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The profile of the interfacial plane of a diblock copolymer layer in its lamellar melt phase when it
is brought into contact with a hard, smooth substrate is calculated. The chains are in the
strong-stretching limit. Far from the substrate, the planes are perpendicular to the substrate, and they
become distorted near it by a small wetting preference for one of the components of the copolymer.
The profile of the distortion is calculated in an Alexander model by making an analogy to the steady
flow of an incompressible fluid. The contact angle between the two components of the copolymer
and the substrate is the same as it would be if the blocks were not joined to make diblock
copolymers. The approach to this contact angle is characterized by a singularity which is calculated.
For any molecular weight and elasticity asymmetry between the components of the copolymer, the
curvature of the interface changes sign contrary to the case of the interface between two simple
liquids. For most values of asymmetry, the interface is an exponentially damped oscillation.
© 1996 American Institute of Physics.@S0021-9606~95!51445-0#

I. INTRODUCTION

Diblock copolymers have received much theoretical and
experimental attention.1 These molecules are composed of
chemically incompatible homopolymers bound together with
the architecture (A)NA– (B)NB, so that there areNA A chemi-
cal units on a chain andNB units of type B. If the blocks
were not irreversibly joined, they would spontaneously phase
separate, forming macroscopic domains of pure A and B.
Bonding the homopolymer blocks forces a phase separation
on length scales on the order of tens of nanometers.1,2 Equi-
librium structures formed by dense droplets composed of
these molecules display different degrees of symmetry. The
most symmetric is the one considered here, the lamellar. In
the bulk, the interfaces between A and B domains are flat
planes with the copolymers stretched normal to the inter-
faces. When the degree of polymerization becomes suffi-
ciently large, the strongly segregated region is entered, and
sharp interfaces between A-rich and B-rich phases appear. In
this situation, the incompatibility of the A and B fluids can be
described by an interfacial energy,g.

When the polymer blocks are roughly symmetric in vol-
ume fraction and elasticity, the lamellar phase is stable. The
lamellar phase is often established near an impenetrable sub-
strate, e.g., the thin films produced in spin casting. The mor-
phology of the lamellae is usually determined by interfacial
energies. In general,gA andgB ~the energy per unit area to
make an interface between A fluid and the wall, and similarly
for B! are not equal, and the substrate wets with the lower
surface energy block. When the difference in surface ener-
gies is small enough3 the lamellar planes can be oriented
perpendicularly to the substrate.

The perpendicular morphology is likely to have impor-
tant technological significance. The exposed lamellar order
can be exploited as a template for the ordering of other struc-
tures. Differential affinity of the blocks for gold, say, leads to

the possibility that the lamellar order could be decorated with
conductors, and produce devices of novel properties.4,5 The
differential in wetting forces necessarily distorts the lamellar
order in the vicinity of the substrate. Characterizing this dis-
tortion is important for understanding and gaining control
over the orientation of surface lamellae.

In this paper the shape of the AB interface is calculated
when the lamellae are in the perpendicular morphology. A
greatly simplifying assumption is the Alexander–deGennes
approximation.6,7 Here, the A block terminates on a single
surface,z5hA , and all of the B blocks terminate on the
surfacez52hB , with the AB junction points residing at
z50. The A and B blocks normally terminate over the entire
range2hB,z,hA . When these ends are distributed in me-
chanical equilibrium and space is filled with the chains, the
distribution of A ends is sharply peaked nearz5hA , and
likewise with the B ends nearz52hB .

8 There are indeed
qualitative differences between the end-distributed and end-
confined systems. But the chain ends are far from the AB
interface in both models, so it is expected that the interface
calculated in the Alexander–deGennes approximation will
qualitatively reflect that for the end-distributed system.

The interface is distorted near the substrate where the
difference in wetting energies acts. The shape of this dis-
torted interface is qualitatively unlike the interface formed
between two simple liquids, because the polymer chains are
able to transmit forces along their backbones. Simple fluids
can transmit forces only through a scalar pressure field. The
connectivity of the chains allows an analogy to be drawn
between a copolymer system and the steady flow of an in-
compressible, inviscid fluid. This analogy is pursued and
made exact in Sec. II. The interfacial profile itself is deter-
mined in Sec. III. In Sec. IV, the free-energy associated with
creating this distorted interface is calculated, and it is shown
that the interface is stable when the influence of wetting
forces is included. In Sec. V, it is shown that the fluid flow
formalism developed here agrees with the traditional formu-
lation of this problem in the electrostatics language ofa!Electronic mail: pickett@marie.mse.pitt.edu
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Semenov. In Sec. VI, the new features of the interface are
explored. Then, in Sec. VII, the stability of the lamellar mid-
planes is addressed, and the copolymer system is compared
to a system without elasticity~the case of the interface be-
tween simple fluids forming a meniscus!, and a system in
which forces are carried both along the chains and transverse
to the chains, i.e., the case of a simple elastic body. When the
elastic body is greatly stressed uniaxially, I show that the
copolymer case is recovered. My conclusions are set forth in
Sec. VIII.

II. FLUID FLOW MODEL

I consider a stack of lamellae in contact with a hard
surface atx50, so that the chains run more or less in theẑ
direction and the lamellar planes run in thex̂ direction. The
small quantitye stands for the differential in wetting energy
for the A and B fluids to cover the wall, dimensioned byg:

e5
gA2gB

g
. ~1!

Let us begin by considering the symmetric case:e50. Let
z50 be the vertical coordinate where the interface intersects
the substrate, as in Fig. 1. The Alexander–deGennes approxi-
mation is adopted: all of the A chain free ends are held at the
plane z5hA , while the B free ends are atz52hB . The
junction of the A and B chains lies on the planez50. e is
now allowed to depart slightly from 0. The junction points
migrate away fromz50 by an amountm(x), but the surfaces
at z5hA andz5hB remain flat. These surfaces are reflection
symmetry planes of the system. I return to the possibility that
this symmetry could break in Sec. VII.

A. The stream function

Let p~r ! stand for the free energy per volume to insert a
portion of chain at the positionr . For now,p is a fixed field,
the hydrostatic pressure~as we see below!. The constraints

on p which ensure that the resulting configurations have the
correct degree of polymerization and are in mechanical equi-
librium will be identified.

The configuration of a single chain is specified by a set
of vectors,$r i%, giving the position of thei th chemical repeat
unit. Given the chemical structure of the repeating units,
finding the set of possible configurations is a formidable
problem, even for the simplest polymers. However, for a
single polymer chain in a dense liquid of identical chains,
rN–r0 has a Gaussian distribution,9 so that the ensemble of
configurations for a single chain is statistically the same as
the paths taken by a random walker. The self-similarity of a
random-walker’s trajectory justifies breaking a large chain
into many identical random walkers taking fewer steps. I
think of the A chain as made up of identical units oflA repeat
units so that there areNA units of lengthlA on a chain. I
similarly divide the B chain into units of chemical lengthlB .
I choose lA and lB large enough so that the repeat units
themselves are statistically random walks. For convenience, I
chooselA and lB so that the subunits displace the same vol-
ume in the melt.

