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Liquid-state theory of anisotropic flexible polymer fluids
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We extend the liquid-state theory of polymer fluids to include anisotropy as a key feature. The
formalism is quite general. In determining the structure of anisotropic polymer fluids, it yields
thermodynamic information as well. Our first application is to describe the nematic phases of
flexible polymers, and to demonstrate a novel lyotropic transition. ©1999 American Institute of
Physics.@S0021-9606~99!52414-8#
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In polymer fluids, it is natural thatstructure at the
single-chain level together with microscopic monome
monomer interactions determine the intermolecular pack
over many length scales. Polymer liquid structure is of fu
damental interest in its own right, and also leads to an
derstanding of thermodynamics. Since the late 1980’s, m
progress has been made in understanding polymer solut
melts, block copolymers, and blends within the Polymer R
erence Interaction Site Model~PRISM!.1 The model gener-
alizes the RISM theory of Chandler and Andersen2 to mac-
romolecules. Although the model is restricted
homogeneous, isotropic fluids, PRISM provides useful in
to inhomogeneous problems like crystallization, confin
ment, and surface structure.1

In this communication, we extend PRISM to descri
anisotropicliquids. Through external means or through the
modynamics, anisotropy is a key feature in many import
polymer applications. For example, shear flows align po
mers so that the single-chain statistics are markedly an
tropic, thus affecting the intermolecular packing, a
dynamics.3 Also, lubricating films exhibit anisotropy and sig
nificant inhomogeneities. If the film thickness is much larg
than the surface-induced inhomogeneity, yet much sma
than the bulk polymers, then confinement defines the ani
ropy of the chains, and naturally affects both the thermo
namic and dynamic response of the layer.4 Anisotropy also
arises in liquid crystalline polymers~LCPs!. As a concrete
example, we discuss nematic liquid crystallinity in flexib
polymers. In contrast to most prior theoretical work,5–8 our
approach is not limited to low-order virial expansions n
tied to phenomenology, but rather is capable of sensibly
counting for realistic microscopic interactions.

We employ the simplest athermal ‘‘thread chain’’ mod
of the PRISM integral equation theory1 in order to clarify our
approach. The simplifying assumptions are:~1! Flory
ideality;9,10 ~2! molecular lengths are irrelevant;11 ~3! equiva-
lency of ‘‘sites’’; and, ~4! the monomer–monomer interac
tion is a hard-core repulsion. Polymers are modeled as ch
of ‘‘sites’’ of diameterd, and the overall conformation is
random walk ofN steps of lengthso . The ‘‘thread’’ limit1,11

corresponds tod→0, maintaining a finite monomer, or site
number density,r. The system is well described by a sing
site–siteintermolecular pair correlation functiong(r ), and a
6590021-9606/99/110(14)/6597/4/$15.00
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single total correlationh(r )5g(r )21.1 For threads, hard-
core exclusion requiresg(r→0)[0. Significantly, the
Percus–Yevick~PY!12 inspired thread model correctly pre
dicts thermodynamic~e.g., osmotic pressure, virial coeffi
cients! and structural@e.g.,g(r ), correlation hole, mesh size#
properties of dilute and semi-dilute good and the
solutions.1,11,13The thread model is rigorously justified up t
semi-dilute densities in the PRISM framework by the so
tion of Fuchs for the PY closure.14 In that work, d is an
‘‘irrelevant’’ length scale in semi-dilute solution, recoverin
the results of thed50 thread model, consistent with scalin
and universality.9

Polymer structure enters via the single-chain scatter
function, v(q), which for flexible, isotropic chains is the
Debye function, approximately:1

v~q!5
N

11
Nso

2q•q

12

, ~1!

whereso andN are related throughRg
25Nso

2/6, with Rg the
coil radius of gyration. This expression describes theisotro-
pic phase@Fig. 1~A!#. A natural anisotropic extension is:

v~q!5
N

11
Nsz

2qz
2

12
1

Ns'
2 q'

2

12

. ~2!

