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Structure and thermodynamics of anisotropic polymer fluids
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We investigate the structure and thermodynamics of anisotropic polymer fluids, focusing on the
nematic phases of flexible polymers. The chains interact only through monomer–monomer
excluded-volume interactions. As a function of an externally provided alignment along a fixed
nematic director, we calculate the anisotropic pair correlation function, and demonstrate the
existence of two density correlation lengths,j' and jz , controlling transverse and longitudinal
density fluctuations, respectively. We allow the possibility that the chains align either along the
director ~nematic conformations!, or are anti-aligned in a ‘‘discotic-like’’ configuration. The
cohesive contribution to the free energy is established in a high-temperature approximation, and its
sensitivity to the orientation of the chains is probed. Our approach is not limited to homogeneous
liquid crystalline phases, but applies in any circumstance when theorientation of otherwise
disordered polymers is the physically controlling effect, e.g., confinement in thin films or pores,
shear-alignment of flexible polymers, or straining a cross-linked rubber network. ©2000
American Institute of Physics.@S0021-9606~00!51410-X#
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I. INTRODUCTION

Anisotropy is the key physical feature in many importa
complex fluid applications, especially in those of polym
liquid crystals.1 The simplest case is that of thenematic
phase, displaying only orientational order along a direct2

This phase is triggered through concentrating a solution~lyo-
tropic transition! or through cooling a melt~thermotropic
transition!, and represents a subtle compromise between
ducing excluded-volume interactions, decreasing orien
tional entropy, and increasing cohesive contacts. Nem
phases~and liquid crystal phases in general! possess impor-
tant physical properties as a result of this partial orderi
enhanced strength, anisotropic optical response, impro
melt processing, and fast switching.

Another situation in which anisotropy is key is in pro
cessing of polymers, polymer blends, and in the shearin
polymer solutions.3 The shear field stretches the chains alo
the direction of the flow.4 This change of conformation ha
thermodynamic consequences which are not yet fully und
stood, sometimes raising and sometimes lowering the crit
temperature of a solution.5–7 Polymers inhabiting explicitly
anisotropic media are also important technologically. U
crosslinked polymer in a stretched rubber network exp
ence the anisotropy of the matrix polymers, and adopt
alignment similar to that imposed on the matrix chains.8

Also, engineered additives invading a polymer brush
in a markedly anisotropic environment.9 These brushes ar
designed as lubrication enhancing layers,10 compatibility en-
hancers at the surface of colloids,9 and to control the bio-

a!Electronic mail: kschweiz@uiuc.edu
4860021-9606/2000/112(10)/4869/12/$17.00
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activity of viral particles.11 Self-assembled versions appe
when diblock copolymers undergo a microphase separa
transition, or at the interface between incompatible polym
domains.3,12 These modelmembranescan be thought of as
mimicking important features of a phospholipid bilayer13

The question of how additive molecules pass through
brush, and their thermodynamics in the system, are the k
to understanding and controlling drug delivery
liposomes,14 and globular protein function in cel
membranes.15 Theanisotropyof the membrane the additive
inhabit is a key physical feature.

Confining polymer films between two surfaces is also
situation of considerable anisotropy.9 Confinement~on a
scale large compared to a monomer size, but small comp
to the chain radius of gyration! forces the chains to adop
anisotropic conformations, with entropic and enthalpic co
sequences. The confusing behavior of the glass trans
temperature of confined melts16 ~certainly a dynamic effect!,
and the rise or fall of the miscibility of a confined fluid, ar
thus related through theanisotropyenforced by the confining
interfaces.17

In these situations, anisotropy appears for different r
sons~thermodynamic, external forcing, or confinement!. In-
dependent of the source of anisotropy, thedegreeof anisot-
ropy can be treated as a phenomenologically~indeed,
operationally! fixed parameter. Thus, the consequences o
fixed anisotropy on the polymerfluid structureis important
to explore. We undertake this task below in a unified fram
work whose natural focus is the anisotropic liquid structu
of aligned fluids,18 the microscopic polymer reference inte
action site model ~PRISM!19 based on the Chandler–
Andersen RISM theory of small, rigid molecules.20 Under its
9 © 2000 American Institute of Physics



d
nt
ith
’’
d
te
m
o

is
u

ed
e
m
e

e
d’
o
A
id
e

-
E
tio
fo
io
d

te
er
m
n

en

io
n

on
b

ith

f

e
e
x

or-

is

ss
mer

ical

lo-

al

be
tal
or,

ap-
f
l

4870 J. Chem. Phys., Vol. 112, No. 10, 8 March 2000 G. T. Pickett and K. S. Schweizer
anisotropic generalization, PRISM is naturally able to a
dress questions of structure and thermodynamics in orie
fluids. We set out first to describe anisotropic PRISM w
the physically reasonable, but much simplified ‘‘thread
polymer model.21 Here, the polymers have only exclude
volume interactions at contact, and the chains are comple
flexible. We then extend the range of the excluded volu
interactions so that the monomer sites occupy a finite v
ume, with a close-packed, incompressible state in their
tropic phase. In this paper, we are solely interested in ded
ing the structural and thermodynamic consequences
maintaining the chains with a fixed, externally determin
anisotropy. This information is a foundation for more d
tailed thermodynamic treatments, and is crucial input to
croscopic theories of dynamics in anisotropic polym
fluids.22

Section II briefly reviews PRISM and the thread mod
in the isotropic phase, and introduces the ‘‘cutoff-threa
closure. Section III presents the anisotropic version
PRISM for aligned, but unstretched, flexible polymers.
brief account of the formalism, and its application to liqu
crystallinity in thread polymers, has been recently publish
as a rapid communication.18 The thermodynamics of cutoff
thread polymers held at a fixed alignment is presented.
pressions for the isothermal compressibility and the equa
of state are derived. In Sec. IV, the model predictions
structural and cohesive properties are described. Extens
to liquids composed of general mass-fractals are discusse
Sec. V, and a brief application of the formalism is presen
that predicts an enhanced miscibility for thin-film polym
blends. We then draw our conclusions. In the following co
panion paper, we apply the formalism to the lyotropic tra
sitions of flexible polymers.23

II. ISOTROPIC PRISM

For long chain homopolymers composed of equival
sites~alternatively monomers, or segments!, the central goal
is to determine the site–site intermolecular pair-correlat
function, g(r ). The chain architecture and the number de
sity of sites,r, together determineg(r ). The chain architec-
ture is encoded in the single-chain pair correlation,v(r ), or
its Fourier transform, the single-chain scattering functi
v(q). For flexible ideal Gaussian polymers characterized
a single statistical segment length,so , v(q) is the familiar
Debye function, which we approximate conveniently w
the standard Lorentzian form21,24

v~q!5
N

11 ~Nso
2/12!q•q

. ~1!