To build up an extended configuration for the copolymer,
I need only keep track of the coarse-grained subunits. To
maintain thenth repeat unit’s ends held at a separation ofDr ,
a free energy must be paid:

f el5
KA

2
Dr•Dr , ~2!

where I define the elastic constantKA for A-type monomers,
andKB for B-type monomers. From now on, these statistical
segments will be referred to as the monomers making up the
chain, and they are numbered with the parametern instead of
i .

Let the configuration of a polymer chain in terms of its
monomers ber ~n!. The free energy associated with this con-
figuration is

G@r ~n!#[E
0

N

dnSK2 dr

dn
•

dr

dn
1p@r ~n!# D . ~3!

Given the positionr ~NA1NB!, and the positionr ~0!, the in-
termediate chain segments are in mechanical equilibrium
when the variationdG/dr ~n!50. Thus,

K
d

dn

dr

dn
5¹p, ~4!

equivalent to Newton’s law for a particle of massK in a
potential2p. It is also identical to Newton’s law for fluid
particles flowing in the pressurep. The chain extension per
monomer,dr /dn, plays the role of the velocity of a tiny
amount of fluid, andK plays the role of the mass density of
the fluid.

The reduction of the full self-consistent problem to the
Alexander–deGennes model is accomplished by observing
that the particle velocity is a field in its own right:

dr

dn
@r ~n!,n#5v@r ~n!#. ~5!

FIG. 1. The lamellae are perpendicular far from the substrate, and are dis-
torted near it by the wetting preference of the wall. The inset is the general
morphology, with both components in contact with the wall. The substrate is
located atx50. The profile of the interface between A and B ism(x).
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The particle motion issteady: there is no explicit dependence
on monomer numbern for the flow pattern. The velocity
field is static. Many chains with different velocities coexist at
each point in the end-distributed system. It is impossible to
define a velocity field which depends only on position in the
fully self-consistent model; to specify the velocity of a chain,
both the position in space and the monomer number are
needed.

In any event, the Alexander–deGennes system is for-
mally identical to the steady flow of a two-dimensional fluid.
In particular, letf depend both upon position and monomer
number. The change inf from one monomer to the nexton
the same chainis

df

dn
5

]f

]n
1vx

]f

]x
1vz

]f

]z

5
]f

]n
1v•“f, ~6!

so that the operatord/dn is given by the usual convective
derivative. Thus, Eq.~4! is equivalent to

K~v•“ !v5“p, ~7!

since]nv50. After the application of an elementary identity,
this may be written as

Kv3~“3v!5“SK2 v•v2pD , ~8!

equivalent to Bernoulli’s law.
The systems considered here are composed of dense liq-

uids, and hence are characterized by very small compress-
ibilities. As is customary, the small compressibility of the
polymer liquid is neglected, as overall changes in the local
density of fluid are of the order of the compressibility of the
dense liquid. This assumption is common in the elementary
study of fluid dynamics, and it is adopted here. Therefore,
each chain is assumed to occupy a fixed volume. The local
conservation of particle number leads to the usual equation
of continuity; incompressibility thus implies that the velocity
field is divergenceless. The two-dimensional~2D! flow mir-
roring the polymer system must obey

“•v50. ~9!

The bulk behavior of the polymers is governed by Eqs.~7!
and ~9!.

The condition~9! is met when

v52]zc x̂1]xc ẑ5“3A, ~10!

with the vector potentialA given by,

A5 ŷc. ~11!

Here ŷ is a unit vector perpendicular to bothx̂ and ẑ, form-
ing a right-handed coordinate system. This choice forA is
traditional for 2D incompressible flows. The functionc is
known as thestream function.10 It is easy to verify thatc is
constant on the streamlines of the flow:

dc

dn
5v•“c5vx]xc1vz]zc50. ~12!

Thus,c labels chains.
Equation~8! is now considered in terms ofc:

¹2c“c5“SK2 “c•“c2pD . ~13!

Taking the curl of both sides of this equation yields an equa-
tion determiningc:

“~¹2c!3“c50. ~14!

Curves on whichc are constant are everywhere parallel to
curves on which¹2c are constant. Whenc uniquely speci-
fies the chains, as in the model presented below,

¹2c5 f ~c!, ~15!

for somef ~c!, as yet unknown. Since“3v52ŷ¹2c, ¹2c, is
interpreted to be the vorticity of the flow. Therefore, vorticity
is conserved along the streamlines of an incompressible,
steady, inviscid flow.10

Given f ~c! Eq. ~15! must be supplemented by two
boundary conditions in order to determinec. An additional
condition specifiesf ~c!, so that a total of three conditions
must be given. Or, rather, three conditions must be supplied
for each stream function. There are two portions of the co-
polymer chains, so I break the system into two coupled
flows. Thus, Eq.~15! holds for both A and B fluids, with
possibly differentf A and f B .

A further unknown is the interfacial profile,m(x), and a
separate condition must be given for it. Therefore a total of
seven ~31311! conditions must be given to completely
specify this system.

B. Boundary conditions

I determine boundary conditions by enforcing Eq.~9! at
the AB interface, the mechanical equilibrium of each uncon-
strained surface, and that each block has the correct number
of monomers on it.

Constraint forces normal to the surface atz5hA main-
tain z5hA as the termination surface for A blocks, and simi-
larly at z52hB for the B blocks. In thex̂ direction, addi-
tional forces can arise from the polymer chains arriving at
z5hA with some tangential component tov. The upper sur-
face cannot support these tangential stresses: the chains re-
arrange themselves until the tangential stress vanishes near
z5hA . In other words,

vx~x,hA!50. ~16!

Similarly for the B chain ends arriving at the lower surface,
z52hB ,

vx~x,2hB!50. ~17!

In terms of the stream functionscA andcB ,

]zcAuhA50, and ]zcBu2hB
50. ~18!
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With the two conditions in Eq.~18!, the upper and lower
surfaces are in mechanical equilibrium.

Now, I turn to the AB interface. An essentially kinematic
constraint holds, whose analog hydrodynamically is that the
equation of continuity is obeyed at the AB interface. Each B
chain which arrives at the interface is joined to a single A
chain which leaves the interface. Ifa3 is the volume per
monomer for both A and B fluids, thena23v•n̂ is the number
of chains per area crossing the interface, wheren̂ is the nor-
mal to the interface atz5m(x). Thus, the normal component
of v must be continuous across the interface:

v•n̂um~x!15v•n̂um~x!2, ~19!

or, in terms ofcA andcB :

“cA• t̂um~x!5“cB• t̂um~x! , ~20!

where, t̂ is the tangentialdirection at the interface. This is
the third condition.

Two further conditions are needed to ensure the me-
chanical equilibrium of the AB interface. Forces per unit area
arise from three sources:g at the curved interface acts like an
effective pressure~Laplace pressure!,11 the differential in
pressure across the interface, and the resultant of the chain
forces acting on each side of the interface. Therefore, it is
noted that

Fn̂2Dpn̂1g
d2m

dx2
1v•n̂~KAvum~x!12KBvum~x!2!50,

~21!

whereDp 5 pum1 2 pum2. This is a vector equation.F is the
external driving force. Here,F arises from the difference in
wetting energies at the substrate

Fn̂5~gA2gB!d~x!ẑ5egd~x!ẑ, ~22!

with e given by Eq.~1!. In the tangential direction, Eq.~21!
states

KBv• t̂um~x!25KAv• t̂um~x!1, ~23!

or, in terms ofc:

KB“cB•n̂um~x!5KA“cA•n̂um~x! . ~24!

