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Liquid crystallinity in flexible and rigid rod polymers
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We apply an anisotropic version of the polymer reference interaction site model~PRISM! integral
equation description of flexible polymers to analyze athermal liquid crystallinity. The polymers are
characterized by a statistical segment length,so , and by a physical hard-core thickness,d, that
prevents the overlap of monomers on different chains. At small segment densities,r, the
microscopic length scaled is irrelevant ~as it must be in the universal semidilute regime!, but
becomes important in concentrated solutions and melts. Under the influence of the excluded volume
interactions alone, the chains undergo a lyotropic, first-order isotropic–nematic transition at a
concentration dependent upon the dimensionless ‘‘aspect ratio,’’so /d. The transition becomes
weaker asd→0, becoming second order, as has been previously shown. We extend the theory to
describe the transition of rigid, thin rods, and discuss the evolution of the anisotropic liquid structure
in the ordered phase. ©2000 American Institute of Physics.@S0021-9606~00!51510-4#
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I. INTRODUCTION

If studying anisotropy in liquids is a goal, then surely t
most important and compelling phenomenon for investi
tion is liquid crystallinity.1–3 The unique, and highly usefu
properties of liquid crystalline materials derive in who
from the partial ordering of their microscopic degrees
freedom. An important subclass of such materials is liq
crystalline polymers~LCP’s! which have many design ad
vantages. The extended nature of polymers, and co
quently their ability to interpenetrate and entwine, giv
polymer solutions generally, and LCP solutions in particu
a very interesting ‘‘universal’’ behavior in semidilut
solution.4–6 This concentration regime is characterized by
low absolute polymer concentration~typically &20%) yet
maintains highly correlated collective properties. As we ha
recently shown, the semidilute regime of even ordinary fl
ible polymers has the possibility of undergoing, at least i
mean field sense, a continuous transition to homogene
yet anisotropic, states.7

The synthesis and control of LCP’s is facilitated by tw
general design strategies, or classes, of liquid crystal
polymers. Side chain polymers have rigid, rodlike mesog
bonded to a flexible backbone polymer, and the liquid cr
talline transition is usually induced by lowering the tempe
ture of a dense, neat sample~thermotropic transition!. Main-
chain LCP’s on the other hand, have monomers m
entirely of stiff rodlike mesogens, or have the mesoge
separated by flexible spacers. Moreover, even nomin
‘‘flexible chains’’ with aspect ratios of order unity such a
polyethylene, polyphosphazines and polydiethylsiloxa
have all been reported to exhibit liquid crystalline behav
in the melt under ambient and/or high pressure condition8

The polymer reference interaction site model~PRISM!9
4880021-9606/2000/112(10)/4881/12/$17.00
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is known to give an accurate description of structure a
thermodynamics in homogeneous, isotropic polymer so
tions, melts and blends. Recently, the range of PRISM
been extended to include anisotropic chain
conformations.7,10 While we will not pursue an atomistically
detailed theory based on a particular mesogen/backb
combination, the theory clearly has the potential to enco
pass such a calculation. In this initial work we pursue
approximate theory that provides a rough description of a
single component LCP characterized by two compet
length scales. The first is the statistical length scale,so ,4,5

which characterizes the relative local stiffness of the polym
backbone. The second is the monomer effective hard-c
diameter,d, the physicalthicknessof the chain. For typical
flexible polymers,so'd, so that the chain can be envisione
as a set of tangent-connected spherical sites. On the o
hand, typical~but not all! thermotropic LCP’s haveso'5d
and greater, corresponding to quite a high aspect ratio.
shall ignore all other chemical details. In this paper, we s
cialize solely toathermalexcluded volume interactions be
tween monomer sites. Thus, the transition we exhibit be
is most properly thought of as alyotropic transition, where
the increasing concentration of polymer triggers the ph
transition.

We focus on the isotropic-to-nematic~I–N! transition
for our model LCP’s. This is the simplest liquid crystallin
transition to study, as it is characterized by the developm
of orientational order on a single axis, while all other de
grees of freedom are liquidlike.2 It is perhaps possible to go
beyond the nematic phase and describe phases with tra
tional modulations~such as the smectic! either directly
within an integral equation formalism, or by combining a
isotropic PRISM theory with a density functional theo
~DFT!9,11 approach.
1 © 2000 American Institute of Physics



er
-

uo

wi
in

-
ls
m
th
n
ity
hi
he

er
ls

r
s

-

t

lf-
y
no

s

e

he

cl
e
ec

n-
uce

ot

e-
a

rd-
or
te
r-
e
nge

ra-

-
res-
nt

is
e-
or
s

. For
l-

han

xi-
iso-
this

4882 J. Chem. Phys., Vol. 112, No. 10, 8 March 2000 G. T. Pickett and K. S. Schweizer
The fundamental ideas behind anisotropic PRISM w
developed in the preceding paper.10 For economy of expres
sion, we assume the reader is familiar with that work~here-
after referred to as Paper I!. All symbols and notation in the
present paper are consistent with Paper I, and we shall q
equations as Eq.~I.xx!. In this work, we construct an
anisotropy-dependent free energy whose minimization
control the I–N transition. We first discuss this transition
one universal (d→0) limit ~so-called ‘‘thread’’7,12 model!
and then treat the finited transition. In addition to the ther
modynamics of the athermal I–N phase diagram, we a
characterize the fluid structure through the transition, de
onstrating an anisotropic behavior of the contact value of
pair correlation~relevant for a discussion of self-diffusio
and dynamics13!, and the anisotropic screening of dens
fluctuations. Finally, to provide a benchmark to evaluate t
theory, we work out its predictions for a simple model of t
Onsager transition of long, thin, rigid rods.3 Overall, the tran-
sition our theory predicts is weaker than is observed exp
mentally, or in the exact calculation of Onsager. We a
discuss the role of weak attractive forces.