Here, the chain is composed ofN segments with radius o
gyration Rg

25N/6so
2 . This dependence onq approximates

the true Debye function25 to within 10% across the full rang
of q. Also, v(q) is a function ofuqu alone, as is appropriat
for the description of a disordered, isotropic system of fle
ible polymers.
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A. Thread model

The PRISM equation describing the propagation of c
relations is

h~q!5v~q!C~q!v~q!1rh~q!C~q!v~q!, ~2!

whereh(r )5g(r )21, andC(q) is the interchain site–site
direct correlation function. The thread model21 consists of a
‘‘core’’ exclusion condition thatg(r50)[0, and a closure
approximation thatC(r )5cod(r ). In wave-vector space:

C~q!5co , and E dq

~2p!3
h~q![21. ~3!

co is chosen to satisfy the core condition. Thus, exclusion
enforced, and direct correlations are propagated, only atcon-
tact. The true direct correlation function of nonzero thickne
polymers has a spatial range of the order of the mono
diameter,d. C(q) vanishes foruqu@1/d, andg(r )50 for all
ur u,d. Thus, the thread model is the ‘‘smalld’’ limit of the
Percus–Yevick~PY! closure.19,20,26,27Taking d!so is the
limit which justifies the thread model. Sinced is achemical,
or monomer, length-scale rather than a collective, statist
one~like so) we expect this limit to be a ‘‘universal’’ regime
controlled by chain dimensions and interpenetration, not
cal chemical detail.25 Indeed, the full PY closure for the
PRISM description of flexible, nonzero thickness atherm
Gaussian chains has recently been solvedexactlyby Fuchs.28

The analytic solution fordÞ0 reduces exactly to the PRISM
thread predictions for dilute and semidilute densities.25,29

The thread model can be analytically solved19,21

co
thread52

pso
3

A27N
2

p2rso
6

108
. ~4!

From this, a range of useful structural information can
calculated. For example, the function describing the to
collective density fluctuations is the static structure fact
S(q), given by

S~q!5v~q!1rh~q![
So

11j2q2
, ~5!

where the second equality is exact under our Lorentzian
proximation forv(q), Eq. ~1!, and the pointwise nature o
direct correlations, Eq.~3!. The dimensionless isotherma
compressibility, So5S(q50)[rkTkT , with kT the true
isothermal compressibility, appears in Eq.~5!. Below, we
adopt thermal energy units, that iskT51 ~Boltzmann’s con-
stant multiplied by the temperature!. The density fluctuation
screening length,j, is defined in Eq.~5!. In terms of the
direct correlation parameter,co

So5
1

~1/N! 2rco
, ~6!

j5
so

2A3

1

A~1/N! 2rco

. ~7!
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This relationship betweenSo ,j, andco holds for all point-
wise closures, not just the thread. When the explicit exp
sion for co

thread is employed, one has:

So
thread5S 1

AN
1

prso
3

6A3
D 22

'
108

p2so
2r

, N→`, ~8!

j thread5
so

2A3@~1/AN! 1 ~prso
3/6A3!#

'
3

pso
2r

, N→`, ~9!

where we note theN→` limit. The universal semidilute
scaling25 of the screening~or ‘‘blob’’ ! length is recovered
j;(so

2r)21.

B. Thread with wavevector cutoff

Extending the thread model beyond the universal reg
requires the length scaled. A simple approximation schem
to account fordÞ0 within a threadlike context is the so
called ‘‘string’’ closure ~or model!.19,21 One retains the
pointwise nature of direct correlations, but chooses the di
correlation parameterco to enforce an average exclusio
constraint:*0

dr 2drg(r )[0. This formulation can be justified
as an optimized perturbation theory about a thre
reference.21 The model agrees with the thread in the univ
sal regime. The string model fluid pressure diverges ar
59(2pso

2d)21, which may be associated operationally~but
not rigorously! with a close-packed, incompressible arrang
ment of the excluding sites.30

One technical problem with the string closure is tha
fails to a priori guaranteeg(r ).0 for r .d. For isotropic
fluids whereg(r )5g(ur u), the string model indeed produce
a positive definite pair correlation for all,r .d. As discussed
in the following companion paper,23 wheng(r ) is explicitly
anisotropic it is possible forg(r ) to remain negative in som
directions asr moves outside the exclusion sphere.

An alternative threadlike closure which rigorous
avoids this problem is motivated by the structure of the ex
direct correlation function. For both simple fluids26 and iso-
tropic polymeric fluids,19 C(q) is an oscillating function, ini-
tially negative, whose first zero occurs at the scaleq
' p/d. To mimic in the simplest possible manner this dec
to zero ofC(q), we employ the physically reasonable ansa

C~q!5co , when q,qc[
p

d

50, when q.qc . ~10!

Equation~10! with a pointwise exclusion constraint define
the ‘‘cutoff-thread’’ model. In the largeN limit the exclusion
constraint@*dq(2p)23h(q)[21# becomes

tanh
p2Arso

3

12A3co

5
pso

2dA3cor
. ~11!

Using Eq. ~6!, the direct correlation parameterco can be
eliminated in favor of thedirectly measurablecorrelation
s-

e

ct

d
-

-

t

ct

y
:

length, j. When we use dimensionless quantities,j8[j/d
andr8[prdso

2/6, the exclusion constraint becomes

pj8r85arctanpj8. ~12!