The balance of tangential stress at the AB interface consti-
tutes the fourth constraint needed to specifycA andcB .

In the direction normal to the interface, the balance of
forces~21! becomes

egd~x!2Dp1g
d2m

dx2
1vn

2~KA2KB!50, ~25!

where vn is the normal component of the velocity at the
interface. In terms ofc, this is

egd~x!2Dp1g
d2m

dx2
1~KA2KB!@ t̂•“cA#2um~x!50.

~26!

The condition that the normal forces per unit area on the AB
interface are in equilibrium is the fifth condition.

The last two constraints ensure that the chains have the
correct number of monomers on them. In this case, the

chains are monodisperse in molecular weight: each has
NA1NB monomers. That is, the transit time for particles in
this flow is constant, with a fixed portion of the time spent
above and below the interface. This is the novel component
of the problem, for rarely in an elementary fluid problem is
one asked to worry about the transit time from one surface to
another.

The monomers~or the transit time! are counted as

NA5E
@x,m~x!#

@xf ,hA#

dz
1

vz@xc~z!,z#
, ~27!

and,

NB5E
@xi ,2hB#

@x,m~x!#

dz
1

vz@xc~z!,z#
, ~28!

where the integration is along a single-chain trajectory,xc(z)
which has initial position ~xi ,2hB!, and final position
~xf ,hA!. These are, strictly speaking, integral constraints and
not boundary conditions which must be obeyed.

C. Perturbation theory

All dependent variables are expressed in the form

f5f~0!1ef~1!1••• ~29!

With e50, the flow is uniform for both A and B chains:

cA
~0!5v0x and cB

~0!5v0x, ~30!

by Eqs.~18! and~20!. Monodispersity evidently requires that

E
2hB

hA
dz]xc5~NA1NB!→v05

hA1hB
NA1NB

. ~31!

Also, Eq. ~21! implies that

p~0!5HKAv0
2 for z.0

KBv0
2 for z,0.

~32!

In addition, the total force in thex̂ direction acting on the
substrate must vanish:

g2KAv0
2hA2KBv0

2hB50. ~33!

Thus,g is determined, givenhA , hB , NA , andNB .
Here Eq.~30! is substituted into Eq.~15! and the un-

known functionf is expanded

¹2c~0!5 f ~0!~c~0!!, ~34!

or,

f ~0!~x!50. ~35!

This choice of f ~0! and c~0! evidently satisfies all of the
boundary conditions put forth above.

Now, consider Eq.~15! when terms up to the first ine
are retained:

¹2cA
~1!5 f A

~1!~cA
~0!![

1

Kv0

dgA
~1!~x!

dx
, ~36!
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where f A has been replaced with another arbitrary~for now!
function gA . Differentiating this equation with respect toz
yields the equation determiningcA

~1! :

]z¹
2cA

~1!50. ~37!

A similar equation exists forcB
~1! . In terms ofv~1!:

¹2vx
~1!50, ~38!

a familiar result from both Fredricksonet al.12 and Turner
and Joanny.13 SincecA

~1! obeys a third-order differential equa-
tion, three conditions must be given to specify it. Also, three
conditions must be given to specifycB

~1! . Along with the
determination of a single undetermined surfacem(x), this
gives a total of seven~31311! conditions to be given for a
total specification of this problem in the first order.

The undetermined functionsgA
~1! and gB

~1! are related to
the pressurep through the analysis of Eq.~7!:

Kv0]zv
~1!5“p~1!. ~39!

The x component of this equation reads as

2Kv0]z,zc
~1!5]xp

~1!, ~40!

or, equivalently,

Kv0¹
2c~1!5]x~Kv0]xc

~1!2p~1!!. ~41!

Thus,

g~1!~x!5Kv0]xc
~1!2p~1!. ~42!

Here, the subscripts A forz.0 and B forz,0 have been
suppressed. Givenc~1! andg~1!, the pressure is determined.

Boundary conditions in this order are easily handled.
The conditions~18! become in the first order:

]zcA
~1!uhA50, ~43!

and,

]zcB
~1!u2hB

50. ~44!

The kinematic condition,~20!, is also easy to formulate:

]xcA
~1!u05]xcB

~1!u0 . ~45!

Similarly, Eq. ~24! becomes

KA]zcA
~1!u05KB]zcB

~1!u0 . ~46!

Now, Eq. ~27! at first order takes the form

v0m
~1!~x!1E

0

hA
dz]xcA

~1!50. ~47!

Differentiating this equation with respect tox, and using Eq.
~36! implies that

KAv0
2 dm

~1!

dx
1
gA

~1!

dx
hA2KAv0]zcA

~1!U
0

hA

50. ~48!

By an independent boundary condition oncA
~1! , Eq. ~43!, this

can be written in its final form as

KAv0
2 dm

~1!

dx
1
gA

~1!

dx
hA1KAv0]zcA

~1!U
0

50. ~49!

In exactly the same manner, the following boundary condi-
tion ensures that in the first order there areNB monomers per
chain:

KBv0
2 dm

~1!

dx
2
gB

~1!

dx
hB1KBv0]zcB

~1!U
0

50. ~50!

These—Eqs.~49! and ~50!—are two further conditions. The
final condition enforces the mechanical equilibrium of the
interfacial plane in thez direction, to this order.

The pressurep is given by

p~1!5H KAv0]xcA
~1!2gA

~1! , when z.0

KBv0]xcB
~1!2gB

~1! , when z,0.
~51!

Therefore, the pressure difference across the interface is

Dp~1!5~KA2KB!v0]xcA
~1!u01gB

~1!2gA
~1! . ~52!

Thus, the equation for balance of forces at the interface in the
z direction amounts to

gB
~1!~x!2gA

~1!~x!1~KB2KA!v0]xcA
~1!u02g

d2m~1!

dx2

5gd~x!. ~53!

This is the final condition, given in the form of a boundary
condition, for a total of seven: Eqs.~43!–~46!, ~49!, ~50!, and
~53!.

Each of these equations can be derived from considering
the free energy of the entire layer, i.e., the free energy per
unit volume instead of the free energy per chain. The results
of each analysis agree in determining the profilem(1)(x), as
in sec. V.

III. INTERFACIAL PROFILE

The problem can be solved by using an analog computer.
Given a long narrow channel, of lengthL and widthW, a
porous membrane is stretched along the width ofL spaced
WhA/hB from one of the long sides. The membrane has a
surface tensiong, and it should allow fluid to flow past it
without disturbing it too much. On one of the long sides of
the channel, a line of water jets is placed, and sinks are
arranged along the other side. To simulate the change of
elastic constants across the interface, the density of the liquid
changes as it crosses the membrane, say by dissolving salt
deposits across the length. The author grabs hold of the
membrane where it encounters one of the short walls, and
pulls it in theẑ direction. The strength of the sources and the
sinks are then adjusted to ensure that the travel time from
one surface to the next is constant and that the tangential
velocity of the fluid vanishes at both surfaces. When that
condition is met, the net force of the fluid on the membrane
will cause the membrane to distort into the profile this cal-
culation predicts.

