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ABSTRACT

Thephasediagramof A/B blockcopolymersis determinedwhentheA block is a flexible,
linearhomopolymer, andtheB block hasa regularly branchedtreestructurewith G generations.
Thepredictionsof a classical-pathanalysisanda latticeself-consistentmeanfield calculationare
in generalagreement.Thephasediagramis considerablyskewedtowardkeepingtheA blocks
insidecylindrical or sphericalcoreswith thebranchedblock formingacorona.Thereis little, if
any, tendency for thebranchedarmsto fold backto facilitatepacking.

INTRODUCTION

As thearchitectureof hyperbranchedmolecules[1] hascomeundermoreandmore
spectacularcontrol[2, 3, 4, 5], thesemoleculescouldwell hold thekey to thedesigned
self-assemblyof interfaciallayerswith bio-specificadhesionandsurfaceprotection[6] aswell as
ahostof otherapplications.Theapplicationof interesthereis gainingextra controlover the
morphologyof linear-dendriticblockcopolymermelts.Ordinarymultiblock copolymersare
composedof long runsof same-typemonomers(blocks)placedon a linearchain.The
strong-segregation-limitphasediagramcanbestronglyaffectedby thebranchingof oneof the
blocks[7, 8, 9]. Roughlyspeaking,branchingsof theB block favor interfacialcurvatureforcing
theB chainsto splayoutward,relieving somepackingconstraints.Thediagramscanbeshifted
towardskeepinganextrememinority branchedspecieson theexterior of thedomains[8, 9], with
aconsequentlyseveredistortionof thepackeddomains.An initial attemptto determinethe
propertiesof this system[8] employsanAlexander-deGennesansatz[10, 11], in which all
dendrimerfreeendsarelocalizedon thesamesurface.In relaxingthis requirement,I have turned
to the“classicalpath”approximation[12, 13] andto ScheutjensandFleernumericallattice
calculations[14]. While theclassicalpath,theAlexanderandthelatticecalculationsall give
similarly distortedphasediagrams,theAlexanderapproximationis foundto beparticularly
unsuitedto estimatingfreeenergiesfor branchedchains.

CLASSICAL PATH MODEL

Thepolymersin questionhaveanA blockcomposedof NA monomersgraftedto adendrimer
composedof B monomersandG generationswhereeachof the2G � 1 branchedarmsis
composedof NB monomers.Thus,thetotal numberof monomerson thechainis
N � NA

���
2G � 1� NB. Thethermodynamicincompatibilityof theA andB monomersresultsin

thesurfacetensionγ betweenA andB rich domains.In thelamellarphase,theA blocksstretcha
distanceHA from thecommonAB interface,andtheB blocksstretchadistanceHB. Letting



H � HA
�

HB betheoverallstripewidth, andletting φ standfor theoverall volumefractionof the
B speciesperchain,with σ copolymersperunit AB interface,thelamellarphasefreeenergy is

Flam
� σ2N

�
π2

8
�
1 � φ � ��� fB

�
zo 	 φ 	 G ��

� � γ

σ 	 (1)

where fB
�
zo 	 φ 	 G � is thedimensionlessfreeenergy of a G-branchedchainall of whosefreeends

areheldat thepositionzo, andtheangledbracketsstandfor aspatialaverageoverall possible
valuesof zo. Theequilibriumpackingat theAB interfaceis thendeterminedby ∂Flam � ∂σ � 0.
Eventhoughthedendrimerhas2G � 1 freeends,theclassicalpathapproximationensuresthateach
chainsegmentwith thesamechemical rank hasthesamestatistics[9, 15]. Thus,thenotionthat
somearmsof thedendrimercanfold backtowardstheAB interfaceto relievepackingis ruledout.

Thechallengeis to calculatefB andits spatialaverage.Usingthefactthatsingledendrimers
arrangethemselvesin a “filled core” [16] scenario(thatis, with their freeendsdistributed
throughouttheir volumeratherthanconcentratedat theirexteriors),it is reasonableto makean
ansatz(thatwill have to becheckeda posteriori) thatfreeendsexist at each0 � zo � HB, which
ensuresthatthemonomerinsertionpotential,P

�
z � is parabolic:

S � z � n ��� ��� GN

0
dn f

�
n ��� 1

2a2 ����
dz
dn ����

2 �
P
�
z
�
n ����� 	 (2)

whereP
�
z ��� a � bz2 � 2, andS � z � n ��� is thesingle-dendrimerfreeenergy to hold thedendrimer

with its freeendsall locatedat zo. Thefactor f
�
n � countsthemultiplicity of statistically

equivalentchainsegmentsat each“chemicalindex,” n, which runsfrom n � 0 at thetipsof the
dendrimerup to n � GNB at theAB junction.For

�
G � 1� NB � n � GNB, thereis asingle“root”

chain,so f � 1. For
�
G � 2� NB � n � �

G � 1� NB, therearetwo equivalentbranches,so f � 2,
andsoon. Assumingthatthermalfluctuationsof z

�
n � aroundthosewhichminimizeS � z � n ��� are

forbidden,theminimizing trajectorysatisfies:

d
dn � f

�
n �

a2

dz
dn � � � f

�
n � bz

�
n � 	 (3)

which reducesto a relatively simpleequationaslongasn doesnotcorrespondto oneof the
junctionpointswherethechainfurtherbranches(for eachof thesen, f

�
n � is constant):

1
a2

d2z
dn2

� � bz � (4)

Thus,theminimizing trajectoryis piecewiseharmonic:

z
�
zo 	 n � � zo

�
A1cosωn

�
B1sinωn � when0 � n  NB (5)

z
�
zo 	 n � � zo

�
A2cosωn

�
B2sinωn � whenNB � n  2NB 	 (6)

andsoon,sothatz
�
n � is determinedby 2G constants,Ag andBg. Theseconstantscanbe

determinedby demandingthatthetrajectoryis continuous(G conditions),andthattheequationof
motion,Eq.3 is satisfiedwhen f

�
n � changesdiscontinuously(a furtherG conditions).Finally, the

unknown frequency, ω, (relatedto theparameterb in thepressureansatz) mustbechosensothat
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Figure1: Trajectories,z
�
n � � zo for up to G10dendrimers.Thekinks in thetrajectoryarerequired

for thebalanceof tensionsat thoselocationswherethenumberof equivalentchainsegmentsde-
creaseby half.

for each n thetrajectorysatisfies0 � z
�
n � for all exceptthefinal monomerfor which z

�
GN � � 0.

Thisuniquelyspecifiesthetrajectoryof thechain,aswell asits self-consistentpressurefield, so
that fB canbecalculated.Figure1 showsthetrajectoriesfor G � 1 � 10 thusdetermined.

With thepiecewiseharmonictrajectoriesthusdetermined,it is possibleto determinethe
distributionof chainfreeends,ξ � z � throughoutthebranchedlayer:

σ � � HB

z
dzoξ � zo � dn

dz
� (7)

Thus,chainscanbeaddedfrom theoutsideof thelayerinwardsto uniquelyfill all availablespace
with b monomers.If this canbedonesothatthedensityof endsξ � z �"! 0, thenaphysically
relevantsolutionhasbeenfound,andthen

σ2N
�
fB 
 � � HB

0
dzoS � z � n ��� ξ � zo �#� (8)

Thedeterminationof bothξ and fB mustbecarriedoutnumerically, but whenaccomplished
resultsin anestimateof thelamellarphasefreeenergy. Thecylindrical andsphericalphasefree
energy canbecalculatedwith thesame fB, but theappropriatephasespacefactorentersinto the
calculationof ξ andthespatialaverages:�

HA
�

r � d � 1σ �$� HB

r
droξ � ro � � HA

�
ro � d � 1dn

dz
(9)

whered � 2 for cylindersandd � 3 for spheres.In boththecylindrical andsphericalcases,
however, it is necessaryto explicitly checkthatξ is non-negative.

RESULTS

In Figure2 wehave thephasediagram,in thestronglysegregatedregime,of these
flexible-hyperbranchedcopolymers.Theclassicalpathcalculationshavebeenexecutedfor
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Figure2: Phasediagramfor flexible/dendrimerblock copolymers. For large G, the dendrimer
componentis moreandmorestronglydrivento theoutsideof thecurveddomains,andthelamellar
phasestability is thusdriventowardssmallφ, very asymmetric,compositions.Theshadedregion
representscaseswhereanunphysicalξ � 0 occurs,andthedashedlinesrepresenttheresultsof a
numericallatticecalculationon thelamellar-cylindrical phaseboundaries.