Significantly, whenr851, the solution to Eq.~12! is j8
50, that is the compressibility of the fluid vanishes. Thu
the cutoff-thread model captures a maximal density, clo
packed situation when the monomer density is

rmax5
6

pdso
2

. ~13!

We have thus chosen the density of this close-packed sta
be the scale of density in our arguments below. Modificat
of the cutoff wavenumber in Eq.~10! by a numerical factor
(qc→bqc) simply rescales all the above results byd
→d/b.

Figure 1 shows results forg(r ) based on the cutoff-
thread model implemented numerically. Asr8→1 weak
‘‘solvation’’ shells develop. The high-wavevector depe
dence of the full direct correlation function is responsible
developing the characteristic solvation structure of hig
density fluids.26 ProvidingC(q) with the trivial step-function
dependence atuqu5 p/d is enough to allow the simple threa
model to crudely capture this feature. It is important to no
however, that the periodicity of the solvation shells is a
proximately twice that expected from the packing ofd-sized
spheres, and is clearly sensitive to the precise location c
sen for the cutoff. If in Eq.~10! we chooseC(q) to be cutoff
at uqu5bp/d, then ther in Fig. 1 should be scaled byd/b,
where we expect the ‘‘best’’b for a specific polymer to be a
number of order unity. Withb52, the characteristic period
icity of the solvation shells in Fig. 1 becomes'd. Interest-
ingly, at high densities the contact value of the pair corre
tion function@g(r 5d)# saturates at;0.4, a value typical of
real molten~but compressible! flexible polymers.19,31

Choosingj8 in accordance with Eq.~12! ensures the
positivity of g(r ). The pointwise condition ensures th
g(r50)[0, and it is a simple matter to prove thatg(r ) is an
increasing function ofr. Significantly, this is true also for the

FIG. 1. The isotropicg(r ) from the cutoff thread model for reduced densit
r850.1,. . . ,1.0 inincrements of 0.1. Asr8 approaches its maximal value
weak ‘‘solvation’’ shells appear. The dashed line is forr850.5 based on
the approximate closure discussed in Sec. II C.
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anisotropicphases discussed below. While the string clos
requiresg(r ),0 for at least somer ,d, the cutoff-thread
closure maintains a positive pair correlation function for
r . Additionally, for smallr, g(r );r 2, so that the pair corre
lation vanishes quadratically.

C. Interpolated closure

Whenr8!1 in the closure relation, Eq.~12!, the univer-
sal ‘‘semidilute’’ scaling regime of polymer physics, and th
results of the thread model are recovered. If we scalej8(r8)
@obtained by numerically solving Eq.~12!# by its asymptotic
semidilute thread behavior, one naturally obtains a quan
bounded by 1 asr8→0, and which vanishes atr851, as
shown in Fig. 2~solid line!. It is a simple matter to deduc
the manner in whichj8(r8) vanishes

j85
A3~12r8!

p
1O@~12r8!#. ~14!

A suitable analytic interpolation between the universal
havior, Eq.~9!, and the concentrated, incompressible beh
ior, Eq. ~14!, is given by

j85
A12r8

2r8
. ~15!

This approximate screening length~again, normalized by the
thread result! is shown as the dashed line in Fig. 2, and t
inset shows the relative error between Eq.~15! and the exact
numerical cutoff thread closure. As ‘‘engineered,’’ the r
sults match closely forr8→0, and diverge slightly~by less
than 10% atr851). We have checked that the liquid stru
ture,g(r ), based on the interpolated closure closely appro
mates that of the numerically exact calculations.g(r ) differs
the most from its numerically exact value nearr50, where
its deviation is approximately equal to the relative er
shown in the inset to Fig. 2. The deviation of the appro
mate closure from the exact numerical result implies t
g(r ) fails to vanish atr50, sometimes taking~weakly! posi-

FIG. 2. Approximate vs exact cutoff closure.j derived from the exact
numerical solution of the cutoff model is shown as the solid curve, scale
the thread model screening length,j thread. The dashed line shows the sam
quantity derived from Eq.~15!. The inset shows the relative error incurre
(dj)/j, wheredj is the difference between the exact and interpolatedj8.
The error increases linearly up to a maximal value of 8%.
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tive or negative values. However, the ease of calculati
based on Eq.~15! justifies its use, as well as the physical
reasonable results that follow from it. It should be noted t
the entire basis of this discussion is the Lorentzian form
v(q), which itself deviates from the ‘‘exact’’ form of the
Gaussian chain Debye function by as much as 10%.
dashed line in Fig. 1 showsg(r ) as determined from the
approximate, interpolated closure, Eq.~15! for r850.5.
There is good agreement between the numerically exact
interpolatedg(r )’s.

III. ANISOTROPIC PRISM

With the theoretical tools above, we construct a liqu
state description of anisotropic macromolecular liquids.
large class of anisotropic polymer fluids can be modeled
the following choice of single-chain structure factor:

v~q!5
N

11 ~N/4! qaqbsab
, ~16!

where the repeated roman indices imply summation over
cardinal directions, (x,y,z). Here,sab is a symmetric tensor
that determines the specific physical situation of intere
This form of v(q) describes ananisotropic random walk;
that is, an ideal random walk with different step lengthssab

in different directions. With the choice

sab5dabsa
2, ~17!

sx5
so

Al
, ~18!

sy5
so

Al
, ~19!

sz5lso , ~20!

Eq. ~16! describes a stretched polymer subjected to
uniaxial strain of magnitudel in the z direction, embedded
in a homogeneous, incompressible material.25 We could re-
peat all that follows with this choice ofv, and indeed many
others.

A judicious choice ofsab for studying thealignment
rather than thestretchingof polymer chains is

sab5dabsa
2, ~21!

sx5sy[s'5so

A12t

A3
, ~22!

sz5so

A112t

A3
. ~23!