Thus the chains are anisotropic random walks withdifferent
step lengths in theẑ(sz) and the perpendicular (s') direc-
tions. Whensz@s' , the chains are compressed in the p
pendicular direction, and expanded alongẑ @Fig. 1~B!#: the
nematic phase. In the opposite limit, the chains resem
disks perpendicular toẑ: a discoticlike phase@Fig. 1~C!#, but
chains are not allowed to collect into the columns charac
istic of true discotics.15

We define the nematic order parameter,t. Consider an
entropic spring of mean-squared end-to-end length)so .
Let u be the angle between the spring end-to-end vector
ẑ. A chain made of many such springs has isotropic s
lengths,so . Let

t5
3

2
~^cos2 u&21/3!. ~3!
7 © 1999 American Institute of Physics
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The isotropic phase hast50, the nematic phase hast.0,
and the discotic phase hast,0. The rms projection of the
oriented spring alongẑ is sz :

sz~t!5)^cos2 u&1/2so5soA112t. ~4!

Similarly, the step length in the perpendicular direction,s'

is:

s'~t!5sx5sy5soA12t. ~5!

With anisotropy entering at the level of a single cha
the closure approximation determines the fixedt structure of
the oriented fluid. For threads, the interchain site–site di
correlation function is a contact or delta-function form11

c(r )5cod(r ), in the spirit of the site–site PY approximatio
for hard-core liquids.1,2,12 Thus the PRISM, or Chandler–
Andersen, integral equation reads in wave vector space

h~q!5
cov2~q!

12rcov~q!
[cov~q!Ŝ~q!, ~6!

whereŜ(q) is the collective liquid structure factor. The pa
rameterco is chosen self-consistently to enforce the thre
hard-core condition@g(r 50)50#, and thus is a functiona
of v(q). This is the key physical feature of the RISM a
proach and our anisotropic generalization of it. Thus we fi

co52
ps'~t!2sz~t!

3)AN
2

p2rs'~t!4sz~t!2

108
. ~7!

As the chains become aligned~that is,s'→0 for nematics,
or sz→0 for ‘‘discotics’’! the repulsive force strength pa
rameter,ucou, decreases. A long-ranged orientation eviden
reduces the overlap of neighboring chains, suppressing
influence of the hard-core interactions.

With co as above, the anisotropic scattering function

Ŝ~q' ,qz!5
N

12co~t!Nr1
Ns'

2 ~t!q'
2

12
1

Nsz
2~t!qz

2

12

.

~8!

Thus the theory predicts the collective structure~e.g., physi-
cal mesh or blob size! of the aligned fluid to be anisotropi
as well. Anisotropic pair correlations follow from Eqs.~2!,
~6!, and ~8!. Note that interchain orientational correlation
are not explicitly taken into account, as spatial fluctuations
t are not considered.

FIG. 1. Schematic of~A! typical isotropic,~B! nematic, and~C! discotic
phase chain conformations.u measures~in real space! an azimuthal angle
relative to the nematic director,ẑ.
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Let us now consider a spontaneous equilibrium throu
which tÞ0 arises, and construct at-dependent free energ
in the ‘‘compressibility’’ route. The result is a toy model o
liquid crystallinity, but a nontrivial one that can be analy
cally solved. The isothermal compressibility,kT , is deter-
mined via Ŝ(0)5rkBTkT . For convenience,kBT ~Boltz-
mann’s constant multiplied by temperature! is the basic
energy scale. Using standard thermodynamics@P
5*Ŝ21(0)dr, F5*P/r2 dr#:

Ŝ21~0!5
1

N
2rco~t!, ~9!

P5
r

N
1

pr2so
3~12t!A112t

6)AN

1
p2r3so

6~12t!2~112t!

324
, ~10!

F5a~t!1
ln r

N
1

prso
3~12t!A112t

6)AN

1
p2r2so

6~12t!2~112t!

648
. ~11!