So, what profile does this model predict? The most gen-
eral solution to Eq.~36! which obeys Eqs.~43! and ~44! is
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cA
~1!~x,z!5E

2`

` dq

2p

1

iq
eiqxSCA~q!cosh~qz2qhA!

1
gA

~1!~q!

KAv0
D , ~54!

and equivalently forcB
~1! :

cB
~1!~x,z!5E

2`

` dq

2p

1

iq
eiqxSCB~q!cosh~qz1qhB!

1
gB

~1!~q!

KBv0
D . ~55!

Five conditions must be met to determine all of the un-
knowns.

The Fourier transform forc are used. As a mathematical
convenience, theevencontinuation ofcA

~1! , cB
~1! , andm(1)(x)

are chosen. The situation is equivalent to placing two copoly-
mer domains back to back, and subjecting them both to the
wetting force. Therefore, the magnitude of the wetting force
must double. The constraint imposed by the wall is that
vx(0,z)50, and this is obeyed by the even continuation. The
fact that a hard wall can be replaced by an appropriate sym-
metry is well known.14

The pressurep~1! is given by

p~1!~x,z!5E
2`

` dq

2p
eiqxKAv0CA~q!cosh~qz2qhA!

when z.0, ~56!

and

p~1!~x,z!5E
2`

` dq

2p
eiqxKBv0CB~q!cosh~qz1qhB!

when z,0. ~57!

The conditions~45!, ~46!, ~49!, ~50!, and ~53! thus re-
duce to algebraic equations among the five remaining un-
known quantities:CA(q), CB(q), gA

~1!(q), gB
~1!(q), and

m(1)(q):

CA~q!cosh~qhA!1
gA

~1!~q!

KAv0

5CB~q!cosh~qhB!1
gB

~1!~q!

KBv0
, ~58!

2KACA~q!sinh~qhA!5KBCB~q!sinh~qhB!, ~59!

KAv0
2qm~1!~q!1qhAgA

~1!~q!1KAv0CA~q!sinh~qhA!50,
~60!

KBv0
2qm~1!~q!2qhBgB

~1!~q!2KBv0CB~q!sinh~qhB!50,
~61!

and

gB
~1!~q!2gA

~1!~q!1~KB2KA!v0CA~q!cosh~qhA!

1S KB

KA
21DgA~1!~q!1gq2m~q!52g. ~62!

The problem is reduced to solving this set of five equations
in five unknowns, conceptually trivial but complicated to
work out by hand.

For the moment, consider the system of four equations,
~58!–~61!. This set of equations ensures that the polymer
trajectories are monodisperse, that they intersect the surfaces
z5hA and z52hB at normal incidence, that the tangential
thrust across the interface is continuous, as well as the kine-
matic condition that the normal velocity at the interface is
continuous. So, given any first-order interfacial profile
m(1)(x) imposed by hand, this set of equations determines
the distortion of the polymer trajectories

CA~q!52
m~1!~q!~hA1hB!q2KBv0

F11F2
, ~63!

where

F15~hAqKA1hBqKB! sinhhAq, ~64!

and

F252hAhBq
2~KA sinhhAq cothhBq1KB coshhBq!.

~65!
Additionally,

CB~q!52CA~q! with KA↔KB and hA↔hB . ~66!

Similarly ghastly expressions exist forgA
~1! andgB

~1! :

gA
~1!5m~1!~q!qKAv0

2 F3

F11F2
, ~67!

where

F35~KB2KA! sinhhAq1hBq~KA sinhhAq cothhBq

1KB coshhBq!. ~68!

Additionally,

gB
~1!52gA

~1! with KA↔KB and hA↔hB . ~69!

The last equation to deal with determinesm~1!.
I define dimensionless parameters: let 2h5hA1hB be

the basic scale of length, and let the volume fraction of B per
chain bef so that

hA52~12 f !h, and hB52 f h. ~70!

Let K̄5~KA1KB!/2, and define a reduced elasticitykA so
thatKA5kAK̄ andKB5kBK̄. Thus, Eq.~33! implies that

g5v0
2~2h!K̄@~12 f !kA1 f kB#

5~2h!3N22K̄@~12 f !kA1 f kB#. ~71!

With this notation,kA1kB52, so that the only independent
parameters arekA and f , with 0<f<1 and 0<kA<2. For
fixed h, f , andkA , g is uniquely specified, and giveng, f ,
andkA , the lamellar repeat spacing, 4h, is determined.

The Fourier transform of the midplane interface is thus,
using Eqs.~63!–~68! in Eq. ~62!,
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Fm~1!~q!

2h2 G21

5q2h21
a11a21a31a4

2@~12 f !kA1 f ~22kA!#~b11b21b3!
, ~72!

with

a154~12 f !qh~22kA!2 cosh@2~12 f !qh#

3sinh~2 f qh!,

a254 f qhkA
2 cosh~2 f qh!sinh @2~12 f !qh#,

a3528~kA21!2 sinh @2~12 f !qh# sinh~2 f qh!,

a452~122 f !kA~22kA!qh sinh @2~122 f !qh#,

b154 f ~12 f !~22kA!qh cosh@2~12 f !qh#

3sinh~2 f qh!,

b254 f ~12 f !kAqh cosh~2 f qh! sinh @2~12 f !qh#,

b35@22~12 f !kA1 f ~22kA!# sinh @2~12 f !qh#

3sinh~2 f qh!. ~73!

For smallqh,

m~1!~q!5
32 f 2~12 f !2@4 f ~12 f !~12kA!21kA~22kA!#

3kA~22kA!

3q2h41O@q4h6#, ~74!

and forqh→`,

m~1!~q!52q221h2O@~qh!24#. ~75!

The simplicity of Eq.~75! is explored in Sec. VI.

IV. FREE ENERGY, G, AT SECOND ORDER

The free energy gained by the distorted layer is calcu-
lated by lettinge grow from 0 to ef , keeping track of the
work the interface does on the layer,

G52m~x50!e fg1E
0

m~x50!

dyeg. ~76!

At second order, this becomes,

G~2!52m~x50!e fg1m~1!gE
0

e f
dee, ~77!

or

G~2!52
e f
2

2
gm~1!~x50!. ~78!

If G~2! were positive, then the lamella would do work on the
substrate, and the interfacial plane would spontaneously dis-
tort for e50. Figure 2 showsm(1)(x50) for the entire al-
lowed range of 0,f,1 and 0,kA,2. The author notes that
m(1)(x50) is discontinuous atkA50. As we shall see, this is
characteristic of the interface formed between simple fluids.

The author concludes that, provided the midplane interfaces
at z5hA and z52hB are held flat, the interface calculated
here is stable.

