfer is to take place in stage i at the end of period
t is indicated by a set of logical variables,

Zit = 1, if there is a transfer batch from stage i to all stages j ∈ S(i) at
the end of period t,

= 0, otherwise.
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Fig. 1. Material Flow through Buffers.

There are two sets of inventory balance equations, for input and output
buffers, respectively:

Ii,t−1 + Yi,t = Iit + Xit, ∀ i, t,

Oi,t + Xit = Oi,t+1 + Lit, ∀ i, t,

where Lit = Dit +
∑

j∈S(i)

αijYj,t+1, ∀ i, t,

Recall that demand for end items occur only at time points t ∈ Te. Dit, is
the given external (independent) demand for item i ∈ Me, t ∈ Te, and Dit = 0
for all i /∈ Me, t /∈ Te.

There are resource constraints restricting the amount that can be procured
during a period,

∑

i

ρki Xit ≤ rk [Tt − Tt−1] , ∀ k ∈ K, t ∈ T.

where,

K is the index set of resources used by items, and
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ρki is the amount of resource k ∈ K required for procuring a unit of item i,
rk is the total availability of resource k per unit time.

Big−M constraints, Lit ≤ MZit, ∀ i ∈ M, t ∈ T, can enforce the transfers
can take place only if they are indicated to do so.

Transfer times among stages are assumed to be negligible. If these times
are significant, as it would be in goods movement in a supply chain, then the
inter-stage transfers can be formulated as a separate “stage” with appropriate
resource requirements.

The basic framework of logic-based modeling (Hooker 2000) makes event-
time models computationally viable utilizing the specific features of constraint
programming. In addition to its capability to handle big−M constraints quite
efficiently, constraint programming makes it possible to handle the exogenous
events whose times are fixed and the endogenous events whose times of oc-
currence are decision variables in the same model.

ilog’s constraint programming software, opl studio (ILOG 2005) allows
for variable subscripts, making it possible to handle the following conditional
constraint. Let ν` denote the period at the end of which an exogenous event
` occurs. Recalling that τ` ∈ Te = {τ1, τ2, . . . , τm} are the times at which the
exogenous events occur, the conditional constraint

(ν` = t) → (Tt = τ`), t ∈ T = {1, . . . , n},

for each ` = 1, . . . , m, ensures that the exogenous event ` occurs at Tt. The
following example illustrated how this constraint is incorporated in the pro-
gram.

Example

Consider a planning horizon of 10 time units (“horizon”). Assume that there
will be 5 time periods in the problem (“nbPeriods”). Suppose that there are
following two exogenous events (“nbEvents”): external demands occurring at
times 3 and 8. Then the following lines in the program make sure that two of
the periods end exactly at time points 3 and 8. Timing of remaining 3 periods
are determined based on other constraints and optimality criterion.

In terms of the notation and terminology used in model formulation, this
example assumes that there will be five periods (nbPeriods, or n = 5)
in the model. The end points of these periods correspond to events times,
T1, T2, . . . , T5,. They can assume any (integer) values within the planning
horizon of 10 time units (“horizon”). Two of these events are exogenous
(nbPeriods, m = 2) whose times are given as are fixed at τ1 = 3andτ2 = 8.
The other three are endogenous events whose times are to be determined.

For example, a feasible ordering would be {T1, T2 = 3, T3, T4 = 8, T5};
another would be {T1 = 3, T2, T3, T4, T5 = 8}. These orderings and possible
assignments are shown as Solution[22] and Solution[56] in the following
illustration of the opl code and its partial output.
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int nbPeriods = 5;

int nbEvents = 2;

int horizon = 10;

range period 1..nbPeriods;

range exoEvent 1..nbEvents;

int givenTime[exoEvent] = [3,8];

var int time[period] in 1..horizon;

var int index[exoEvent] in 1..nbPeriods;

solve{

forall(t in 2..nbPeriods)

time[t-1] < time[t];

forall(i in exoEvent)

time[index[i]] = givenTime[i];

}

;

Solution [22] Solution [56]

time[1] = 1 time[1] = 1

time[2] = 3 time[2] = 2

time[3] = 4 time[3] = 3

time[4] = 8 time[4] = 7

time[5] = 9 time[5] = 8

index[1] = 2 index[1] = 3

index[2] = 4 index[2] = 5

This section presented a generalized model for lot streaming problems.
Furthermore, it is shown that constraint programming framework provides a
computationally viable approach to these problems. The next section shows
that the two fundamental results for single-job lot streaming problems can be
systematically obtained as special cases of this generalized formulation. The
purpose of that section is twofold. First, it is to validate, at least for a special



8 Ömer S. Benli

class of lot streaming problems, that event-time formulation accurately models
all of the features of the problem. Secondly, it maintains that, starting with
a concise but comprehensive formulation, solutions for special cases of the
problem can be obtained systematically. To that end, a number of additional
special case formulations of single-job lot streaming problem is presented.