Notice that the pressure,P, naturally includes up to the third
virial, in contrast to other theories5–8 that are intrinsically
limited to the estimate of only the second virial. Also no
that asN→`, the only term in the equation of state is;r3,
just as for isotropic semidilute solutions.9 Thus our theory
describesanisotropicdilute and semidilute solutions.

We specifya(t), the single-chain free energy neede
per segment to maintain the anisotropyt, in the Gaussian
bead-spring model:9

a~t!52 ln@s'
2 ~t!sz~t!#5const2 ln@~12t!A112t#.

~12!

F takes a simple form through defining:

r!~t!5
N

RzRyRz
5

N

N3/2s'
2 ~t!sz~t!

5
1

N1/2so
3~12t!A112t

. ~13!

r* (t) is the semi-dilute overlap threshold oft chains. Be-
causer* has itsminimumat t50, the system becomes mor
‘‘dilute’’ at fixed r for tÞ0. This stabilizes the liquid crys
talline phase by reducing the repulsive interchain inter
tions. In terms ofr* (t), the free energy/site is:

F5const.1 ln r!~t!1
ln r

N
1

p

6)N
F r

r!~t!G
1

p2

648N F r

r!~t!G
2

. ~14!

The excess contribution toF is a function ofr/r* , consis-
tent with semi-dilute scaling. In fact, Eq.~14! can be derived
from a physically motivated ‘‘scaling’’ theory wherer/r* is
the scaling variable. From this perspective, PRISM the
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determines the numerical prefactors quantifying the tw
body and three-body contributions in Eq.~14!.

The equilibrium value oft is determined by:]F/]t
50. Whenr,rc(N) with

rc5
9A314N2)

ANpso
3

~15!

the equilibrium rests att50: the isotropic phase. Whenr
.rc(N), the isotropic solution is unstable, and two equiv
lent minima emerge fromt50: the nematic and discoti
phases. The equilibrium value of the order parameter sa
fies:

~12teq!A112teq5
rc~N!

r
, ~16!

as shown in Fig. 2. The critical density decreases as
chains become shorter, and hence more easily oriented,
sistent with intuition and simulation.16 Thus ‘‘thread’’ poly-
mers undergo a novel second-order phase transition, in
admittedlymean fieldanalysis which ignores fluctuations o
the order parameter and molecular-scale features suchd
and local chain stiffness. Whether this transition is obse
able for physical polymers either in the laboratory or v
simulation is a delicate issue we address below.

The equation of state in the ordered phases isP5(1
1(1/N))r, whenr>rc(N). The ordered-phase equation
state is, apart from anO(N21) correction, simply the idea
gas law of thedisconnectedsegments. This law cannot hol
under dense conditions, as the finite volume occupied b
single polymer coil becomes important near close pack
Interestingly, computer simulations find a linear law betwe
P and r in the nematic phases of long thin hard rods up
rather high packing fractions.17 The ordered phase is far from
an ideal gas of segments, for whichg(r )51. The intermo-
lecular liquid structure is anisotropic on all length scales:

g~z,r'!5go~r 8so!, with r 85Az2/sz
21r'

2 /s'
2 , ~17!

FIG. 2. teq(r/rc): For r/rc(N),1, teq50 ~isotropic phase!. When r
.rc(N), teq takes both positive~nematic! and negative~discotic! values.
Near the transition,teq;6(r/rc21)1/2. Inset is the equation of state in th
limit N→`. The pressure increases asr3 up to the transition, at which poin
it becomes linear.
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where go(r ) is the isotropic-phase site–site pa
correlation:11

go~r !511
3

prso
2r

@e2r /j2e2r&/Rg#, ~18!

and j215prso
2/3121/2/Rg is the density screening~or

‘‘mesh’’ ! length. Thelocal correlation hole becomes sha
lower with increasing density in the isotropic phase@A(u) in
Fig. 3 increases#, while in the nematic phase, the hole weak
deepens alongẑ with increasing orientational order. Th
direction-dependent reduction of local contacts has sign
cant dynamical implications, as the local collision rate
proportional to the anisotropic ‘‘contact value’’ of the pa
correlation.3,12 The physical mesh and long-range correlati
hole are also anisotropic in the liquid crystalline phase, a
this has important consequences for transport in entan
LCP fluids.3,18