V. ELECTROSTATIC FORMALISM OF SEMENOV

The quadratic form for the elastic energy density, and the
divergencelessness of the velocity field have prompted the
framing of this type of system in a formalism resembling
electrostatics,15 which is refined in Refs. 12 and 13. The
basic strategy for these calculations is to write a free energy
functional for the configuration of the polymer chains, in-
clude the various constraints through the use of Lagrange
multiplier potentials, and then appropriately minimize the
free energy. This program, is followed here and it is demon-
strated that the fluid-flow formalism of Sec. II is equivalent
to the Semenov’s formalism, as well as computationally
more concise.

The formulation can be simplified somewhat by writing
that

vx~x,z!52]zc, and vz~x,z!5]xc, ~79!

where the stream function,c, is, as yet, an arbitrary differ-
entiable function. Writingv thus is a direct consequence of
“•v50, as above. Thus, incompressibility need not be
handled as a separate constraint, and the potential ‘‘f’’ in
Ref. 12 need not be included. The potentialf has a natural
interpretation in Semenov’s formalism as the electrostatic
potential, whose role is to maintain the divergencelessness of
the field configuration. As the velocity field is hypothesized
to arise from a vector potential, this constraint is met.

The set of coordinates defined above are used, so that the
A polymers are in the regionm(x),z,hA , and B polymers
are in the region2hB,z,m(x). The elastic energy density
for A polymers, f el , is given by

FIG. 2. m(1)(x50)h21 obtained numerically is plotted for 0,f,1 and
0,kA,1. To determinem(1)(x50) when 1,kA,2, let f→12 f . Note the
improper limit,kA→0.
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f el5
KA

2
v•v5

KA

2
~]zcA

21]xcA
2 !5

KA

2
“cA•“cA .

~80!

Note that there are two stream functions needed for the two
blocks of the copolymer.

The free energy of the lamella is

G@cA ,cB ,m,g̃A ,g̃B#5E
0

`

dxE
m~x!

hA
dz

KA

2
“cA•“cA1E

2hB

m~x!

dz
KB

2
“cB•“cB1g̃A~xm!S E

m~xm!

hA dz

]xcA~xc ,z!
2NAD

1g̃B~xm!S E
2hB

m~xm! dz

]xcB~xc ,z!
2NBD 1gA11

dm2

dx
2egd~x!m~x!. ~81!

The potentialsg̃A and g̃B are related togA and gB above.
They enforce monodispersity along each chain, according to
the prescription of Refs. 12 and 13. The quantityxc(z) gives
the lateral position, along the chain contour, at the heightz,
andxm is the lateral position at which the chain crosses the
AB interface. Already, the relative simplicity of the fluid
analogy is evident.

In order to determine the equilibrium configuration forc
andm(x), G is varied with respect to each of its arguments
and then boundary conditions are imposed. The variation of
G with respect toc is complicated by the fact thatxc is
determined byc:

xc~z!5E
2hB

z

dz
2]zcB~xc ,z!

]xcA~xc ,z!
. ~82!

It is necessary to employ perturbation theory to make
progress in this model.

The zeroth-order system has the following physical so-
lution:

cA
~0!~x,z!5v0x5

2h

N
x, ~83!

m~x!~0!50, ~84!

xc
~0!5x, ~85!

g5~KAhA1kBhB!v0
2, ~86!

and, along with Refs. 12 and 13, letg̃A
~0!50, g̃B

~0!50.
The driving term in the free energy is proportional toe

[ em(1)(x50)], so I considerG~2!. The task is to write down
the full expansion of Eq.~81! to second order:

G~2!5E
0

`

dxE
0

hA
dzS KA

2
“cA

~1!
•“cA

~1!1KAv0]xcA
~2!D 1E

2hB

0

dzS KB

2
“cB

~1!
•“cB

~1!1KBv0]xcB
~2!D 2KAm

~1!~x!

3v0]xcA
~1! U

0
1KBm

~1!~x!v0]xcB
~1! U

0
1~KB2KA!

v0
2

2
m~2!~x!1g̃A

~1!v0
21S 2m~1!~x!2E

0

hA
dz1

]xcA
~1!

v0
D

1g̃B
~1!v0

21Sm~1!~x!2E
2hB

0

dz
]xcB

~1!

v0
D 1

g

2 Udm~1!

dx U22e2gd~x!m~1!~x!. ~87!

There are contributions inG~2! which arise from higher or-
ders in perturbation theory, e.g.,m~2!. These intrinsically
second-order quantities cannot affect the equations of motion
for any first-order quantities, so the author proceeds with the
standard Euler–Lagrange minimization. It is found that

dG~2!

dcA
~1! 50→KA¹2cA

~1!2v0
22

g̃A
~1!

dx
50, ~88!

dG~2!

dcB
~1! 50→KB¹2cB

~1!2v0
22

g̃B
~1!

dx
50, ~89!

dG~2!

dm~1! 50→v0
21g̃B

~1!2v0
21g̃A

~1!1~KB2KA!v0]xcA
~1!U

0

2g
d2m~1!

dx2
5gd~x!. ~90!

The author has used Eq.~20! to simplify the results. The
following identifications are made:

gA
~1!~x!5g̃A

~1!v0
21, ~91!

gB
~1!~x!5g̃B

~1!v0
21, ~92!
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so that Eqs.~36! and ~53! are reproduced. With the further
imposition of normal chain incidence athA and 2hB and
continuity at the interface, Semenov’s formalism is identical
to the hydrodynamic formalism above.

VI. RESULTS

A. General f and kA

Figure 3 shows the analytic structure ofm(1)(q) sche-
matically. According to Eq.~74!, limq→0m

(1)(q)50 for all f
andkAÞ0,2. Therefore,

E
0

` dx

2p
m~1!~x!5m~1!~q50!50. ~93!

Thus, the incompressibility of the system is confirmed. Each
A chain which encounters the interface brings along with it a
B chain of fixed volume; thus there can be no excess of A
over B. The possible exception is whenkA50 or 2. Then,
one of the blocks is completely flexible. There is no penalty
to rearrange the flexible blocks, and extra monomers can be
imported from far positions.

Evidently, asuqu→`, there is an essential singularity in
m(1)(q). According to Eq.~75!, asq becomes large through
real values,m(1)(q)'2q221O[(qh)24]h2. This fact deter-
mines limx→0dm

(1)/dx. Let qm@h21 be such that when
q.qm , m

(1)(q) can be replaced with 2q22 with negligible
error. Letx!h be such thatxqm!1 as well. Then,

dm~1!

dx
52E

0

qmdq

p
q sin ~qx!m~1!~q!

2E
qm

` dq

p
sin ~qx!2q21. ~94!

The first term above vanishes asx→0. The second term has
a finite limit asx→0:

dm~1!

dx
52E

0

` dy

p
2y21 sin y1O@x#5211O@x#.

~95!

where the variables have been changed in the integral to
y5qx. Thus, Young’s law of wetting is recovered. When a
droplet of materialA in a medium of fluidB adheres to a
substrate, it encounters the substrate with a characteristic
angleu. According to Young’s law16 ~which amounts to sim-
ply resolving the surface tensions at the interface!:

cosu5
gB2gA

g
52e. ~96!