II. ANISOTROPIC PRISM: THEORY AND CHAIN
MODEL

We take as our starting point the chain model of Pape
That is, the polymer chains are anisotropic random walk

v~q!5
N

11 ~Ns'
2 q'

2 /4! 1~Nsz
2qz

2/4!
, ~1!

where sz5so(112t)1/2321/2, and s'5so(11t)1/2321/2,
consistent with Eq.~I.21–I.23!. Thus,t is the standard nem
atic order parameter describing the orientation ofstatistical
segment scalelengths of chain.v(q) describes aligned, bu
not stretched chains, in that 6Rg

25N(s'
2 1s'

2 1sz
2) is inde-

pendent of t.14 Our approach can be extended ‘‘se
consistently’’ to allow for chain deformations which modif
Rg in response to intermolecular forces, but we shall
pursue this more complicated generalization here.15

The collective structure factor,S(q), is given by

S~q!5
So

11j'
2 q'

2 1jz
2qz

2
, ~2!

where the dimensionless inverse compressibility isS(q50)
[So5kTrkT and theanisotropicdensity screening length
are

jz5
sz

2
ASo, ~3!

j'5
s'

2
ASo. ~4!

Here, kT is the isothermal compressibility, and we s
Boltzmann’s constant multiplied by temperaturekT51 be-
low. Density fluctuations are correlated differently along t
nematic director than perpendicular to it, as long astÞ0.

We shall consider three separate, though related,
sures; namely, the thread, string, and cutoff thread mod
They are all ‘‘one parameter’’ closures that leave the dir
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correlation function unspecified up to a multiplicative co
stant. Both the string and the cutoff thread models introd
the physical thickness of the chains,d, in approximate ways.
The thread model is recovered whend→0. Sinced is the
only chemical length scale for our model polymers, it is n
surprising that the thread model correctly captures theuni-
versalregime of semidilute densities, where all chemical d
tails become irrelevant.4,16 The string closure accounts for
nonzero value ford by demandingthatg(r ) vanish on aver-
age forr ,d, so thatg(r ),0 nearr 50. The ‘‘physical re-
gion’’ of the theory isr .d, for which the pair correlation is
always positive in the isotropic phase.12 This condition
breaks down drastically when we consideranisotropic
phases below. A remedy for the negativity ofg(r ) is the
‘‘cutoff thread’’ closure of Paper I:10

C~q!5co , when q,
pb

d

50, otherwise, ~5!

along with the pointwise core condition,g(r )[0. Here,b is
a numerical constant of order unity which links the true ha
core diameter with an ultraviolet wavevector cutoff f
C(q). This is the closure we shall employ to investiga
liquid crystallinity for athermal polymers, outside the unive
sal regime,d→0, orr→0. Notice that direct correlations ar
no longer propagated at contact, but rather over a ra
roughly of r'd/b.

Chain stiffness is modeled by choosing the ‘‘aspect
tio’’ so /d.1. Explicit chain rigidity isnot included in this
work, but a suitable choice ofv(q)9,17 will allow a more
realistic treatment of liquid crystallinity of semiflexible poly
mers. We expect our present simple treatment will unde
timate the orienting ability of chains, and this has significa
consequences for the phase behavior predicted.

As pointed out in Paper I, the cutoff model closure
analytically executable in two limits: the small density ‘‘s
midilute’’ regime, and in the maximum density state f
which S(q)50 for all q. Interpolating between these limit
yields an analytic expression forSo

So
215

4

3 Ur8bso

d U2

~12t!2~112t!S 12
r8

rmax8
D 21

, ~6!

whereSo vanishes whenr85rmax8

rmax5
2bA3

pdso
2

tan21A3t/~12t!

At~12t!
. ~7!

The scaled densityr8 is defined to be

r85
p

6
rso

2d, ~8!

and equals 1 for the isotropic phase incompressible state
tÞ0, rmax8 .1, so, as expected physically, the liquid crysta
line phases are capable of being packed more efficiently t
isotropically oriented chains. Unfortunately,rmax8 →` as t
→1 in the present model. In reality, we can expect the ma
mum density of the nematic phase to exceed that of the
tropic phase by perhaps as much as 30%. To mimic
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physically reasonable behavior, for the purposes of disc
sion and presentation of plots we shall taker851 as the
maximal density attainable forall t, although predictions for
r8.1 are available.

Interestingly, with the redefinition

rstring8 5r
9dstringso

2

2p
, ~9!

the interpolated closure from the string model implies t
the string model inverse compressibility is also given by E
~6!. There is an inherent ambiguity in the choice ofd/b in
the cutoff model that is not apparent in the string mod
Namely, the length scale at which it is appropriate to
C(q) off clearly must scale asd, but the prefactor is unspec
fied. If we let

dcutoff5
4
3 dstring, ~10!

that is,b54/3, then the interpolated closures for the mod
agree exactly, and theSo from each model is given by Eq
~6!. Since the string model can be justified as an optimiz
perturbation treatment around a thread reference,12 it is reas-
suring that the two models agree whenb is numerically close
to 1. In what follows, we takeb51. Merely rescalingd in
the results below will allow a different choice ofb.

III. FREE ENERGY PER SITE

Our primary goal is to construct a free energy functi
for t which, when minimized, gives a prescription for dete
mining theequilibrium value oft. The fact that experimen
tally the initially observed liquid crystalline transitions a
universally from the isotropic to the nematic (t.0) cer-
tainly leads one to believe that such a free energy sho
predict a discontinuous jump int to positive values near th
transition, as we indeed find below.

In the r8, temperatureand t ensemble~that is, we hold
all three quantities fixed!, this is easily accomplished throug
standard thermodynamic relations

So
215

]P

]r U
T,t

→P5E
0

r

dxSo
21~x;t!, ~11!

Fsite5E
0

r dx

x2
P~x;t!. ~12!

Here,P is the pressure, andFsite is the many-chain contribu
tion to the per-site free energy. The detailedr8 andt depen-
dence ofFsite is

Fsite5
2so

2~12t!2~112t!rmax8

3d2r8
S r8~2rmax8 2r8!

12~rmax8 2r8!logF12
r8

rmax8
G D . ~13!