The nematic and discotic phases are degenerate bec
the free energy depends ont only throughr/r* (t). The
crucial connection between the nematic and discotic pha
is that the free energy depends less on theshapeof the chain
configuration than on itsinvaded volume. For each nematic
state, there is a discotic state with the same spanned vol
;R'

2 Rz , and hencer* (t). Thus the model~even at the
scaling hypothesis level! exhibits a novel symmetry betwee
the nematic and discotic phases, resulting in a continu
transition.

The molecular ‘‘thickness’’ of the chains (dÞ0) can be
captured in the ‘‘string’’ closure.11,13 The PY style approxi-
mation, c(r )5cod(r ), is retained, but finite site volume i
crudely enforced in an average manner through*0

d drg(r )
[0. In semi-dilute solution,d is irrelevant, but for concen-
trated solutions the string model introduces realistic corr
tions, and captures a finite close-packed density.13 With d
Þ0, our nematic-discotic symmetry is broken, because b
r/r* andrso

2d appear as scaled densities. In fact, the int

FIG. 3. ‘‘Contact’’ value of g(r ): A(u)[so ] rg(r ,u)u r 50 for infinitely
long chains. By construction, thread chains haveg(r 50,u)50 ~core condi-
tion!. Therefore, a useful measure of the ‘‘contact’’ value of the pair cor
lation is the contact partial derivative.A(u) is the rate at which interchain
contacts increase along the direction specified byu ~Fig. 1!. ~A! Discotic
phase.A(p/2)'A6 as rso

3→`. ~B! Nematic phase.A(0)') as rso
3

→`.
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duction ofanyother length scale~e.g., the persistence lengt
for semi-flexible polymers! must destroy this symmetry, an
result in a discontinuous transition. The properties of t
more realistic string model18 are that:~1! the pressure con
tains contributions through all orders in density;~2! the
isotropic-nematic transition is weakly first order; and,~3! the
nematic phase is the only equilibrium ordered phase.
reduced transition density decreases monotonically with
creasingso /d, in accord with physical intuition~Fig. 4!. A
rough connection to experiment can be made by recal
that denser than'70% close packing, most liquids eithe
crystallize or vitrify. Thus a thermotropic nematic transitio
in a dense melt must occur for density,1 in Fig. 4. This
corresponds to the criterion that aminimumaspect ratio of
so /d*5 is required for thermotropic nematics, in acco
with prior theories.6,7,19 As so /d increases, the transition i
eventually pushed into the semi-dilute regime, becom
very nearly the lyotropic transition ofthreadpolymers.

We conclude by discussing extensions and limitations
anisotropic PRISM. Explicit attractive interchain interactio
can be numerically appended to the theory. Backbone se
flexibility or complete rigidity can be introduced through th
appropriatev(q).18 The exploration of system-specific e
fects on anisotropic fluid structure and thermodynamics
therefore possible. In fact, PRISM predictions for a rigid r

FIG. 4. String model phase diagram in terms of reduced density5rso
2d and

the hard-core diameterd, or equivalently the ‘‘aspect ratio’’so /d. The
vertical dashed line is the maximum reduced density for the isotropic st
model fluid. The isotropic and nematic phases are separated by a lin
first-order transitions.
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model20 are in qualitative agreement with all features of t
classic Onsager theory.5 The theory also provides crucia
static input to microscopic theories of dynamics,3 and a
framework for treating other anisotropic systems such
confined fluids/thin films, stretched rubbers, and microph
separated block copolymers. One major limitation is our
sumption of conformational ideality, although tools with
the PRISM framework exist for including self-consistent
the intrachain excluded volume.10 Chemically realistic mod-
els will require appropriate numerical modeling of the micr
scopic single-chain structure factor,v(q), and the numerical
determination of an anisotropicc(r ). The fundamental ideas
proposed here should, however, remain valid.
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