In the copolymer problem,

cosu52
edm~1!/dx

A11@edm~1!/dx!2u
U
x50

52e1O@e2#. ~97!

Thus, thewetting anglebetween the copolymer blocks and
the substrate is in accordance with Young’s law. Near the
contact line, the interfacial energy dominates the elastic en-
ergy.

The functionm(1)(q) has a number of simple poles.
There are four symmetric poles with both real and imaginary
parts. Upon inverse Fourier transformingm(1)(q), these
poles impart an oscillation tom(1)(x): the interface crosses
z50 infinitely many times, a novel property indeed. Even
when all of the poles reside on the imaginary axis, incom-
pressibility and limx→`m

(1)(x)50 implies that the interface
must crossz50 at least once. For surfactant bilayers, a simi-
lar oscillating relaxation is predicted.17 For small amplitude
of disturbance, the simple liquid system and the surfactant
system are handled in the Appendix. Figure 4 shows the
location of the pole responsible for the oscillation of the
interface for the entire range off andkA .

The family of poles residing on the imaginary axis de-
termines the details of the interfacial profile. In the various
limits below, these poles are analyzed and first corrections to
Young’s law are calculated.

B. Symmetric copolymers: f51/2, k A51

When f51/2 andkA51, the interfacial profile~72! takes
the form

m~1!~q!5
2h2

~qh!21
1

12~qh!21 tanh~qh!

. ~98!

The poles ofm(1)(q) are considered here. The poles at
q560.75306 i1.0818 imply a damped oscillation for
m(1)(x) at largex. There is also an infinite series of simple
poles along the imaginary axis. The poles which exist at high
imaginary q determine the short-distance behavior of
m(1)(x). These poles occur when tanh(qh);qh, or for

FIG. 3. The analytic structure ofm(1)(q) is presented. The second-order
zero at the origin ensures incompressibility, and a series of simple poles
along the imaginary axis are responsible for the nonanalytic correction to
Young’s law. The off-axis poles givem(1)(x) its characteristic oscillation.
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qn'~2n11!
ip

2
for 1!n. ~99!

The residue at a pole ofm~1! can easily be found: ifq0 is the
location of a pole ofm(1)(x), then

Res@m~1!~q!#uq05
22h

~q0h!512~q0h!3
, ~100!

a remarkably simple result, given the complexity of Eq.~98!.
The structure ofm(1)(x) can now be determined for very
small x.

m(1)(q) is inverse Fourier transformed as follows:

m~1!~x!5E
2`

` dq

2p
eiqx

3
2h2

~qh!21
1

12~qh!21 tanh~qh!

. ~101!

For x.0, the author closes the contour in this integral with
Im q.0 and enumerates the poles ofm(1)(q) so thatq0 and
q1 are the off-axis poles in the first and second quadrants.
The remaining poles with Im(q).0 are numbered succes-
sively as the author goes up the imaginary axis. Then,

m~1!~x!52 (
n50

`

4hp i
eiqnx

~qnh!512~qnh!3
. ~102!

This series is then broken up into two parts, withM being
such thatn.M causes the (qnh)

3 term to be negligible.
Then,

m~1!~x!' f ~x!14h (
n5M

`

exp S 2
~2n11!px

2h D
3S ~2n11!p

2h D 25

, ~103!

FIG. 4. Here, the position of the pole responsible for the oscillation of the interface is given for arbitrarykA and f . The thick lines havekA held constant, and
the thin lines havef held constant. The grey portion of the curves indicates the region for which 0.25,f,0.75 and 0.5,kA,1.5. This most symmetric region
for f andkA always has a pole off the imaginary axis, so that the interface oscillates. The dashed lines havekA50.6384 andf50.809. The inset is a closeup
of the symmetric region.
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where f (x) is an analytic function ofx. The second term in
this expression leads to interesting nonanalytic behavior for
m(1)(x) near x50. Let msing(x) stand for this series: con-
sider,

d5

dx5
msing~x!524h(

n5N

`

exp S 2
~2n11!px

2h D;
1

x
.

~104!

The fifth derivative ofmsing(x) is singular. Thus, there are
nonanalytic corrections to Young’s law:

m~1!~x!5m~1!~0!2x1~analytic!1ch23x4 log x/h.
~105!

The presence of this singularity should be extremely difficult
to detect.

Figure 5~a! shows the configuration of the interface,
m(1)(x) for symmetric copolymers, and Fig. 5~b! shows the
configuration of the polymer chains whene51/3.

C. Molecular weight asymmetry: fÞ1/2, k A51

When the copolymers are made of species of similar
elasticity, but of differing molecular weights, the Fourier
transform of the interfacial profile~72! becomes

m~1!~q!5
2

~qh!21c/d
, ~106!

with

c5~qh!sinh~2qh!, ~107!

d54 f ~12 f !qh sinh ~2qh!

22 sinh~2 f qh! sinh @2~12 f !qh#. ~108!

This case shares many of the properties of the totally sym-
metric case, but there is a competition between two length
scales,h and 2f h, and this complicates the analysis.

If a pole ofm~1! is located atqh5y0, theny0 satisfies the
following:

y0
2114 f ~12 f !y0

5
2 sinh~2 f y0! sinh @2~12 f !y0#

sinh 2y0
, ~109!

and the residue aty0 is given by

Res@m~1!~q!#u~q5y0 /h!

5
h$y01y0@2 f ~12 f !y0

21221#%

H~2 f y0!1H@2~12 f !y0#2H~2y0!21
, ~110!

where

H~x!5x coth x. ~111!

When f takes a generic real value, anduy0u is large, then Eq.
~109! is satisfied when sinh~2y0! is small:

sinh~2y0!;
sinh~2 f y0! sinh @2~12 f !y0#

2 f ~12 f !y0
. ~112!

With this condition, the residue aty0 is approximately

Res@m~1!#uq5y0 /h
'h f22~12 f !22y0

25

3sinh 2~2 f y0!/4. ~113!

For a pole with large and imaginaryy0, the absolute value of
the residue is strictly bounded byhy0

25, so that the nonana-
lyticity is at least no worse than in the symmetric case. For
generic values off ~i.e., sin 2y5sin 2 f y50 should have
only y50 as a solution!, the author lets sinh2(2 f y0)→1/2, so
that

m~1!~x!5analytic1c8~ f !x4h23 log ~x/h!. ~114!

Allowing asymmetric f does not qualitatively change the
correction to Young’s law.

For f!1/2, Eq.~109! becomes

y0
221 f 24~2112y0 coth 2y0!50. ~115!

If y05x01 iz0 , then it is deduced that

z0 /x0'), and uy0u'1/2 f22/3. ~116!

When the copolymers become very asymmetric in molecular
weight, the range of the ripples is drastically cut.

D. Elastic constant asymmetry: f51/2, k AÞ1

When the copolymers are symmetric in molecular
weight, but are composed of two species of differing elastici-
ties, the interfacial profile takes a relatively simple form.
With f50.5 in Eq.~72!,

m~1!~q!5
2

~qh!21
1

2

k12k2 tanh~qh!/~qh!