This ‘‘compressibility’’ route to the free energy is the mo
appropriate given the fact that thread PRISM-PY~Percus–
Yevick! theory is equivalent to a self-consistent Gauss
field theory for constrained collective density fluctuations18

The prefactor inFsite indicates that ast becomes nonzero
s-

t
.

l.
t

s

d

ld

n

Fsite is lowered since alignment causes each chain to occ
a smaller spanned volume, overlapping less with its nei
bors. This results in a smaller repulsive excess free ene
As in the original Onsager treatment of the I–N transition
is this many body term~limited to the second virial term in
the Onsager theory! which drives the transition toward
utu.0.

Fsite@t# is not the entire free energy for chains held a
constantt. We must address the entropy cost per site
maintain the chains in an anisotropic distribution of orien
tions. For Gaussian Markov chains, the question can be
swered on a per-site basis. The partition function for a sin
anisotropic Gaussian chain is6

Z@sz ,s'#5F E dxdydzexpF23x2

2s'
2 G

3expF23y2

2s'
2 GexpF23z2

2sz
2 G GN

5F2p

3 G3N/2

s'
2Nsz

N . ~14!

Thus, in the isotropic case4,6

Zo[F E d3r expF2
r 2

so
2G GN

5F2p

3 G3N/2

so
3N . ~15!

The entropy cost required to maintains'ÞszÞso for a
single site is thus

F ideal52
1

N
log@Z/Zo#52 log

s'
2 sz

so
3

. ~16!

In terms of the nematic order parameter,t, we have:

F ideal@t#52 log@~12t!A112t#. ~17!

It clearly works towards stabilizing the isotropic phase.
The total free energy per site for chains held at a p

ticular homogeneousr8, and a fixed order parameter is

F tot@t#5Fsite@t#1F ideal@t#. ~18!

We can pass from the constant-t ensemble to the true equ
librium situation by determining which of all the possiblet
minimizes the free energy. Thus,teq is given by

]F tot@t#

]t U
t5teq(r8)

[0. ~19!

Figure 1 shows how this minimization plays out withd
5so/2. If r8,rc50.8753, the isotropic solution minimize
F tot . Beyond rc , however, the nematic solution becom
most stable. A metastablet,0 discotic solution appears, a
well. To show that this is the case generally, it suffices
investigate the small-t behavior ofF tot

F tot5F01F2t21F3t31O@t4#. ~20!

The relevant expansion coefficients are
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F25
3

2
1

2so
2

15d2
~11r826!

1
4so

2

15d2r8
~7r823!log~12r8!, ~21!

F35212
4so

2

105d2
~27r8222!

2
8so

2

105d2r8
~19r8211!log~12r8!. ~22!

The isotropic solution to Eq.~19! becomes linearly unstabl
in t whenF2 goes from positive to negative, at

d2

so
2

5
4

45
~6211r8!1

8

45r8
~327r8!log~12r8!. ~23!

If we evaluateF3 under the condition given by Eq.~23!, one
can infer the linear stability of the nematic phase, just at
incipient arrival2,6

F35
4r8~r826!1~4r826!log~12r8!

7r8~11r826!12~7r823!log~12r8!
. ~24!

F3 is alwaysnegativewhen Eq.~23! holds, soF tot behaves
as

F tot

F0
512uc3ut31uc4ut41••• , ~25!

wherec3 andc4 are nonzero. The free energy decreases
tially as t becomes positive. Thus, we can be assured
teq.0 near the transition, and Fig. 1 indicates that this tre
is continued far into the ordered phase. Thus, the theory
ways predicts a first-order I–N transition.2,6 As we see be-
low, however, the discontinuity int at the transition is ex-
ceedingly small.

FIG. 1. Relative stability of I, N, D phases whenso52d. The nematic
phase overtakes the stability of the isotropic phase, whenr850.8753. Inset
is the amount by which the nematic phase is stable relative to thediscotic
phase.
s

i-
at
d
l-

IV. THREAD MODEL TRANSITION

Before we consider the detailed predictions based on
~18! for arbitraryd, it is helpful for a basis of comparison t
consider firstd→0, the so-called thread limit.7,12 Here, we
consider only the limitingN→` case, although the genera
finite N situation is also easily worked out as discuss
previously.7,10 Equation ~8! indicates that takingd→0 is
equivalent to a smallr8 expansion. Taking ther8 expansion
of Eq. ~18! up to second order, and rewriting the express
in terms ofr yields:

F tot
thread@r,t#5

p2

648
r2so

6~12t!2~112t!

2 log@~12t!A112t#. ~26!

The equation of state for fixedt is

Pthread5
p2

324
r3so

6~12t!2~112t!. ~27!

The equation of state is apower-law in r, the total site
density. TheP;(rso

2)3 law ~with a t-dependent prefactor!
is appropriate for the universal semidilute behavior of po
mer solutions.4,6 The dimensionless, constant-t, isothermal
compressibility is

So
thread5F4

3 Ur8so

d U2

~12t!2~112t!G21

. ~28!

The latter expression determines the spectrum of collec
density fluctuationswhile t is held fixed. When we allowt
→teq(r) in response to minimizingF tot

thread, a different ex-
pression holds which captures the fact that asr fluctuates, so
too doesteq(r).

It is interesting thatt enters Eq.~26! in the combination
(12t)A112t. Physically, this is theinvaded volumeof a
single site, compared to that of an isotropically oriented s

~12t!A112t;
s'

2 sz

so
3

. ~29!

The minimization ofF tot
thread, therefore, determines the qua

tity s'
2 sz

~12teq!A112teq5
r

rc
. ~30!

Remarkably, whenr.rc518/(pso
3), there aretwo nonzero

values oft that minimizeF tot
thread, one positive and one nega

tive. Degenerate nematic and discotic ordered phases coe
We verify that the transition iscontinuousby inspecting the
t expansion

F tot
thread5

p2so
6r2

648
1

3

2 S 12
r2

rc
2D t2

2S 12
r2

rc
2D t31

9

4
t41O@t5#. ~31!