4 Single Job Lot Streaming Problems

This section will show that two fundamental results for single-job lot streaming
problems can be systematically obtained as special cases of event-time model-
ing approach presented in the previous section. The special cases of single-job
lot streaming problem are analyzed by Trietsch & Baker (1993) and Glass
et al. (1994). Consider the following operational situation. At each stage of
production an item is produced. For example, the raw material enters stage
1 in which item 1 is produced. Item 1 goes into stage 2 for the production of
item 2, and so on, until the finished good, item m, is produced in stage m. It
has a very simple, “series”, product structure in which a single unit of item i
is required for a unit production of item i + 1.

In each stage, there are si time points at which transfers in between stages
can occur. Since, in general, these time points may not necessarily occur at
the same instances in each stage, there are, at most, n =

∑m

i=1 si time points
at which the transfers can occur. Denote these time points by Tt, t = 1, . . . , n
and let T0 be the time at which the job starts on stage 1. The periods are
defined by the time intervals [Tt−1, Tt], t = 1, . . . , n. Note that Tt ≤ Tt+1, t =
1, . . . , n−1, are decision variables in the model. Define the following variables:

Xit : Amount of item i produced during [Tt−1, Tt], i.e. amount of pro-
duction in period t in stage i.

Yit : Amount of item i made available for the production of item i at
time Tt−1, i.e. the size of the transfer batch at the end of period
t − 1 in stage i − 1.

In stage i, the unprocessed material (item i− 1) that has been transferred
from stage i−1 is stored in an input buffer and the processed material (item i),
if not transferred to stage i+1, is stored in an output buffer. In order to achieve
the inventory balance, define two sets of inventory variables:

Iit : Input inventory level (amount in the input buffer at Tt−1) in stage
i at the beginning of period t.

Oit : Output inventory level (amount in the output buffer at Tt−1) in
stage i at the beginning of period t.

The earliest time period in stage i in which production can take place is
period t = i and the latest time period in which production can take place
is t = n − m + i. For stage i to begin processing, a sublot must have been
processed at (i − 1) upstream stages. That is, at least, (i − 1) transfers are
required until the first sublot to reach stage i. Since each transfer takes place at
the end of a stage, earliest time period at which processing can start in stage
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i is period i. Similarly, at least (m − i) transfers, and, thus, time periods,
are required for the last sublot in stage i to complete its processing in the
downstream stages. Define the periods t = i, . . . , n − m + i as active periods

for stage i. Thus, there are n − m + 1 active periods for each stage.
Finally, define a set of binary variables, one for each active period in every

stage, in order to indicate whether or not a transfer takes place at stage i at
the end of period t:

Zit = 1, if there is a transfer batch from stage i to stage i+1 at the end
of period t,

= 0, otherwise.
The transfers can take place only if they are indicated to do so,

Yit ≤ MZit, i = 1, . . . , m, t = i, . . . , n − m + i. (1)

where M is a very large number.
The total number of transfer batches in stage i is bounded by si,

n−m+i
∑

t=i

Zit ≤ si, i = 1, . . . , m. (2)

There are two sets of inventory balance equations, for input and output
buffers, respectively,

Ii,t−1 + Yi,t = Iit + Xit, i = 1, . . . , m, t = i, . . . , n − m + i, (3)

Oi,t + Xit = Oi,t+1 + Li+1,t+1, i = 1, . . . , m, t = i, . . . , n − m + i, (4)

There are capacity constraints restricting the amount that can be pro-
duced in a period,

ρi Xit ≤ Tt − Tt−1, i = 1, . . . , m, t = i, . . . , n − m + i (5)

with T0 = 0.
Finally, the nonnegativity, integrality, and initial restrictions complete the

model:

Tt ≥ 0, t = 1, . . . , n (6)

Xit, Yit, Iit, Oit ≥ 0, i = 1, . . . , m, t = i, . . . , n − m + i (7)

Yit = 0 or 1, i = 1, . . . , m, t = i, . . . , n − m + i. (8)

and T0 = Ii,i−1 = Ii,h−m+i = Oi,i−1 = Oi,h−m+i = 0,
∑h−m+1

t=1 Y0,t =
∑n

t=m Ymt = U .
If the entire job, U units, are available at time T0, then Y0,0 = U and

∑n−m+1
t=2 Y0,t−1 = 0. For each stage and for each active period, production

(Xit), transfer (Yit), input buffer (Iit), and output buffer (Oit) variables are
defined. Since the ending inventories are zero, two less inventory variables are
needed for each stage. Thus, together with the n variables (Tt) defining the end
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points of the periods, there are altogether 4m(n−m+1)−2m+n = 2m(2(n−
m)−1)+n continuous variables and m(n−m+1) binary variables (Zi,t), where
n =

∑m

i=1 si. There are two inventory balance and two capacity constraints for
every active period and an additional m constraints restricting the maximum
number of transfers in each stage, resulting in 4(n−m+1)+m = 4n−3m+4
constraints.

4.1 Extensions of the Single Job Model

The constraints described in the above general formulation describe the
physics of the problem of lot streaming a single job in a flow shop. It should
be noted that the setup times do not complicate the formulation, as long as
the setup is not “attached” to the job and can be done while the job is not
physically at the machine. Since there is a single job, it can be assumed that
the setups are completed prior to the start of first sublot in each machine.

In the case that there is a constraint on the total number of transfers, s,
that can take place, rather than a separate restriction for each stage, it is
sufficient to replace the set of Constraints (2) by

m
∑

i=1

n−m+i
∑

t=i

Zit ≤ s. (9)

By defining a specific objective function, restricting values of some variables,
and appending additional configurational constraints, we can obtain the spe-
cific formulations of different problem types. Some examples are given below.

Minimization of Makespan

Since there is a single job, this criterion is equivalent to minimizing the com-
pletion time of this job. The completion time of a job is determined by the
time at which its last unit completes processing in the last machine. Thus,
there is no need to have more than one sublot on the last machine, that is,

sm = 1, (10)

and thus Zmt = 0, t = m, . . . , n − 1, and Zmn = 1. The problem is

min Tn,

subject to constraints (3) through (8) and (10).
Special cases of this problem are discussed in Trietsch & Baker (1993) and

Glass et al. (1994).
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Minimization of Mean Flow Time

In the traditional scheduling theory, the spirit of this criterion is to maximize
“the rate at which jobs are completed”. In the context of lot streaming with
finite number of sublots, a reasonable interpretation would be to “weigh”
each sublot with its size, i.e. the number of units in the sublot. These are
not arbitrary weights that can be imposed in the problem data but intrinsic
property of the problem instance. Additional weights may be imposed as in
the case of weighted mean flow time, only in the presence of multiple jobs.
With this interpretation, the minimization of mean flow time in a single job
lot streaming problem is minimization of total sublot completion time where
each sublot is weighed by its size. Hence the problem becomes,

min

h
∑

t=m

YmtTt,

subject to constraints (3) through (8).
Note that the objective function is quadratic. When the sublots are con-

sistent (i.e. Lij = Lj, ∀ i, j; see Appendix.) Kropp & Smunt (1990) give a
quadratic programming formulation. In Sen et al. (1998) specific results for
the special cases of this problem are presented.

Minimization of Mean Unit Completion Time

This objective aims to maximize the rate at which the units complete their
processing in the last stage. Practically, this means that there are as many
transfer batches at the end of last stage as there are units in the lot. Since stage
(m − 1) sends sm−1 sublots to stage m, we can think of stage m to process,
uninterrupted, sm−1 sublots. Each unit, as it completes processing in the last
stage, leaves the system. Each unit’s contribution to the objective function
value is its completion time on stage m. Consider the sublot that leaves stage
m at time Tt of size Ymt. This sublot must have started its processing on
stage m at time (Tt−ρmYmt), and the first unit in this sublot must have been
completed at time (Tt − pmYmt + ρm). In order to find the sum of completion
times of all the units in this sublot, we have to compute the sum of Ymt units
in an arithmetic progression, in which each number differs from the previous
number by a common difference of ρm and which has Tt − ρm(Ymt − 1) as its
first term. This sum is equal to Ymt[Tt−