12 tanh~qh!/~qh!

, ~117!

FIG. 5. ~a! The shape of the interfacial profile,m(1)(x), scaled byh for
symmetric copolymers.~b! These are the streamlines for symmetric copoly-
mers whene51/3. The chains are everywhere parallel to the lines drawn.
The streamlines shown separate equal numbers of chains.
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where

k152kA
224kA14, ~118!

k254~kA21!2. ~119!

Figure 6 shows the position of the pole located in the
first quadrant askA is tuned from 1 to 0~since the problem
has the symmetrykA→22kA!. The pole’s position starts out
with a large real part, which diminishes as the polymer be-
comes more and more asymmetric. WhenkA50.143, the
poles from the first and second quadrants join and then stick
to the imaginary axis. The interfacial profile in real space
cannot oscillate, but it overshootsz50 just the same. The
oscillation of the interface changes from underdamped to
overdamped atkA50.143. For smallerkA , one pole migrates
toward the origin, where it destroys the second-order zero.
The other one migrates towardq5&/h. This situation re-
calls that found in the Appendix, where the interface between
a liquid drop characterized by both a surface tension and a
bending energy forms a meniscus near a vertical wall.

The nonanalytic correction to Young’s law still holds for
any k̇AÞ0,2. The poles residing on the imaginary axis occur
for largeq when tanh(q)'q, i.e., whenq5(n11/2)ip for
largen. It is easy to demonstrate that the residue at a pole,
q0, of m

(1)(q) is given by

Res@m~q!#uq0

5
22h

r21~q0h!211r 1~q0h!1r 3~q0h!31r 5~q0h!5
, ~120!

where

r2152~kA21!2, ~121!

r 15
~kA21!2~kA

222kA14!

kA~22kA!
, ~122!

r 352
kA
222kA12

kA~22kA!
, ~123!

r 55
1

kA~22kA!
. ~124!

The residue at a pole located with largeiq asymptotically
scales as (qh)25, so

m~1!~x!5analytic1c9kA~22kA!x4 log ~x/h!. ~125!

When one of the species is completely flexible, the nonana-
lytic correction to Young’s law vanishes.

When kA50, the interfacial profile~72! becomes~for
any f !

m~1!~q!52
~2 f h!2

~2 f hq!212
, ~126!

so

m~1!~x!5& f he2x/~& f h!. ~127!

The interface is just a single exponential, with length scale
equal to the width of the stiffer component of the copolymer.
The interface does not crossz50. This is exactly the inter-
face between simple liquids, as in the Appendix.

VII. DISCUSSION

The shape of the interface is always an overdamped or
an underdamped oscillation. And, when reasonably symmet-
ric values forkA and f are used, the interface is always an
underdamped oscillation. Only in extreme cases~kA is very
small! can this result break down. The lamellar phase is un-
likely to be the equilibrium structure the copolymers adopt
under such extreme conditions. When lamellae are stable,
and can be made to orient perpendicularly, the shape of the
interface is known. It must crossz50, and probably oscil-
lates.

However, the analysis is based on the assumption that
unperturbed lamellae are indeed flat. The question as to
whether lamellar domains are prone to a rippling instability
is an open one, so that the absolutely flat geometry consid-
ered here may not be the equilibrium configuration of even a
realistic lamella.18 In the Alexander–deGennes approxima-
tion, bulk lamellae are unstable to the rippling for wave num-
bers larger than abouth21.19 The comparison the author
wishes to draw in this paper is to lamellar domains in real
systems, i.e., with free ends distributed throughout the layer.
‘‘Real’’ lamellae in end-distributed systems show little sign

FIG. 6. ~a! The position of the off-axis pole is plotted for the range of
0,kA,1, whenf51/2. ~b! The imaginary part of the off-axis pole is plotted
againstkA .

1668 G. T. Pickett: Lamellae at a preferential wall

J. Chem. Phys., Vol. 104, No. 4, 22 January 1996

Downloaded¬30¬May¬2002¬to¬134.139.180.105.¬Redistribution¬subject¬to¬AIP¬license¬or¬copyright,¬see¬http://ojps.aip.org/jcpo/jcpcr.jsp



of a rippling instability, and are quite flat in the bulk on
length scales much smaller thanh. Therefore, by insisting
that the midplanes interfaces are held flat, the author hopes to
capture a crucial qualitative feature of the realistic systems
available to experiment.

There is always the possibility that the weak singularity
calculated as the first correction to Young’s law is an artifact
of the Alexander–deGennes approximation that is used
throughout this paper. This approximation incorporates the
main features that give these copolymer domains their shape,
but not rigorously. The robust predictions of this model are
that Young’s law is satisfied near the contact line, that the
interface crossesz50 at least once, and that the interface can
oscillate. In the Appendix, the author shows that any stiff,
elastic membrane can oscillate when the stiffness is large
enough.

The striking feature of the interface calculated here is
that it is not monotonic, as the interface between simple flu-
ids must be; that the interface can oscillate is most striking.
The elasticity of the chains, and their connectedness, results
in this unique effect.

The salient features of this copolymer system are the
linear restoring force along each chain~Hooke’s law!, in-
compressibility of polymer liquid, and monodispersity along
each chain. Incompressibility is easily included in this fluid
flow model, and the Hooke’s law restoring force is modeled
by the quadratic form for the ‘‘kinetic’’ energy density for a
small fluid element, as in Eq.~3!. Monodispersity can be
included as a boundary condition in the first-order problem,
or more generally as an integral constraint on the velocity
field.

Each of these properties is also manifested in a system
composed of an incompressible elastic solid, i.e., rubber.
Even under major deformations, rubber is very nearly incom-
pressible. Monodispersity in the rubber system arises natu-
rally. If the material is conceived of as a network of cross-
linked chains, monodispersity is equivalent to the micro-
scopic condition that after a deformation is applied, all links
are maintained. Elastic forces arise not only in a single di-
rection ~along the chain’s backbone!, but along the cross
links too.

In the fluid picture, all transverse forces on a chain arise
from the gradient of a scalar pressure field. The exact form of
the pressure field is chosen in accord with incompressibility.
Transverse forces which do not arise from the gradient of a
pressure can arise in the fluid picture when viscosity is in-
cluded in Eq.~4!. The Navier–Stokes equation is thus pro-
duced:

K
dv

dt
5“p1n¹2v. ~128!

The question then, is, can the effect of cross linking the
chains be captured in Eq.~128!?

The following system of layered rubbers is considered.
There is a rubber of type A with the elastic modulusKA
permanently bonded to a rubber of type B with the elastic
modulusKB . This composite is then stretched by a factorl
in the ẑ direction. The stress in the rubber is still uniform at

this point, but is no longer isotropic. This situation recalls the
zeroth-order lamella, where there are large stresses perpen-
dicular to the AB interface, and none in the plane of the
interface. The larger the stretching factorl, the more the
rubber composite approaches the copolymer system.