As long asr,rc , F tot
threaddisplays a single minima att50.

At r5rc , we see that the coefficient of thet2 and the co-
efficient of the t3 term simultaneously vanish. Symmetr
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conditions normally require theO@t3# term to be nonzero
near the I–N transition,2 becauset.0 and t,0 are quite
different physical situations. There is no obvious physi
symmetry for ordinary liquid crystals which removes thet3

term at the transition. However, for thread polymers, theris
a symmetry allowing~indeed, requiring! us to link every
single nematic (t.0) solution uniquely to a particular dis
cotic (t,0) solution, through Eq.~30!.

We can easily determine the equation of state for
thread chains witht5teq(r8)7

Peq
thread5

18

pso
3 U r

rc
U3

5
p2r3so

6

324
when r,rc , ~32!

5
18

pso
3

r

rc
5r when r.rc . ~33!

Thus, liquid crystal threads behave as an ideal-gas ofdiscon-
nectedsegments, at least with regards to the equation
state, in the ordered phase. The ordered liquid is, howe
far from an ideal gas. It is a highly correlated, anisotro
fluid with a long-range~although anisotropic! correlation
hole in g(r ). The transition is continuous and therefore t
pressure can be inverted into a single-valued function giv
the density of the system as a function of applied press
This is no longer the case when a finited appears in the
model. With an extra length scale beyondso , F tot is no
longer a simple function ofrs'

2 sz , asF tot
threadis, and we see

below this drives the discotic solution to metastability, a
makes the transition discontinuous.

The equilibrium inverse compressibility can be define
as

~rk!21[
]Peq

thread

]r
U

T

51, ~34!

in the ordered phase. Simply evaluatingSo
21 from Eq.~28! at

t5teq(r) yields a different law

So
thread~r;teq~r!!5 1

3 . ~35!

The difference in the ensembles is striking. Allowingt to
vary in equilibrium promotes overall fluctuations inr.

V. THERMODYNAMIC TRANSITION

We now turn to the determination of the full (r8,d)
phase plane of the athermal cutoff thread model. Giv
teq(r8) defined by Eq.~19!, we calculate equilibrium ther
modynamics, now restricted simply to the isothermal, c
stant volume ensemble. One has

Peq5r2
]F tot

]r
1r2

]F tot

]t

dteq

dr
5r2

]F tot

]r
, ~36!

using Eq.~19!. The thermodynamic pressure is equal to t
constant-t pressure evaluated att5teq(r8). While Peq(r8)
andP(r8,t) above are very different objects,~one is a func-
tion of r8 alone, and the second is a function of botht and
r8), their numerical values are closely related.

The stability requirement onPeq(r8) is simply that
]Peq/]r8.0. Figure 2 shows the generic behavior ofPeq in
l

e

f
r,

g
e.

n

-

e

the vicinity of the I–N transition for the case ofd5so/2.
r850.8753 is the location of the ‘‘bare transition,’’ that is
this is the density at whicht.0 first becomes lower in free
energy than the isotropic phase. On the isotropic side,
pressure increases monotonically withr8. At the transition,
the pressure drops suddenly, and then continues to drop
fore it reaches a local minimum and starts to increase ag
Here, the fluid is linearly unstable to variations inr8. We
must surround this unphysical region~containing the bare
transition! via the equal areas construction of Maxwell. L
r I8 andrN8 be the values ofr8 which limit the biphasic win-
dow below and above, respectively. These densities are
termined in the standard manner, requiring mechanical
thermodynamic equilibrium between the fluids held atr8
5r I8 and r85rN8 through a Maxwell equal-areas constru
tion, as shown ford5so/2 case in Fig. 2. The solid dashe
line indicates the pressure in the coexistence window,
true stability occurs only whenr8.rN8 for the nematic
phase, and forr8,r I8 in the isotropic phase. As required, i
this region, the pressure is a monotonically increasing fu
tion of r8, and the characteristic coexistence of a first-ord
phase transition is apparent.

This type of analysis allows us to map out the entirer8-
d phase plane of athermal, flexible polymers, as shown
Fig. 3. For very smalld, the transition occurs at very sma
r8. Indeed, in the thread limit, we have

r I85rN8 5
3d

so
→rc5

18

pso
3

. ~37!

In this limit, the width of the coexistence region vanish
~inset to Fig. 4!!, indicating thecontinuousnature of the
thread transition. Asd grows to finite values, the coexistenc
region widens, but is still extremely narrow, rising to ju
0.2% of the isotropic phase boundary,r I8 . Thus,r I8(d) and
rN8 (d) appear to coincide in Fig. 3. The dashed line indica
the previously obtainedstring model result7,19 ~equivalently,

FIG. 2. Maxwell construction. The region betweenrN8 and r I8 ~vertical
dashed lines! is shown in detail ford5so/2. The Maxwell construction,
shown as a dashed line, ensures thatFeq(r8) has the correct concavity
globally.
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the choice of the cutoff thread model parameter,b54/3).
The latter is surprisingly close to the thread model predict
based onb51 in Eq. ~5!. This provides additional suppor
for the physical sensibility of our construction of the thre
with cutoff model.

If the I–N transition were not preempted by other phy
ics ~crystallization or vitrification!, this model predicts a
nematic phase for every flexible polymer species. Givenso

and d, we can raise the system density to a physical va
(r8,1) and force the transition. That nematic phases
apparently never~or very rarely! observed ford'so poly-
mers is understandable from Fig. 3. If we limit the transiti
density to liquid like values~say, r850.7, or 70% of the
isotropic close-packed density, as shown by the vertical d
dashed line in Fig. 3!, then the polymer segments must ha

FIG. 3. Cutoff thread phase diagram (b51), defined by the phase bounda
between I and N phases~solid line!. The biphasic window is not resolved a
this scale. The vertical dot–dashed line represents a liquidlike melt den
The dashed line shows the coexistence boundary for the athermal s
model.