Clearly, a random walk described by such asab has the
sameradius of gyration32 as the isotropic chain, sincesx

2

1sy
21sz

25so
2 . Simultaneousorientation and stretchingof

the polymers can be described by combiningl andt.
It is clear thatt is the usual nematic order paramete1

Inverting Eq.~23!: t5(3sz
2/so

221)/2 where the alignmen
angle u of the ‘‘bond’’ connecting sites is^cos2 u&1/2

5sz /so as in the schematic, Fig. 3. The sign~magnitude! of
the nematic order parameter,t, marks the type~degree! of
alignment. Whent50, one has isotropic flexible coils. Nem

y
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atic configurations are characterized byt.0, in which the
chain random walk is longer along the nematic directoẑ
than perpendicular to the director. The opposite case h
for t,0. Here the chains adoptdisclike conformations,
spread out in the plane perpendicular to the director,
compressed along it. While we shall refer tot,0 as a ‘‘dis-
cotic’’ phase, the chains are homogeneously distributed
space, and are not allowed to arrange themselves in the
umns characteristic of true discotic liquid crystals.1

The many chain problem is treated with the sa
PRISM formalism sketched in Sec. II@Eqs. ~2!,~3!, and
~10!#. The cutoff thread PY closure of Eq.~10! assumes tha
the direct correlation function vanishes in an isotropic m
ner, that is foruqu.qc , independent of the orientation of th
chains. Thus, the monomer sites on an aligned chain are
assumed to exclude monomers from their spherical, isotro
exclusion volume, and influence neighboring interch
monomers with a contact range on the order ofd, again
isotropically distributed. The anisotropy entersonly in the
global chain dimensions throughv(q) andsab .

A. Anisotropic thread results

It is instructive to review the implications of the PRISM
equation with Eqs.~21!–~23! in the literal thread limit,d
→0, or equivalently, when the wave-vector cutoff in E
~12! becomes indefinitely large.18 In direct analogy to the
isotropic thread results above, the collective structure fa
is:

S~q![
So~t!

11q'
2 j'

2 1qz
2jz

2
. ~24!

The dimensionless compressibility gains at-dependence, bu
even more striking is the anisotropic form of the screening
density fluctuations. These fluctuations are governed byj'

lateral to the director’s axis, and byjz along it. After execut-
ing the analytic thread closure for finite degree of polym
ization,N, one obtains18

So
thread5S 1

AN
1

prso
3~12t!A112t

6A3
D 22

, ~25!

jz
thread5S prso

2~12t!

3
1

2A3

ANsoA112t
D 21

, ~26!

j'
thread5S prso

2A~12t!~112t!

3
1

2A3

ANsoA12t
D 21

.

~27!

These expressions are valid in thethread limit only, and not
at finited. Clearly, at either full nematic alignment (t51) or
at full discotic alignment (t521/2), So

21 falls to its lowest
value, that of an ideal solution of objects composed ofN
monomers. In theN→` limit, So

21 vanishesat full nematic
or discotic alignment. This is in keeping with the requir
ment thatN enters as a well-controlled, finite-size correcti
to the universal,N→` limit. So(t) describes the influenc
of excluded volume interactions on the long-wavelength d
sity fluctuations of the system, and increasingutu shrinks the
ds

d

in
ol-

e

-

till
ic
n

or

f

-

-

invaded space of each chain, so that neighboring ch
overlap less. Interestingly,r appears inSo with a particular
combination of t and N. Through the definitionr!(t)
[(ANszs'

2 )21, the thread-level compressibility assumes
simple form

So
thread5

1

N S 11
p

2

r

r!D 2

. ~28!

Clearly, r!(t) is proportional to theanisotropy-dependen
semidilute overlap threshold density of chains held at a c
stant t. Each chain covers a volume'RzR'

2 'N3/2szs'
2 ,

and containsN monomers. Thus, the internal density
monomers inside an isolated coil is'N/(RzR'

2 );r!(t). So

takes on a simple scaling form in the pure thread theo
consistent with the anisotropic version of the standard s
ing hypothesis of polymer physics.25 It is a simple matter to
employ Eq. ~28! and arrive at the anisotropic semidilu
forms of thermodynamic properties.18 The equation of state
for example, is

P

kT
5

r

N
1

pA3so
3~12t!A112t

18AN
r2

1
p2so

6~12t!2~112t!

324
r3. ~29!

At the thread level, up to the third virial contribution in th
equation of state is captured. At the very smallest densit
the ideal gas pressure of the isolated polymer chains (r/N) is
recovered. Both the latter and second virial contributions
come irrelevant asN→`, thereby yielding a universal sem
dilute pressure law,P;(rso

2)3, but with an anisotropy-
controlled prefactor.

B. Nonzero thickness model

At least in the isotropic, athermal case, the string clos
and the cutoff closure are complimentary, and choosing
tween them has no influence upon the qualitative feature
results. The string closure enforces an average exclusion
ume per site, but maintains the pointwise nature of dir
correlations. The cutoff closure extends the range of the
rect correlations, but maintains exclusion only at a sin
point. Both models predict an incompressible state, and
the small density limit yield the thread model; thus, t
analytic interpolation for both the string and the cuto

FIG. 3. Schematic.~A! typical isotropic phase configuration for a singl
random walk chain.~B! Nematic configuration, where the chain takes long

steps along theẑ direction than lateral to it (t.0). ~C! Discotic configura-
tion (t,0).
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models is of the same form, and differs merely by a num
cal prefactor. However, in the anisotropic phases, the cu
model is clearly superior, as it maintainsg(r ).0 in all
physical regions of the model. Thus, structural quantities
lated to dynamics~for example, the contact value of the pa
correlation!, and thermodynamic perturbation estimates
the liquid cohesion, will be best described by our novel c
off thread closure, or indeed, the analytically tractable int
polation scheme we derive below.

Given the choice ofv(q;t) above, one can devise a
approximate, interpolated closure along the lines of that p
sented in Eq.~15!. Specializing to theN→` case yields:

v~q;t!5
12

q2so
2~12t13tuu

2!
, ~30!

h~q;t!52
2dp

q2r8~12t13tuu
2!