A small perturbing force is applied at the boundary, by
supplying a force at the AB interface which pulls the inter-
face in theẑ direction. This models the difference in wetting
forces in the copolymer system. This perturbation results in a
small displacement fieldu~1!. I model the bulk rubber as a
collection of masses connected by longitudinal and trans-
verse springs, and let the ‘‘at rest’’ rubber have a constant
spacinga between masses. The volume of a cell is thusa3.
After the initial stretching, the cell occupied by a single mass
has the dimensionsla in the z direction, anda/Al in the x
andy directions, so the volume occupied by the mass does
not change.

With the addition of the small displacement fieldu~1!, the
resultant of the elastic forces gives

f el5Ka2~l21]xxu
~1!1l2]zzu

~1!!. ~129!

Equilibrium is achieved when this resultant force per unit
volume is canceled by whatever pressure gradient is gener-
ated:

K~l21]xx1l2]zz!u
~1!5“p. ~130!

To make a firm connection with the fluid model, the relation-
ship betweenu~1! andv~1! is determined as follows:

u~1!5E
0

z

dz
dn~0!

dz
v~1!5E

0

z

dz
v~1!

v0
. ~131!

Differentiating this equation with respect toz yields

v~1!5]zu
~1!v0 . ~132!

Thus, in terms of the displacement field, the Navier–Stokes
equation reads as follows~when the flow is steady!:

v0
2K]zzu

~1!5“p1n¹2]zu
~1!. ~133!

Thus, the author must make the conclusion that adding vis-
cous forces in the full treatment of the fluid model does not
correspond to the physical cross linking of the chains. Com-
paring Eqs.~130! and ~133!, it is clear that for any finite
value ofl, these equations cannot describe the same physical
situation. If the rubber is greatly stretched, so thatl@1, then
Eqs.~130! and~133! are equivalent, only when the viscosity
n is very small.

For l on of the order of, say 5, the effect of the trans-
verse cross links could be negligible. Typical transverse
stresses from the cross links in this case are on the order of
535125 times smaller than the longitudinal stresses. This
value of relative stretching is achievable with currently avail-
able copolymers. Thus, an appropriate physical model for the
Alexander–deGennes copolymer layer considered here is
that of a slightly distorted uniaxially stressed, incompress-
ible, elastic solid.
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VIII. CONCLUSION

Young’s law for copolymers is derived, that is the shape
of the interfacial profile with the lamellar order perpendicular
to a flat substrate is determined. This is done by making a
model based on familiar ideas from elementary fluid dynam-
ics. The influence of the substrate enters through a parameter
e5~gB2gA!/g. The shape of the profile is characterized by
the wetting angle between A, B, and the substrate, it crosses
z50, and recoils, sometimes with an underdamped oscilla-
tion, and sometimes with an overdamped oscillation. Only
when one of the species of copolymer is completely flexible,
kA50, does this tendency to crossz50 disappear. Near the
substrate, the profile contains nonanalytic terms proportional
to x4 log x, a novel property for copolymers. The model pre-
sented here exhausts the possible behavior of simple copoly-
mers in this morphology. Finally, the course of this calcula-
tion indicates that Alexander–deGennes models, even for
large e, can be cast in the familiar language of static fluid
flow, for which there is a large body of expertise to draw on.

While the Alexander–deGennes approximation is help-
ful in making calculations of this sort, it is expected that real
copolymers will depart somewhat from the behavior derived
here. First, seldom are realistically available copolymers in
the strong segregation limit. The chains are not highly
stretched, so that the case described here must be extrapo-
lated to from modest molecular weights. Second, as do most
current studies of the deformation of a copolymer layer, the
author employs the Alexander-deGennes approximation.
Thus, the quantitative properties derived here, such as the
oscillation wave number, are not exact. And, some of the
results, like the weak singularity near the contact line, could
be qualitatively different in real copolymer domains.
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APPENDIX: STIFF MEMBRANE

Here the author describes briefly the form of the inter-
face formed between a simple liquid and air held at a con-
stant pressure, near a hard vertical wall which tends to
slightly wet with the fluid. There is a uniform gravitational
field. Let z50 be the level of fluid far from the wall. I use
this case to compare to the shape of the interface when
kA50. After this, the author generalizes to a system where
the interface is characterized by a rigidity as well as a surface
energy, and compare this system to the problem with general
f andkA .

When the free surface is given any particular profile,
m(x), there are three energies that must be paid. First, there
is the interfacial energy associated with making more~or

less! free surface for the fluid. Second, there is the interfacial
energy associated with the fluid covering more~or less! of
the vertical wall. Finally, there is work that is done by the
hydrostatic pressure in the liquid: for small distortions, and
for an incompressible liquid,

p5p02grm~x!, ~A1!

wherep0 is atmospheric pressure. The difference in pressure
across the free surface is

Dp5grm~x!. ~A2!

Thus, the energy needed to make a small distortion,m, is

G@m~x!#5E
0

`

1/2S g
dm

dx

dm

dx
1grm2D2gWm~x50!.

~A3!

Here,gW is the interfacial energy to cover a portion of the
wall surface with fluid.

Varying this energy with respect tom(x) yields an equa-
tion determiningm(x):

gm95grm, ~A4!

with xÞ0, and the conditions20

m~x!→0 as x→`, and
~A5!

m8~x50!52
gW

g
.

The interface is

m~x!5
gW

g
le2x/l, ~A6!

with l5gg21r21. This is exactly the form of the AB inter-
face whenkA50, i.e., when one of the components of the
copolymer is completely flexible.

When the interface between the two fluids is character-
ized by both a surface energy and a bending modulus~e.g.,
for a surfactant monolayer residing at the air–water inter-
face!, the interface closely resembles that of the copolymer
system. The presence of a bending modulus results in the
oscillation of the interface as per the system described in
Ref. 17. It is necessary to add a term to Eq.~A3! describing
the energy needed to create curvature locally:

Gbend5E
0

`

dx
k

2 Ud2mdx2U
2

, ~A7!

so that the equation of motion for~small! m(x) is now

k
d4m

dx4
2g

d2m

dx2
1grm~x!50, ~A8!

with whatever boundary conditions the author later wishes to
establish.

Upon Fourier transforming this equation, the solution is
given by a linear combination of wave vectors which satisfy

kq41gq21gr50. ~A9!

When b[grk/g2.1/4, the solutions to this equation have
both an imaginary~damping! and real ~oscillatory! parts.
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Figure 7 shows the location of the pole in the first quadrant.
Note that asb→`, the oscillations become more and more
rapid, and more and more quickly damped. Asb→1/4 the
oscillatory part of the solution disappears, and the solution is
made of purely decaying components. This situation closely
resembles the case in whichkA is small, andf is decreased
from 1 to some intermediate value~at which the oscillatory
part of the pole vanishes!. Therefore, the AB interface is

characterized by both a rigidity and a surface energy. As a
final note, there is no nonanalytic correction to Young’s law
in this case. Regardless of the type of boundary conditions
imposed, the solution is a combination of analytic functions,
and is itself analytic.
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FIG. 7. ~a! The solutions of Eq.~A9! are plotted asb is tuned from 1 to 0.
~b! The imaginary part of the position of the pole is plotted againstb. Notice
the similarity to the case withf51/2 with 0,kA,1 as in Fig. 6.
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