FIG. 4. Nematic order at coexistence,teq(r85rN8 ), is shown as a function
of rN8 . The ordering just at the transition is thus exceedingly weak, w
teq52% whenrN8 is held at the melt-like value of 0.7. Inset is the biphas
width of the transition, (rN2r I)/r I .
n

-

e
re

t–

an aspect ratioso /d exceeding'3. This fits rather nicely
with the known aspect ratios of thermotropic liquid crysta
line polymers.1 The string model result gives a more stri
gent ~though still reasonable! condition thatso.5d. Thus,
as expected, the precise ‘‘minimum aspect ratio’’ requir
for nematic phases to exist is sensitive to the quantita
details of the statistical mechanical approximations and ch
model.

A final property to note is that the transition for nonze
d is always first-order, and always towards a nematic pha
In the thread model, it appeared that both the nematic
discotic solutions existed in equilibrium. Allowingd.0
breaks the vital symmetry connecting the nematic and
cotic configurations. The fact that the discliket,0 branch
of solutions is~apparently! not observed experimentally i
consistent with our model predictions.

The weakness of the cutoff model transition is strikin
In Fig. 4, we show the value of the order parameter jus
the nematic limit of the coexistence window@that is,
teq(rN8 (d)) vs rN8 (d)]. In keeping with the thread transition
the jump in the order parameter vanishes atd50 ~continuous
transition!, and grows for any finited. At a typical liquid
densityr850.7, the jump inteq is only on the order of 2%
of full alignment. This may be contrasted with the stron
('60%) jump in the nematic order parameter for long-rig
thin, rods,3 and main chain thermotropics ('20% – 30%).8

Figure 5 shows on a larger scale the behavior of
equation of state forso /d52,4,. . . ,10. Thethermodynamic
width of the transition is too narrow to resolve in this plo
The appropriate scaled pressure isPeqd

3, which, in the iso-
tropic phase, has all dependence ond/so encoded in the
scale ofr8. Thus, the five curves shown all provide the sam
pressure-density relationship in the isotropic phase. T
isotropic-phase pressure grows toward a logarithmic div
gence atr851. Before this can happen, however, at t
d-dependent transition density,r I8,r8,rN8 , the pressure be
gins a much more gradual increase, approximately linea
Given the scaling of the ordinate, it is clear that

Peqd
3'r8

d2

so
2

, ~38!

in the ordered phase. Thus, in keeping with the thread mo
predictions, the equilibrium pressure is nearly linear in t
ordered phases. Such nearly linear behavior appears in s
lations of needlelike molecules up to quite high packing fra
tions, and in simulations of hard, thin platelets.1,20 The evo-
lution of the nematic order is also shown in Fig. 5 by t
dashed lines, which mark the iso-teq lines of t
50.1,. . . ,0.9, asteq evolves with increasingr8.

We determine the equilibrium dimensionless compre
ibility through numerically differentiating the equation o
state, and one must take into account thatdteq/dr8Þ0. The
symbol (rk)[(dP@r8,teq(r8)#/dr8)21 is the dimension-
less, equilibrium compressibility of the chains witht free to
vary, maintaining thermal equilibrium. This quantity, scal
by so

2/d2, collapses onto a master relation in the isotrop
phase, as may be seen in the inset to Fig. 5. Ford/so

ty.
ing
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50.1,•••,0.5, (rk)so
2/d2 falls on a universal curve in the

isotropic phase

~rk!
so

2

d2
5

3~12r8!

4~r8!2
. ~39!

After the transition, the compressibility jumps dramatica
to a ~nearly! density independent value. Thus, the system
bulk thermodynamics become more liquidlike in the orde
phases.

Finally, we show in Fig. 6 the evolution of the absolu
value of equilibrium nematic order parameter@Fig. 6~A!#, as
well as the evolution of the metastable discotic branch
solutions,@Fig. 6~B!#, for d/so50.1,. . . ,0.5. At this level of
detail, the jump in the order parameter at the transition is
detectable. However, the order parameter always grows
idly for r8.rN8 , and the approach to full discotic orde
seems to be more rapid than that of the true equilibri
nematic ordering. In the representation of Fig. 6, the ori
tational order ‘‘turns on’’ more rapidly as the aspect ra
increases in the sense that a scaled plot~not shown! of teq

versusr8/r IN8 is more and more ‘‘step function’’ like asd
→0. Very close tor IN8 , teq increases in a mean field squa
root manner,~apart from its discontinuity! as analytically
shown previously in the thread model limit.7

VI. FLUID STRUCTURE

Structural information about the nematic fluid is eas
calculated. As in Eqs.~2!–~4!, jz is the distance below which
collective density fluctuationsalong the zˆ axisare correlated,
andj' is the correlation length for fluctuations lateral toẑ.
In Fig. 7~A! we show jz as the I–N phase boundary
crossed. When scaled byd and plotted as a function ofr8, jz

collapses for allso /d, in the isotropic phase

jz~teq50!5
3dA12r8

2r8
. ~40!

FIG. 5. The scaled pressure,Peqd
3, is plotted, ford/so50.1, . . . ,0.5~solid

curves, from bottom to top! and the iso-teq lines fort50.1,. . . ,0.9~dashed
curves!. t increases asPeq decreases, or asr8 increases. Inset is the dimen
sionless isothermal compressibility, which increases at the transition
nearly constant value, again ford50.1,. . . ,0.5 from top to bottom.
s
d

f

ot
p-
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That is, jz(t50) diverges asr8→0 ~semidilute limit, for
N→`), and vanishes at the incompressible limit,r851. The
first-order transition to the nematic phase occurs at ad/so

dependent density, sojz no longer collapses onto a sing
scaling function for different aspect ratios. At the transitio
there is a discontinuous jump injz , not observable on the
scale of Fig. 7. However, it is clear thatjz becomes steadily
larger up to the close-packed~isotropic! state, indicating that
fluctuations of site density are longer ranged along the dir
tor than in the analogous isotropic fluid. So, whilekT in-
creases at the transition, indicating that the fluid becom
less ‘‘stiff,’’ this weakening takes place along theẑ axis. At
significantly larger8.1, jz does decrease with increasin

a

FIG. 6. Order parameter for nematic and discotic phases.~A! Nematic phase
order parameter as a function ofr8 for d/so50.1,. . . ,0.5. All curves ap-
proacht51 for r8@1. ~B! The absolute value of the metastable disco
phase order parameter is plotted for the same values ofd/so . All curves
approachutu51/2 for r8@1.