1
2ρm(Ymt−1)]. Since the earliest time

at which a sublot can arrive to the last stage is Tm, the objective function
becomes,

min
n

∑

t=m

Ymt[Tt − (Ymt − 1)ρm/2],

subject to Constraints (3) through (8).
See Sen et al. (1998) for specific results for special cases of this problem.
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Minimization of Number of Transfer Batches Subject to a

Deadline

Suppose the job must be completed by a deadline d̄. If the objective is to
achieve this deadline using minimum number of transfer batches, then set

Tn = d̄ (11)

and optimize the objective function,

min
m

∑

i=1

n−m+i
∑

t=i

Zit,

subject to constraints (3) through (8), and (11).

Maximization of Throughput During a Planning Horizon

Suppose we have a planning horizon of [0, d̄]. Given the maximum number
of transfers between the stages, the problem is to process as many units as
possible. Let U be the variable amount to be processed, then the objective
function becomes,

maxU,

subject to Constraints (3) through (8), and (11).
The next two subsections show that it is possible to obtain the well known

results available in the literature as a direct consequence of the special cases
of above general formulation. Notation used for the classification scheme for
lot streaming problems is explained in the Appendix.

4.2 Single Job F2|s|Cmax Problem

This problem is discussed in Trietsch (1987), Baker (1988) and Potts & Baker
(1989), and shown that the optimal sublot sizes are given by a geometric pat-
tern. Using the notation introduced above, they have proved that the optimal
sublot sizes are,

X∗
i,t+i−1 = [(πt+i−2 − πt+i−1)/(1 − πs)], i = 1, 2; t = 1, . . . , s,

where π ≡ ρ2/ρ1. Here, it will be shown that the same results can be obtained
by restrictions on the general model.

The fractional values for sublot sizes are allowed, then, without loss of
generality, for ease of notation, we can set U ≡ 1. Since the objective is
makespan minimization, s2 = 1 and let s1 ≡ s. Then n =

∑2
i=1 si = s + 1,

and the active periods for stages 1 and 2 are, respectively, {1, 2, . . . , s} and
{2, 3, . . . , s + 1}. Hence, we can set Z1t = 1, t = 1, . . . , s. The Constraints (1)
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and (2), for i = 1, are redundant and therefore can be omitted. The resulting
problem is a linear program, and therefore the single job F2|s, idlg|Cmax is
polynomially solvable.

The formulation can be further simplified. Since {Y1t ≥ 0, t = 1, . . . , s}
are no longer restricted, and a transfer can take place at the end of every
active period, there is no need for the output buffer in Stage 1. The amount
produced in Stage 1 during any (active) period can be transferred to (the input
buffer of) Stage 2 at the end of that period. Setting O1t = 0, t = 1, . . . , s,
in Constraints (4) implies X1t = Y1t, t = 1, . . . , s, thus eliminating the Y1t

variables from the formulation.
The resulting inventory balance equations can be equivalently represented

as,

t
∑

k=1

X1k ≥

t
∑

k=1

X2,k+1, t = 1, . . . , s (12)

s+1
∑

t=2

X2t = 1, (13)

Moreover, since the objective function is minimizing Ts+1, the capacity
constraints (5) simply require

Ts+1 = ρ1X11 +

s
∑

t=2

[ max
1≤i≤2

{ρiXit} ] + ρ2X2,s+1

Thus the LP formulation of the single job F2|s, idlg|Cmax problem becomes,

min Ts+1 = ρ1X11 +

s
∑

t=2

[ max
1≤i≤2

{ρiXit}] + ρ2X2,s+1 (14)

subject to:

t
∑

k=1

X1k ≥

t
∑

k=1

X2,k+1, t = 1, . . . , s (15)

s+1
∑

t=2

X2t = 1, (16)

Xit ≥ 0, i = 1, 2; t = i, . . . , s + i − 1.
We need the following result.
Result: There exists an optimal solution {X∗

it, i = 1, 2; t = i, . . . , s+i−1}
to the single job F2|s, idlg|Cmax problem such that

X∗
1t = X∗

2,t+1, t = 1, . . . , s,

and,



14 Ömer S. Benli

ρ1X
∗
1t = ρ2X

∗
2t, t = 2, . . . , s.