G1-10,andthelamellar(L), cylindrical (C) andspherical(S)phaseshavebeencompared.The
solid linesindicatephaseboundariesascalculatedwith theclassicalpath.Thelamellarphaseis
dramaticallyshiftedtowardslow φ (thatis, evenasmallamountof B on thechainis enoughto
stabilizethelamellarphase).Themostdramaticshift occursfor thelamellar-cylinder transitionin
which thedendrimeroccupiestheinteriorof thecylindrical domains(the . symbolsin Figure2).
Interestingly, thespherical phases arepushedentirelyoff thephasediagramandeitherstaythere
(dendrimerinterior to thesphericaldomains),or enterthephasediagramonly at relatively high
generationnumber(G4). Thishardlymatchestheknown stronglysegregatedbehavior of theG1
copolymers(ordinarydiblock copolymers),andis asymptomof thepresenceof “dead”zonesin
thecalculationsfor G � 4 andof thesphericalunit cell approximationthathasbeenusedto
calculatetheclassicalpathfreeenergy.

Theboundariesat low φ have thedendriticarmsinsidethecylindrical domains,andthe
flexible A blocksareontheexteriorof thedomains.TheexteriorA blocksmust exhibit deadzones
[12, 17]. In all cases,I haveassumedthattheseA blocks,whenconfinedto theexteriorof the
domains,aremodeledsatisfactorilyby theAlexander-deGennespicture.For linearchains,this
introducesa freeenergy costthatis largerby a factorof approximately1 � 2 thannecessary(for flat
domains)andis muchmoresatisfactorythanthehugeoverestimatemadeat highervaluesof G.

Theshadedregion in Figure2 indicatesthoseregionsin which thedensityof ends,ξ � zo �
becomesnegative. Thissignalsabreakdown in theparabolicansatzfor themonomerinsertion
potential.A new self-consistentpotentialcanbecalculated,anda reliableestimatefor the
classical-pathwith dead-zonefreeenergy canbemade,but this goespastthescopeof thepresent
development[17].

In Figure3 I comparethefreeenergiesof thebranchedblocks, fB, asestimatedin the
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Figure 3: The Alexander-deGennesapproximationbadly overestimatesthe free energy of the
branchedspeciesin thesecopolymers.

Alexander-deGennesmodel[8] comparedto thatdeterminedin theclassicalpathmodel.As G
increases,theAlexanderestimateis clearlyin seriouserror, yet thephasediagramascalculatedin
this modelis quitesimilar to thatI haveproducein Figure2. Essentially, theclassicalpathmodel
allowsmostof theelasticstretchingenergy to beconcentratednear the AB interface, sothatthe
dendrimersareessentiallyunstretchedexactly wherethey haveageometricallylarge(2G � 1)
numberof equivalentchainsegments.

Thespherical/cylindrical unit cell approximationcanbeaddressedwith thelatticeSCF
model.Here,thecalculationshavebeenexecutedin two spatialdimensions,sothatlamellaeand
cylinderscanbefaithfully represented.Sphericaldomainsrequirea full calculationin three
dimensions,at presenttooexpensive for asite-by-sitecalculationon a threedimensionalsimple
cubiclattice,althoughsuchcalculationshavemetsuccessin adualspaceof orthogonalfunctions
of therequiredsymmetry[18]. In any case,thedashedlinesshow thecalculatedphaseboundaries
betweenlamellarandhexagonally-packedcylindrical domainsfor avarietyof dendrimer-flexible
copolymers.For all of thesecalculations,χ � 0 � 5, andthenumberof B monomerson thechain
hasbeensetto 64. Thenumberof A monomershasbeenadjustedto attainadesiredvalueof φ,
rangingfrom 32 to 128,sothatχN variesfrom a low of 24up to amaximumof 96. In all cases,
thesevalueslie in thestronglysegregatedregime.

Thelamellarphaseis drawn away from theextremesof thecircular/sphericalunit domain
approximation,but still tilt severelyoff towardsmallφ.

CONCLUSION

Theflexible-dendrimercopolymerphasediagramhasbeencalculatedin theclassicalpath
approximation,andcomparesfavorablyto a numericalcalculationwith thelatticeSCFtheory.
While theAlexander-deGennespictureof thesecopolymerdomainsalsogivesaqualitatively



correctphasediagram,thatmodelseriouslyoverestimatesthestretchingenergy of thedendrimer
molecules.As previouslypredicted,thehyperbranchingof oneof thespeciesis sufficient to
dramaticallyswingthemicrophasediagramtowardslow valuesof branchedvolumefraction.
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