FIG. 7. Anisotropic screening lengths:jz andj' vs r8. ~A! Parallel screen-
ing length,jz(r8,teq), for d/so50.1,. . . ,0.5,rises dramatically at the tran
sition. The nonmonotonic response injz is increased asd→0. The dashed
line is the isotropic-phase screening length, vanishing atr851. ~B! Perpen-
dicular screening length,j' , for d/so50.1,. . . ,0.5.
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density~not shown!. In Fig. 7~B!, we see that the lateral, o
perpendicular, screening lengthj' shrinks asr8 increases
into the ordered phase, although at much slower rate than
corresponding~extrapolated! isotropic phase. The liquid
looks more concentrated laterally, althoughj' does not lit-
erally vanish at the ‘‘close packed limit,’’r851. Comparing
Figs. 7~A! and 7~B!, it is obvious that density fluctuation
can propagate more easily along the director than lateral
in the ordered phases.

We determineg(r ) numerically in the ordered phase
Particularly relevant to thedynamicsof these liquid crystal-
line polymers is thecontact valueof the pair correlation
function, which is the key quantity controlling the bina
interchain ‘‘collision rate’’ between monomers.13,21 In an
isotropic fluid, increasingr always increases the conta
value ofg(r ), but in lyotropic liquid crystals, increasing th
density enhances the orientational order and anisotr
which can introduce subtle competing effects.

In the liquid crystalline phases, the number of si
contacts changes continuously on the ‘‘contact spher
g(ur u5d). In particular, we show in Fig. 8 the behavior o
the contact value ofg(r ) along and perpendicular to th
nematic director, ford/so51/8,1/4,1/2. Below the I–N tran
sition, g(r ) is isotropic. In the nematic phase, the number
contacts becomes much larger in the perpendicular direc
than in the parallel direction. Thus, aligning the chains alo
the ẑ direction is expected to reduce~enhance! local friction
parallel~perpendicular! to the director, relative to the isotro
pic behavior. For highly ordered nematics, the parallel c
tact value appears to saturate at a nonzero value which
decreasing function of aspect ratio. The perpendicular an
becomes more slowly increasing with density and sma
~for strong alignment! than its isotropic fluid analog. Simila
results for the~metastable! discoticlike phase are also easi
obtained, but not shown here.

The behavior of the contact value in the cutoff mod
compares very well with that predicted by the thread mod
as shown in the inset to Fig. 8. Of course, the definition
the contact value is somewhat ambiguous in the thr

FIG. 8. Anisotropicg(r ) at contact parallel~dashed curves! and perpendicu-
lar ~solid curves! for d/so51/8,1/4,1/2. The dot–dashed curve shows t
behavior of the contact value in the isotropic phase. Inset is the analo
prediction of the thread model~Ref. 7!.
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model, since we takeg(r 50)[0.7,12 Trivially, the thread
model contact value vanishes. However, one can ask how
quantity

A~u!5
]g~r !

]r u
U

r 50

, ~41!

behaves, wherer u is the distance away from the origin alon
the azimuthal angle,u. Thus,A(u) is thecontact directional
derivative, describing the rate at which pair correlations i
crease in different directions. The thread case fairly well
scribes the detailed numerical results of thedÞ0 cutoff
model. Results for the discoticlike phase are giv
elsewhere.7

We can make a further comparison to the prediction
the contact value for the related string model.7,19 When r8
grows beyond the transition value,g(r ) becomes markedly
negativealong the longitudinal direction. The average natu
of the string closure ensures thatg(r ).0 for r .d ~the
physically interesting domain! in the isotropic phase, but th
condition that*o

dd3rg(r )50 is not strong enough in the an
isotropic phase to ensure the positivity ofg for r .d. Thus,
we find with increasingt thatg(r ) becomes more and mor
negative along the nematic director, clearly a disturbing
sult. This is our main motivation for employing the cuto
thread model in practice.

In Fig. 9, we display the ordered-phase behavior of
cohesive energy,Ucoh, as defined in Paper I, through th
I–N transition

Ucoh5rE drg~r !v~r !, v~r !52
voe2r /a

r /a
. ~42!

In the mean field limit@in which g(r )51 in Eq. ~42!#,
Ucoh524pa3rvo . Therefore, the ‘‘differential cohesion,’’

Bcoh~r8![
Ucoh~r8,t!

Ucoh~r851,t50!
2r8, ~43!

is a measure of the nonmean field nature ofUcoh. Bcoh(r8)
vanishes exactly in the mean field limit, and it may also
used to gauge the relative cohesion of the nematic, isotro
and discotic phases. We show this quantity for various v
ues of the range of the interaction,a/d51/5,1,5 in Fig. 9.
Clearly, whena@d, the cohesion becomes more mean fie
like. For d5so/2 andd5so/8, the cohesion in the nemati
phase is shown as the solid line. Clearly, the nematic phas
less cohesivethan the isotropic phase~the upper solid curves
in each panel!. Interestingly, the metastablediscoticsolution
has a cohesion in between that of the isotropic and nem
phases, and we shall discuss the implications of this bel

VII. RIGID RODS

An important benchmark for the current theory can
found in Onsager’s original description of liquid crystallinit
in long, thin rods.1,3 The Onsager solution is exact as th
rods become thinner relative to their lengthL, i.e., L/d@1,
where d is the rod thickness. We may anticipate that t
Onsager problem is the extreme case of a flexible polym
whose statistical segment length grows to the end-to-

us
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length of the polymer. Thus, the cutoff-thread and the O
sager description bracket the response of semiflexible p
mers.