Proof: Clearly, this holds for ρ1 = ρ2. Therefore, assume ρ1 6= ρ2. For
convenience in notation let,

z ≡ Ts+1,

xt ≡ X1t, t = 1, . . . , s

xs+1 ≡ 0

y1 ≡ 0

yt ≡ X2t, t = 2, . . . , s + 1

a ≡ ρ1

b ≡ ρ2

Rewriting the problem in this notation,

min z =
s+1
∑

t=1

[max{axt, byt}] (17)

subject to:

t
∑

k=1

xk ≥

t
∑

k=1

yk+1, t = 1, . . . , s (18)

s+1
∑

t=1

yt = 1, (19)

with xt, yt ≥ 0, t = 1, . . . , s + 1.
An equivalent representation of the problem is,

min z = ax1 +

s
∑

t=2

wt + bys+1

subject to:

wt − axt ≥ 0, t = 2, . . . , s, (20)

wt − byt ≥ 0, t = 2, . . . , s, (21)

and Constraints (18), (19) and xt ≥ 0, t = 1, . . . , s; yt ≥ 0, t = 2, . . . , s +
1; wt ≥ 0, t = 2, . . . , s.

Let the dual variables γt, δ, αt, βt, respectively, correspond to the primal
constraints (18) through (21). The the dual problem is:

max δ

subject to:
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s
∑

k=t

γk − aαt ≥ 0, t = 1, . . . , s, (22)

−

s
∑

k=t

γk + δ − bβt+1 ≥ 0, t = 2, . . . , s, (23)

αt + βt ≤ 1, t = 2, . . . , s, (24)

and αt, βt ≥ 0, t = 2, . . . , s; γt ≥ 0, t = 1, . . . , s; and setting α1 = 1, βs+1 =
1.

The resulting complementary slackness conditions are:

xt

[

s
∑

k=t

γk − aαt

]

= 0, t = 1, . . . , s, (25)

yt

[

−

s
∑

k=t−1

γk + δ − bβt

]

= 0, t = 2, . . . , s + 1, (26)

wt[1 − αt − βt] = 0, t = 2, . . . , s, (27)

αt[wt − axt] = 0, t = 2, . . . , s, (28)

βt[wt − byt] = 0, t = 2, . . . , s, (29)

γt

[

t
∑

k=1

xt −

t
∑

k=1

yt+1

]

= 0, t = 1, . . . , s. (30)

To show that there exists an optimal solution to the primal such that

xt > 0, t = 1, . . . , s, (31)

yt > 0, t = 2, . . . , s + 1, (32)

xt = yt+1, t = 1, . . . , s, (33)

axt = byt, t = 2, . . . , s, (34)

it is sufficient to show the existence of a dual feasible solution that satisfies
the complementary slackness conditions.

Because of (31) and (32), the Conditions (25) and (26), respectively, re-
quire,

s
∑

k=t

γk = aαt, t = 1, . . . , s, (35)

s
∑

k=t

γt = δ − bβt+1, t = 1, . . . , s. (36)

Finally, because of (31), (32), and (34), Condition (3) requires

αt + βt = 1. (37)
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Recalling that αt, βs+1 = 1 and using Equations (35) and (36),

aαt = δ − bβt+1, t = 1, . . . , s.

Then, using Equations (37),

−aαt + bβt+1 = b − δ, t = 1, . . . , s − 1,

−aαs = b − δ.

Let π = b/a,

αt = δ/a − π + παt+1, t = 1, . . . , s − 1,

αs = δ/a − π.

Defining ϕ = δ/a − π,

αs = ϕ,

αt = ϕ + παt+1, t = s − 1, . . . , 1.

Solving the above equations of ϕ,

αt = ϕ





s−t
∑

j=0

πj



 , t = 1, . . . , s.

Recalling that α1 = 1,

1 = ϕ





s−1
∑

j=0

πj



 = ϕ

[

1 − πs

1 − π

]

.

Then,

ϕ =
1 − π

1 − πs
> 0.