3~11@j8qd#2~12t13tuu
2!r8!21, ~31!

S~q;t!512Fj8d

so
G2

~11@j8dq#2~12t13tuu
2!!21. ~32!

Here we have adopted spherical coordinates for the wave
tors, q5(uqu,uu ,f), where uu5qz /q is the azimuthal co-
sine. We have eliminated the unknownco in favor of the
equally unknown screening length,j8. Solving the model
thus means giving a prescription for the value ofj8. Clearly,
all the major structural properties of a fluid with a nonzerot
are themselves anisotropic. We definej8 andr8 to coincide
with their definitions in the isotropic case. As noted above
the anisotropic phase, there aretwo density screening
lengths, parallel and perpendicular to the director

jz85j8
sz

soA3
5j8A112t, ~33!

j'8 5j8A12t. ~34!

These definitions preserve the thermodynamic relation
tween the dimensionless compressibility and the scree
length:

So
215

1

12F so

j8d
G 2

. ~35!

j8 is thus an appropriate ‘‘isotropization’’ of the anisotrop
screening lengths.

The core condition to apply in this model is:

E
0

p/d

dqE
21

1

duu

q2

4p2
h~q;t![21, ~36!

for which there is no general, analytic solution. In the thre
limit ( d!so , and largej8! we can recover theanisotropic
thread result from Eq.~36!:

j thread8 5
1

2r8~12t!A112t
. ~37!
i-
ff

-

f
-
-

e-

c-

n

e-
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In the dilute limit, thej8 diverges as 1/r8 @compare to Eq.
~7!#. At the other extreme inr8, j8 vanishes at a
t-dependent density

j85
A3

p
Armax8 ~t!2r8, ~38!

where

rmax8 ~t!5
1

A3t~12t!
arctanA 3t

12t
. ~39!

Thus, a semianalytic form which approximates the clos
relation, Eq.~36!, is

j8~t!5
A12 @r8/rmax8 ~t!#

2r8~12t!A112t
. ~40!

As in the isotropic phase (t50, Fig. 2!, we may ask how
numerically accurate this approximate closure is. Figure
shows the relative error incurred atr850.1,0.5,1.0. As is
evident, for meltlike and semidilute densities,r8,0.5, this
approximation reproduces the exact solution to Eq.~36! to
within 10%. At the maximum isotropic phase density, E
~40! is weakest in the extreme discotic phase, that is neat
520.5, where the error becomes as large as 20%. Thus,
may expect some discotic-phase errors in any calcula
based on Eq.~40! near full alignment. Most of our detailed
results below are based on this interpolation of the cu
model closure. The error incurred by this interpolation
fects the numerical value ofg(r ) in the anisotropic phases
The deviation~not shown! between the numerically exac
and the interpolated pair correlation functions is greates
r50, and quickly vanishes whenr exceeds a fewso .

Figure 5 shows the behavior of the dimensionless i
thermal compressibility as a function oft for various densi-
ties,r850.1,. . . ,1.0. In the approximation, Eq.~40!, it is a
simple matter to calculate the inverse dimensionless c
pressibility of a system of chains witht held fixed

FIG. 4. Approximate anisotropic closure. The relative error incurred by
interpolated closure for the cutoff thread model in the anisotropic phase
shown as a function oft. The reduced densities are as labeled in the p
For small density, in the semidilute regime, the error is small across
entire range oft, reaching a maximal relative value of less than 1% at f
discotic alignment. The approximation gets worse asr8→1, saturating at
nearly a 20% error in the discotic phases.
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So
21~r8,t!5Usor8

d U2 rmax8 ~t!~12t!2~112t!

3~r82rmax8 ~t!!
. ~41!

The choice of scaling variables,j8,r8 indicates that the di-
mensionless ratio~‘‘aspect ratio’’! so /d appears in the com
pressibility onlyas a prefactor. As above, we have taken th
limit N→` at the very beginning of the calculation. For an
finite molecular weight, the value ofSo

21 cannot drop below
N21, which is the dimensionless inverse compressibility
sociated with an ideal solution ofN-monomer polymer
chains. Therefore, whileSo really doesdivergein the semi-
log plot of Fig. 5 at botht51 ~perfect nematic alignment!
and t521/2 ~perfect discotic alignment!, this is a conse-
quence of the infinite molecular weight limit.33 It is interest-
ing to note that the curves forr850.120.5 are quite similar,
indicating that the main effect of changing the site densityr8
is to determine the prefactor in a scaling function. Th
breaks down asr8→1, because,So50 for unoriented chains
at r851. Universality becomes untenable at high densities
local properties of the fluid become important.

Enhancement of the dimensionless compressibility b
small amount of chain alignment can be analytically det
mined by the smallt expansion of Eq.~40!

So5
3d2~12r8!

4so
2~r8!2 S 11

15211r8

5~12r8!
t21••• D . ~42!

Each chain in the system sweeps out a smaller invaded
ume whenutu increases. That each chain overlaps with
neighborsless indicates that the system is behavingmore
dilutely. Hence,So increases, and the thermodynamic con
quence of the chain–chain excluded volume interaction
lessened.

By employing the compressibility of the anisotrop
fluid, one can determine the equation of state. Using stan
thermodynamics~in an ensemble in which not only the tem
peratureT but alsot is fixed!, we have the usual ‘‘compress
ibility charging’’ formula

FIG. 5. So vs t. The t-dependent dimensionless compressibility forr8
50.1,. . . ,1.0.
-

s

a
-

l-
s

-
is

rd

P5E
0

r

dxSo
21~x;t!

52
8rmax8 ~12t!2~112t!

pd3

3S ~r8!212r8rmax8 12~rmax8 !2 logF12
r8

rmax8 G D . ~43!

Thus, the isotropic-phase system has alogarithmic diver-
gence in the pressure asr8→1, and allowingtÞ0 negates
this divergence by shifting it to a density greater than
isotropic fluid maximum density. As seen in Fig. 6, in bo
the nematic and discotic phases, the pressure is conside
lessenedover that found in the isotropic fluid. Clearly, allow
ing the chains to adopt conformations such as those in Fi
results in fewer pair-contacts, and hence the site–site e
cluded volume interaction has a weaker impact on the p
sure.