We adopt the following single-chain scatterin
function22

v rod~q!5
L/d

A11 ~L2/18! ~~112t!qz
21~12t!q'

2 !
. ~44!

This is appropriate for one-dimensional mass fractals22 with
a radius of gyration:Rg

25L2/12. For isotropic rods, this
function exactly captures theqRg!1 regime, and the inter
mediate scaling regime power law,v rod(q)'(qd)21. This is
a simple, but crude, model of ‘‘Gaussian rigid rods’’ who
overall nematic ordering is given byt. Here, the ‘‘degree of
polymerization’’ of the rod,N, is related to the length of the
rod, L, and its thickness,d, via L5Nd. Thus, Eq. ~44!
should be viewed as a continuum level approximation to
structure factor of a rigid rod composed ofN tangent inter-
action sites of diameterd.

Again we can define the total site–site correlation fun
tion

h~q!5
cov rod

2 ~q!

12rcov rod~q!
, ~45!

where again we have takenC(q)5co when q,pb/d, and
vanishes otherwise. Here,r is not the number density o
rods, but rather the site number density:r5Nr rod

5Lr rod/d. We anticipate that for theL@d case of presen
interest the liquid crystalline transition for these rods occ
at vanishingly smallr, and so we adopt theinfinite dilution
limit in describingh(q)

h~q!'cov rod
2 ~q!

5
coL2/d2

11 @~112t!L2qz
2/18# 1 @~12t!L2q'

2 /18#
~46!

FIG. 9. Differential cohesion,Bcoh, defined in Eq.~43! for a/d55,1,1/5,
and d/so51/8,1/2. Bcoh in the isotropic phase~upper solid curve! gets
smaller and smaller asa/d grows, indicating that the cohesion becom
mean fieldlike for largea. The arrows indicater IN8 at both of the considered
aspect ratios. The lower solid lines showBcoh in the nematic phase, and th
dashed lines show the discotic-phase cohesion.
-
y-

e

-

s

'
18co

q2d2~12t13t3uu
2!

1O@d/L#. ~47!

The core constrainth(r50)521 is directly enforced,
thereby determining the direct correlation parameter,co

215E
0

pb/d q2dq

~2p!2E21

1

duuh~q!, ~48!

where we note that the upper cutoff in wave-vector spac
essentialfor the integral in Eq.~48! to converge.22 Thus,
there does not exist a universal thread limit for rods; th
thickness,d, is alwaysa relevant length scale. Eqs.~46!–~48!
yield

co
rod52d3

pAt~12t!

3A3b tan21A3t/~12t!
. ~49!

Notice thatco
rod is independentof density, implying that the

compressibility is constant, the pressure scales asr2, and the
excess free energy associated with the excluded volume
teractions is;r. In particular, we have

So
rod5

1

ruco~t!u
, ~50!

Prod5 1
2 r2uco~t!u, ~51!

Fsite
rod5 1

2 ruco~t!u. ~52!

Thus, the infinite dilution PRISM theory is equivalent to
second-virial level description of the many body thermod
namics, as is indeed appropriate for the Onsager analys

A crude estimate of the entropy associated with hold
a rod in the anisotropic orientation of a givent is the same as
we used for the Gaussian polymers, except the orientatio
each ‘‘site’’ is determined by the rigidity of the entire objec
That is,

F ideal
rod 52

d

L
log@~12t!A112t#. ~53!

Thus, the orientational entropy per site is simply the orie
tational entropy of the entire rod, divided byN. Rods will
much more readily form liquid crystalline phases than fle
ible polymers. WhileFsite can be comparable to its value i
the flexible polymer case,F ideal is smaller by a factor of
molecular weight, and it isF ideal that stabilizes the isotropic
phase.

The small order parameter expansion of the total f
energy is given by

F tot
rod5Fsite

rod1F ideal
rod 5F01F2t21F3t3, ~54!

where

F25
3d

2L
2

2pd3r

45b
. ~55!

F2 changes sign~and hence, the isotropic phase becom
linearly unstable to orientational fluctuations! when

r5rc[
135b

4pd2L
. ~56!
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So, when therod density, r rod5dr/L'd21L22, the isotro-
pic phase becomes unstable. This relation agrees with
scaling form of the transition density in the Onsager theo
The nematic transition occurs at an exceedingly smallvol-
ume fractionof rods: fc;d/L. We taker[r8rc , so this
instability occurs at a scaled density ofr851.

We now analyzeF tot
rod, and look for the thermodynami

instability of the system. Numerically, it is easy to verify th
the transition is first-order, and toward the nematic phas

NFtot5
15
8 2 1

7 t31 123
140t41•••, ~57!

whenr851. The strongly negative coefficient of thet3 term,
and the stabilizing value for thet4 coefficient, ensures a
relatively strong transition to a nonzerot.0.

A Maxwell equal area construction is required by t
form of the equation of state in Fig. 10~A!, since the pressure
is markedly nonmonotonic in the vicinity ofr851. The
width of the predicted biphasic window is on the order
1% of the transition density, much narrower than that p
dicted by Onsager theory ('30% width!.3 The Onsager re-
sult for the rod density at which the nematic first appear
r'4.2/(d2L), roughly a factor of 2.5 smaller than our pr
diction in Eq. ~56!, based on the choice ofb51 for the
cutoff parameter. This modest quantitative difference can
removed entirely by choosingb'0.4, that is, by adjusting
the cutoff wavevector. The dimensionless osmotic compre
ibility is nearly constant in the nematic phase and is roug
a factor of 2 larger than in the isotropic fluid. As shown
Fig. 10~B!, the order parameter jump at the nematic edge
the coexistence window isteq'0.2, again weaker than tha
predicted by Onsager theory ('70%). The manner in which
the order parameter rises is, however, consistent with
exact solution. The weaker nature of our first-order transit
compared to Onsager theory is hardly surprising given
crude treatment of nonzero monomer volume, oversimplifi
v rod(q) in Eq. ~44!, and single-rod entropy in Eq.~53!.