Thus,

0 < αt =
1 − πs−t+1

1 − πs
≤ 1, t = 1, . . . , s,

and

0 < βt =
πs−t+1 − πs

1 − πs
≤ 1 t = 2, . . . , s + 1,

and finally, using Equations (35), γt ≥ 0, t = 1, . . . , s.
The above result also shows that there will be no intermittent idling in an

optimal solution to single job F2|s, idlg|Cmax problem, thus it simply can be
stated as single job F2|s|Cmax. Furthermore, there exists an optimal solution
with consistent sublots.

Now, to show that
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X∗
i,t+i−1 = [(πt+i−2 − πt+i−1)/(1 − πs)], i = 1, 2; t = 1, . . . , s,

where π ≡ ρ2/ρ1, solves the single job F2|s|Cmax optimally, note that X1t =
πX2t = πX1,t−1 = πt−1X11, t = 1, . . . , s. But since

∑s

t=1 X1t = 1,

1 = X11

s−1
∑

t=0

πt = [(1 − πs)/(1 − π)]X11

That is, X11 = [(1 − π)/(1 − πs)]. Thus,

X1t = πt−1[(1 − π)/(1 − πs)], t = 1, . . . , s,

= [(πt−1 − πt)/(1 − πs)], t = 1, . . . , s.

And since, X2,t+1 = X1t,

X2t = [(πt−2 − πt−1)/(1 − πs)], t = 2, . . . , s + 1.

4.3 Single Job F |si|Cmax

The single job F |si|Cmax problem, where idling is not permitted, can be solved
in polynomial time by applying the result for two stage problem to adjacent
machine pairs Trietsch & Baker (1993). In the following, the same result is
derived as a special case of the general formulation.

Suppose no intermittent idling is allowed in between sublots in any stage.
This means that there is continuous production in a stage once the production
starts. Let the period at which the production starts in a stage i + 1 is ki+1

where,
ki+1 = min

i≤t≤h−m+i
{t|Yit = 1} + 1,

and the production is completed at the end of period li+1, where,

li+1 = max
i≤t≤h−m+i

{t|Yit = 1} + 1,

Thus the continuous production takes place in stage (i + 1) throughout the
periods {ki+1, . . . , li+1}. The makespan is minimized only if Tli is as small as
possible in every stage i = 1, . . . , m.

There will be exactly si transfer batches in between stages i and i + 1.
Recalling the definitions above, the first transfer batch occurs at the end of
period (ki+1 − 1), so that the production can start at period ki+1 in stage
(i + 1).

For notational convenience, re-index the periods at which the transfers
take place from stage i to i + 1, as i(τ), τ = 1, . . . , si, where i(1) = ki+1 − 1.
This results in fixing the values of the indicator variables,
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Yit = 1, t = i(τ), τ = 1, . . . , si,

= 0, otherwise.

Furthermore, the sizes of the transfer batches are given by

ρi+1Li,i(τ) = ρiLi,i(τ+1), τ = 1, . . . , si − 1.

That is,
Li,i(τ) = πτ−1

i Li,i(1), τ = 1, . . . , si − 1.

where πi ≡ ρi+1/ρi. But, since
∑si

τ=1 Li,i(τ) = 1,

1 = Li,i(1)

si
∑

τ=1

πτ−1
i

= Li,i(1)

si−1
∑

τ=0

πτ
i

= [(1 − πsi

i )/(1 − πi)]Li,i(1)

or

Li,i(1) = [(1 − πi)/(1 − πsi

i )]

Li,i(τ) = πτ−1
i [(1 − πi)/(1 − πsi

i )]

= [(πτ−1
i − πτ

i )/(1 − πsi

i )], τ = 1, . . . , si,

which is the desired result.

5 Conclusions

The problems that we have dealt with in this study are scheduling problems
in supply chains. A modeling paradigm is proposed for scheduling problems
in supply chains. The primary contention has been that the constituents of
a supply chain need to cooperate, rather than compete, in order to achieve
overall, as well as individual, maximum benefits. In order to analyze this, it
is essential to have a concise but comprehensive formulation. The formulation
approach proposed, event-time models, in addition to being computationally
viable, account for exogenous events, such as demand occurrences and other
deadlines, as well as the endogenous events that are decision variables in the
model.