Figure 7 shows thet-dependence ofP at various values
of r8. In both the limitst→1 andt→21/2, the pressure
vanishes. Again, the main variation in the pressure-vs-t plots
is to set the magnitude of a scaling function~shown clearly
in the inset!. The pressure is maximal neart50, and falls
away toward either the nematic or discotic configurations.
t→1, we have

P'
16~r8!3~12t!2

pd3
, ~44!

and ast5→21/2,

P'
12~r8!3~112t!

pd3
. ~45!

FIG. 6. Scaled pressure,Pd3(r8)23, at constantt is plotted across the
entire range ofr8 for various values oft. The nematic values spant
50,0.2,0.4,0.6,0.8, with the isotropict50 pressure plotted as a solid line
As t increases, the pressure drops monotonically.t50,20.1,20.2,20.3,
20.4 in the discotic case.
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Thus, inboth the discotic and nematic fully aligned system
the liquid appears to display itsmost diluteform for its equa-
tion of state. That is, athreadlikebehavior of the equation o
state is recovered near full alignment.

IV. ANISOTROPIC LIQUID STRUCTURE AND
COHESIVE ENERGY

Based on the approximate expression forj8(r8;t), Eq.
~40!, one can easily study the liquid structure of the orien
fluid. As shown in Fig. 8~for N→` chains!, the parallel and
perpendicular screening lengths in Eqs.~33! and~34! behave
as expected. In the nematic region, the fluid has a m
longer screening length along the director than perpendic

FIG. 7. The pressure scaled by its isotropic,t50, value is plotted across th
full range oft, for variousr850.1, . . . ,1.0. The shape of the equation o
state is remarkably insensitive tor8 for small r8 indicating that the major
effect of changing the density is to determine an overall scale factor.
dimensionless isotropic pressure,P(r8,t50)d3 is shown in the inset, with
a comparison to the semidilute power law~dashed line!.

FIG. 8. jz and j' . We show thet dependence of the dimensionlessjz

~solid curves! andj' ~dashed curves! for various valued of reduced density
r850.2, . . . ,1.0. In the nematic region,jz@j' . The opposite occurs for
t,0. The finiteN behavior of both quantities is quite complicated, demo
strated by the thread-model predictions at finiteN5103,104,105, shown to
the right.
,

d

h
ar

to it (jz8@j'8 ), and vice versa in the discotic phase. Aniso
ropy of density screening lengths plays an important role
determining the anisotropic transport properties of polym
fluids, especially for long chains where a strong correlat
betweenj and entanglement length scale exists.25 The finite-
N behavior of these quantities is rather complicated, ho
ever. The largestjz8 can attain ast→1 scales as the radius o
gyration:soN1/2/25Rg61/2/2 ~with the appropriate numerica
prefactors inserted!. In this limit, j'8 must vanish: j'8
'N1/2A12t. Similar statements may be made in the p
fectly discotic arrangement (t521/2). Since, as in Eqs
~44! and ~45!, the approach to full alignment implies tha
threadlike results are recovered, the finiteN behavior of
cutoff-model thread polymers should be similar to that of t
simple thread model as in Fig. 8.

These thread results are easy to obtain from Eqs.~26!
and ~27!. Both anisotropic screening lengths, are bou
above by 221/2Rg;N1/2. Also, jz

thread(t521/2)5j'
thread(t

51)50, implying that at full alignment the fluid cannot sup
port lateral fluctuations in density. Thus, the fluid isincom-
pressiblelaterally at full alignment. We note that even in th
well-behaved thread model, taking the limitN→` can create
spurious divergences in the directional screening lengths

jz
thread5

3

prso
2~12t!

, as t→1, ~46!

j'
thread5

A3

prso
2A12t

, as t→1, ~47!

jz
thread5

2

prso
2

, as t→21/2, ~48!

j'
thread5

A6

prso
2A112t

, as t→21/2. ~49!

These asymptotic behaviors are displayed in the cu
model, as well. The true finiteN behavior ofj' and jz at
saturated alignment cannot be deduced solely from theN
→` limit. However, ast→1 or ast→21/2, the chain di-
mensions become more and more confined to a spac
lower than three dimensions~one for nematic, two for dis-
cotic!. Thus, the system returns to itsdilute limit at full
alignment, and we can be confident that the finiteN thread
results forj'

thread and jz
thread adequately models the behavio

in the cutoff model.
This finite-N behavior is not evident in the main sectio

of Fig. 8. It does appear in the thread level results in the ri
panel of Fig. 8, which indicate the interesting behavior
can expect in a realistic finiteN calculation. Here, results fo
jz8 and j'8 in the thread model are displayed forN
5103,104,105 and a site density ofrso

350.5. Clearly, the
correct limiting behavior att51 andt521/2 is found, and
the inset suggest how the results in the main figure will
cutoff, so thatj'8 doesnot diverge att51, andjz8 does not
approach a nonzero value att521/2.

The anisotropic behavior ofg(r ) can be determined nu
merically from inverse Fourier transformingh(q) ~not
shown!. The local correlation hole19,25 is found to be farther

e
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in extent along the director than perpendicular to it, cons
tent with the results of Fig. 8. The fluid is more liquidlik
along the nematic director~whent.0), and more character
istic of a dense melt perpendicular to the director. Figur
shows examples ofg(r ) along thex̂ andẑ axes based on Eq
~40!. Clearly, g(r5zẑ) grows more slowly thang(r5xx̂),
and atr851.0 the characteristic solvation shells of the is
tropic high-density fluid are clearly visible in the perpendic
lar directions, and are becoming visible in the parallel dir
tion, as well. The relationship of the isotropicg(r ) to its
anisotropic analog is complicated. The nematic example
Fig. 9 is for a strong degree of alignment:t50.5, g(r
5xx̂)'g(r ), and for 0,t,0.5, g(r ) in the perpendicular
direction exceeds its isotropic analog. This complexr8 and
t-dependent relation is discussed further below~see Fig. 11!.