After providing the motivation for this study in Section 1, Section 2 ar-
gues that lot streaming is a suitable paradigm for supply chain scheduling.
Section 3 introduces event-time modeling as a general modeling approach for
lot streaming problems. Furthermore, logic-based modeling framework of con-
straint programming makes it possible to handle exogenous and endogenous
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models in the same model. This is demonstrated by an example using opl

(Optimization Programming Language), which can handle variable subscripts
in conditional constraints. In Section 4, it is shown that the event-time model-
ing approach can account for all features of a single job lot streaming problem,
that are available for this problem in the literature. This section also presents
a number of modeling extensions for single job problem.

A The Notation

There is no widely accepted classification for lot streaming problems. Being
basically scheduling problems, lot streaming problems can be classified by
using, with possible extensions, the established scheme of Lawler et al. (1993).
In this scheme a problem type is specified in terms of a three-field classification
α|β|γ, where α specifies the machine environment, β indicates a number of job
characteristics, and γ refers to the optimality criterion. Using the definitions
given in Potts & Baker (1989) and Trietsch & Baker (1993), the following
addendum to the list of job characteristics can be proposed for lot streaming
problems.

In Lawler et al. (1993), the second field is defined as β ⊂ {β1, . . . , β4},
where the elements β1, β2, β3, and β4 are concerned, respectively, with pre-
emption, precedence, release dates, and unit processing requirements.

Further streaming characteristics can be incorporated as {β5, . . . , β8}
where β5 ∈ {si, s, s = κ, ◦}: (The symbol ◦ denotes an empty symbol which
is omitted in the statement of problem types.)

β5 = si : Streaming is allowed, i.e., any job may be split into sublots so
that its operations can be overlapped and its progress accelerated,
furthermore the maximum number of transfer batches (“sublots”),
si, allowed from machine i to machine i+1 is variable and can be
different for all i = 1, . . . , m.

β5 = s : Streaming is allowed, but the maximum number of transfer
batches (“sublots”) allowed from machine i to machine i + 1 is
variable but same for all i = 1, . . . , m.

β5 = s = κ where κ is any positive integer: The number of sublots is a
constant and specified as part of the problem.

β5 = ◦ : No streaming is allowed, i.e. κ = 1.

β6 ∈ {idlg, ◦} :
β6 = idlg : Intermittent idling of machines are allowed in between pro-

cessing of the sublots.
β6 = ◦ : No idling is allowed, i.e., each machine, once started, must

process the entire job continuously, without idling.
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β7 ∈ {dscr, ◦} :
β7 = dscr : Each sublot (“transfer batch”) must contain discrete num-

ber of units.
β7 = ◦ : No integer requirement on the size of the sublots.

β8 ∈ {equl, cnst, ◦} :
β8 = equl : Equal sublots, each sublot (“transfer batch”) size must be

equal, that is, work is allocated equally among all sublots, on all
machines.

β8 = cnst : Consistent sublots, sublot (“transfer batch”) size must be
same at each machine, that is, the allocation of work to sublots is
the same on all machines.

β8 = ◦ : Variable sublots, no restriction, other than that they sum up to
lotsize, on the size of the sublots, that is, transfer batches between
machines i and (i+1) may differ from the transfer batches between
machines (i + 1) and (i + 2).

In the classical scheduling theory, single job problems does not exist in
the sense that they are trivial. Other than very few exceptions, the number of
jobs practically play no significant role in defining problem types. But in lot
streaming, the number of jobs is not only important but most of the current
research deals with single job problems. In order not to further complicate the
above schema, an additional field should not be introduced but the statement
as to whether the problem type is single job or multiple jobs can be mentioned
along with the three-field classification.

The dominance relation among the problems discussed in Trietsch & Baker
(1993) corresponds to relaxation of the dominating problem resulting in the
dominated problem. If problem Q is a relaxed version of problem P , denote
the relationship as P ≺ Q. Thus the objective function value of P can never be
better than that of Q. The “job characteristics” β6, β7, β8 imply the following
dominance relations:

equl ≺ cnst ≺ ◦

dscr ≺ ◦

◦ ≺ idlg

On the other hand, reducibility among the lot streaming problems, in the
complexity sense, can be stated for job characteristic β5. It can be easily
verified that if P −→ Q implies that the decision version of P reduces to the
decision version of Q, then:

si −→ s −→ s = κ −→ ◦
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