It is important to note that whileg(r ) as shown in Fig. 1
@based on annumerical solution to the transcendental E
~12!# is positive definite, theg’s we examine here are base
on the approximate solution, Eq.~40!, and hence there is
small region nearr50 where the pair correlation is slightl
negative. Nevertheless, it is possible to define the ‘‘con
value’’ of the correlation function by evaluatingg(r ) with
ur u5d. The contact value changes continuously in go
from the ẑ to the x̂ directions, and is of dynamical signifi
cance as it controls the rate oflocal interchain collisions
between monomer pairs.26

Figure 10 shows the results for the contact value in
perpendicular and parallel directions as a function ofr8 for a
range of discotic and nematic values oft. In the parallel case

FIG. 9. g(r ) parallel and perpendicular to the director. In the left-ha
figure, we showg(r ) along two paths forr851 and a discotic orientation o
t520.4. The solid line is the isotropic-phase pair correlation atr851, and

the dot-dashed line~which lies above it! is the pair correlation along theẑ

axis. The dashed line shows the pair correlation along a lateral axis,x̂. The

correlation is much shorter ranged in theẑ direction, lateral to the imposed
~discotic! order. The opposite obtains in the right-hand figure, where a c
parable nematic ordering is selected,t50.8. Again, the pair correlation is
much shorter ranged lateral to the imposed~nematic! ordering, andg(r )
orthogonal to the nematic director is also below its isotropic analog for
case.
-

9

-
-
-

in

ct

g

e

@g(r5dẑ)# the contact value rises monotonically as dens
increases, andfalls monotonically ast is increased from
20.4 up to 0.9. The perpendicular contact value, howev
displays a very complicated behavior, summarized for t
density cases in Fig. 11. In the parallel case, we see a m
tonic response, that is, the contact value along the dire
falls continuously ast is increased. The perpendicular co
tact value, however, rises and then falls ast varies from the
discotic to nematic alignments. Generally, the parallel~per-
pendicular! contact value is much larger than the perpendi
lar ~parallel! contact value att→1 (t→21/2). This is fur-
ther evidence that the oriented liquid behaves more liquid
along the established order, and more concentrated later

-

is

FIG. 10. Anisotropic contact value of the pair correlation. On the left,

show the longitudinal contact value,gz[g(r5zẑ). gz monotonically de-
creases ast is increased fromt520.4,. . . ,0.9 ateach value ofr8. The

transverse contact value,g'[g(r5xx̂), has a much more complicated be
havior.g' increases withr8 at fixedt, just asgz , but its dependence ont
is nonmonotonic, eventually falling below the isotropic phase contact va
even in the extremely discotic,t520.4, configuration.

FIG. 11. t dependence of the longitudinal and transverse contact value
the pair correlation forr851.0 andr850.5. The longitudinal~or parallel!
contact values is shown as the solid curve, and the transverse~or perpen-
dicular! as the dashed. The longitudinal contact value decreases steadilyt
increases from negative~discotic! to positive ~nematic! values, while the
transverse value increases and then decreases.
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An immediate application of this anisotropic structure
to calculate the effect on thecohesiveenergy of an oriented
liquid. We take the attractive monomer–monomer poten
to be a simple spherically symmetric Yukawa form

v~r !5v~ ur u!52
voe2r /a

r /a
, ~50!

with a magnitudevo.0, and a spatial range ofa. Based on
the standard high temperature, or mean-field, approxima
~HTA! that assumes local liquid structure is determined
the repulsive, athermal excluded volume interaction,19,20 the
cohesive energy per monomer is

Ucoh5rE drv~r !g~r ;t!. ~51!

Even though the monomer–monomer interaction is ma
festly isotropic,Ucoh depends ont directly through the ather
mal liquid structure,g(r ;t). We anticipate that asutu in-
creases, the number of monomers within a distancea of a
test monomer will decrease monotonically. Each pane
Fig. 12 shows the cohesion relative to its isotropic-ph
value @based on a numerical, not interpolated, solution
Eqs. ~12! and ~36!#, as therangeof the interaction is tuned
from a large to a small value. Fora@d, it is apparent that the
cohesion becomes a less sensitive function oft. Indeed, we
anticipate a literal ‘‘mean-field’’ or ‘‘Kac potential’’ limit in
which a→` ~and vo→0). In this case, there can beno
t-dependencein Ucoh. Likewise, fora!d thet dependence
of the cohesion is enhanced.

It is instructive to analytically examine the smallt be-
havior ofUcoh scaled by its isotropic value. For convenienc
we restrict our attention tor851, that is the maximum den
sity, close-packed state of isotropic chains. Atr851,

j8;
6t

pA5
1O@t2#, ~52!

FIG. 12. Scaled cohesive energy,Ucoh(t)/Ucoh(t50), as a function of
alignment for various ranges of the attractive potential,a/d51/5,1,5. In
each case,r850.1 andr851.0 are shown, with intermediater8 curves
falling between the two cases shown. The cohesion is uniformly smalle
r850.1. Whena@d, the scaled cohesion becomes less sensitive tot in the
vicinity of t50 at large density, in keeping with a mean-field treatment
attractions.
l

n
y

i-
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e
f
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as can be verified by substituting this relation into Eq.~36!.
When this result is used in calculatingUcoh we obtain

Ucoh~t!

Ucoh~t50!
512S 3d214p2a2

5p2a2

1
8pa

5~d arctan@2pa/d#22pa!D t21O@t3#.

~53!

For extremely short ranged interactions (a!d),

Ucoh~t!

Ucoh~t50!
512S 16

25
2

576p2a2

875d2 D t21O@t3#. ~54!

On the other hand, whend!a

Ucoh~t!

Ucoh~t50!
512

d

5a
t21O@t3#. ~55!

Thus, as is evident in Fig. 12, at the maximal density, lon
attractive interaction ranges imply that the anisotropic
sponse to the cohesion becomes ‘‘flatter’’ int, that is be-
comes less sensitive to the anisotropy for small anisotrop
As the range of the interaction shrinks, the liquid structure
the scale ofa becomes nontrivial, and the response becom
sharpest.

Qualitatively similar statements hold whenr8 is less
than its maximal value. In particular, taking the thread lim

Ucoh~t!

Ucoh~t50!
512F3~914praso

2!

5~31praso
2!2 Gt21O@t3#. ~56!

Thus, whena!so the relative cohesion decreases witht
Þ0

Ucoh~t!

Ucoh~t50!
512S 3

5
2

2praso
2

15 D t21O@t3#. ~57!

While this expression displays more sensitivity toa than the
r851 situation, the response of the cohesion is strongestt
for a→0, as before. In the mean-field limit,a@so , the rela-
tive cohesion takes the form

Ucoh~t!

Ucoh~t50!
512

12

5praso
2
t21O@t3#. ~58!

The full density dependence of the relative cohesion
bracketed by these thread expressions~valid at smalld, or
equivalently, smallr8! and by ther851 expressions above
We discuss the implications for these results on the ph
stability of confined polymer blends below.

V. DISCUSSION

Our treatment of anisotropy can be extended to a var
of extended objects. For macromolecules characterized
self-similarity mass fractal dimensionD f , embedded in a
Ds-dimensional space, the followingv frac

34 describes the
isotropic phase:

v frac~q!5N@11c1q2Rg
2#2D f /2, ~59!
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where the fractal dimension is related to the radius of gy
tion through a power law

Rg5c2N1/D f , ~60!

andc1 andc2 are known constants.34 This form for v frac is
essentially an interpolation between the exact smallq behav-
ior (qRg!1), and the largeq behavior (qRg@1) that has
v frac'q2D f appropriate to the self-similar scattering from
fractal of dimensionD f . The isotropic Lorentzian form for
v(q) in Eq. ~1! is thusv frac with D f52.

The spatial dimension enters explicitly in executing t
core exclusion condition

E dDsq

~2p!Ds
h~q!521. ~61!

As previously shown,34 if D f,Ds/2, then an ultraviolet di-
vergence in Eq.~61! requires the presence of a high-wa
vector cutoff, and for such systems there is no analog of
thread theory. That is, the monomer-scale length,d, is al-
waysa relevant length scale, and there is no universal li
corresponding to semidilute polymer solutions. Clearly, r
dom walk polymers in three dimensions have a univer
regime, while rodlike polymers,D f51, in three dimensions
do not. Random walks confined to an ideal surface (D f

5Ds52), or fluctuating globules (Ds5D f53), can be eas-
ily handled through the use ofv frac.34 Here,d is irrelevant at
small densities, and there is an interesting universal reg
Such compact macromolecules cannot, however, sig
cantly interpenetrate~sinceD f5Ds!.

The anisotropy of the objects can be addressed thro
the transformation

q•qRg
2→Rz

2qz
21R'

2 q'
2 , ~62!

in the definition ofv frac. As an example of the power of th
formalism, v frac for long, thin rods (D f51) in three-
dimensional space can be used to capture all the impo
qualitative features of the Onsager treatment1,2 of the nem-
atic phase, as we show in the following companion pape23

Within a thermodynamic perturbation approach~HTA at
the level of the solution free energy rather than the compr
ibility ! it is possible to determine the effect of weak attra
tions on the equation of state and the compressibility,
previously worked out for the isotropic phase of string mo
polymers.30 The reference, athermal free energy can be
rived from our compressibility route charging, to which c
be added the cohesive energy,Ucoh. Such a treatment, whe
coupled with a theory of the isotropic–nematic transition
flexible polymers, allows a unified treatment of thermotrop
and lyotropic transitions, in either an isochoric (r85const)
or isobaric ensemble~most clearly relevant to experiment!.35

As a quick application of this thermodynamic perturb
tion approach we consider a structurally symmetric polym
blend (sA5sB[so) of long polymers (N→`) confined in
a thin ~less than or on the order ofRz! film of thickness,H.
We expect that confinement will lead to alignment of t
chains, and hence a decrease in the cohesion of the film.
degree of confinement,H/Rz imposes at on the system
which may be naively estimated for smallt as:
-
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t~H !5
H2Rz

H
. ~63!

Thus, a 10% compression inducest520.1, that is 20%
discotic alignment. Using Eq.~55! indicates that the cohesiv
contribution to the free energy decreases relative to the

confined blend by'( 1
500)(d/a); 1

125 if we choosed52a, as
is appropriate for modeling a Lennard-Jones attraction wit
Yukawa.19 Since the critical temperature of the melt blend
the bulk is proportional toNuUcohu, lowering uUcohu by en-
forcing t,0 will likewise lower the critical temperature, sta
bilizing the homogeneous mixture. If the critical temperatu
of the blend is in the neighborhood of room temperatu
300 °K, then the fractional change in the critical temperat
that accompanies a 10% confinement is on the order of
°K, clearly a measurable effect that will grow in importan
as H is lowered. A similar argument can be applied to t
thermodynamics of weakly sheared polymer blends.4

VI. CONCLUSION

We have extended the range of applicability the PRIS
liquid state formalism to include homogeneous systems c
acterized by global anisotropy, and have presented a deta
exhibition of the theory when applied tonematicanddiscotic
configurations of flexible polymers. In the liquid crystallin
phases, the compressibility increases with increasing al
ment, and therefore, the repulsive pressure decreases
anticipate that this lowering of excluded-volume interactio
will act to stabilize liquid crystallinity in equilibrium thermo
dynamics. All structural characteristics of the aligned flu
are anisotropic as well, including the screening of collect
density fluctuations and the contact value of the pair co
lation function. The theory may be equally well applied
describe some aspects of the thermodynamics of confi
blends and provides needed structural input to mode c
pling theories of the dynamics of anisotropic polym
fluids.22 Generalization to include more chemical realis
~e.g., backbone stiffness! in the single chain model, and th
full wavevector dependence of the direct correlation fun
tion, requires additional numerical effort but is straightfo
ward.
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