FIG. 10. PRISM prediction for long, thin rods.~A! Equation of state. The
scaled pressure is nonmonotonic in the vicinity ofr851, and requires a
Maxwell construction.~B! Order parameter. The nematic order jumps
' 20% at the transition, and increases steadily.
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The theory prediction for the contact value of the p
correlation function is an easily calculated quantity, at le
numerically, and is shown in Fig. 11~A!. This second virial
theory for the structure of the nematic rod fluid has aco(t)
which has no explicit dependence onr8. Therefore,g(r ) has
no explicit dependence on density, so thatg(ur u5d) is a
constant in the isotropic phase. When the nematic transi
occurs,co(teq(r8)) gains animplicit dependence onr8, and
we see the same characteristic features found for flex
polymers. The contact value is, of course, discontinuous
grows perpendicular to the director~so that the collision rate
in the fluid becomes enhanced in the lateral direction! and
decreases along the director~so that rods may move mor
freely along the director!.

In Fig. 11~B!, we show the rod theory values forjz and
j' , scaled by their maximal~low density! values in the iso-
tropic phase. Below the transition,jz5j' , but above the
transition,jz grows whilej' falls. Asymptotically

jz

j~r850;t50!
'A3

5
2

32

75A15r8
, ~58!

j'

j~r850;t50!
'

8p

15A15r8
, ~59!

as r8→`. Hence, jz rises to ;80% its dilute isotropic
value, while j' vanishes altogether, far into the ordere
phase.

Thus, with very little calculational effort, our anisotrop
version of PRISM theory correctly reproduces the scal
form of the transition density, and all otherqualitative fea-
tures found in the benchmark Onsager theory of the I
transition of rigid rods. Our simplified treatment rests on tw
approximate relations which may be systematically i
proved. First, the choice forv rod is, although qualitatively
reasonable, clearly motivated heuristically. Nonetheless,

FIG. 11. Structural quantities for rods.~A! Contact value ofg(r ). As in the
flexible polymer case, the contact value of the pair correlation increa
perpendicular to the order, and decreases along the order.~B! Screening
lengths.jz ~solid curve! andj' scaled by their zero-density values are plo
ted. As in the flexible polymer case, fluctuations are greater along the d
tor than lateral to it. The asymptotic limit ofjz is shown as the thin hori-
zontal line.
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prediction forS(k50) in the isotropic phaseessentially re-
produces that of a full numerical PRISM-PY calculation
tangent-bead rigid rods.23 The ‘‘exact’’ single chain scatter
ing of a rod may be calculated numerically, given a presc
tion for f (V), the orientational distribution function for th
rods. That is,v rod@ f # is a functional of f (V), just as the
second virial coefficient in the Onsager theory is a functio
of f (V). Secondly, the ideal orientational entropy,F ideal is
not likely to be of such a simple form as we have used he
but is also a functional off (V)

F ideal5E dV

4p
f ~V!log f ~V!. ~60!

Thus, one could use the PRISM formalism to construct
approximate~though more realistic! Fsite@ f #, plus the exact
F ideal@ f #, and minimize the total free energy with respect
the distributionf (V). This will allow the determination of
the liquid crystallinity of not only long, thin rods, but finit
thickness rods, bendable rods, and semiflexible polymers
deed, the theory may be applied to any object whosev one
can deduce.

VIII. DISCUSSION

One technical peculiarity surrounding the entire form
ism is the scaling ofr8. We have identified throughoutr8
51 with the maximal density state in which monomers a
so tightly squeezed together that they fill all available spa
This literally incompressible state~incompressible in the
sense thatSo50 and that there is no more ‘‘empty’’ spac
that can be occupied by monomers! doesnot occur at a uni-
versal value of the traditional packing fraction variable,h
[rpd3/6, but rather at aso ~or aspect ratio! dependent
packing fraction:

hmax5rmax~t50!
pd3

6
5

d2

so
2

, ~61!

based on the choiceb51 in Eq.~5!. Curiously, for ‘‘tangent
bead’’ type flexible polymers~defined asso5d) hmax51,
which is exactly the incompressible state predicted by the
theory of hard spheres.21 In general, the close-packedisotro-
pic state of polymers should depend on the chain aspec
tio, and intuitively, is expected to decrease withso /d as
predicted by Eq.~61!. This type of scaling first appeared i
studies of the string closure,9,19 but its theoretical foundation
is somewhat clouded by Fuch’s exact solution of the PRI
PY closure for the isotropic phase ofsoÞdÞ0 Gaussian
chains which does not exhibitr8 as the scaled density.16

Even more curious, is the fact that the maximal dens
in our model increases witht. That is, for a given alignment
t, there is always a logarithmic divergence in the pressur
r85rmax8 , given by Eq.~7! above. That fact that the max
mum density increases with alignment is a physically s
sible trend. However, we have adopted a conservative in
pretation here: the close-packed density of thet50 state is
the maximal density under all conditions. This is done sin
the increase ofrmax with t is surely greatly exaggerated b
our simple cutoff-thread model, as dramatically illustrated
the fact thatrmax(t)→` ast→1. This uncontrolled growth
-

l

e,

n

n-

-

e
e.

Y

a-

y

at

-
r-

e

y

of rmax is also responsible for weakening the model pred
tions for the strength of the I–N transition. While monome
from other chains are~approximately! excluded from over-
lapping monomers on a test chain, the monomers on the
chain itself are modeled as belonging not to aself-avoiding
anisotropic walk, but rather an arbitrarily interpenetrati
walk. We suspect that handling the intrachain excluded v
ume self-consistently,15 more accurately indexing the avai
able nematic states~via a more numerically intensive, ye
precisev(q)), and rigorously enforcing the exclusion re
quirement thatg(r )[0,ur u,d will largely solve this prob-
lem.

Although we have limited our interest to strictly athe
mal interactions, it is possible to estimate the effect of we
attractive forces on the anisotropic liquid crystalline pha
studied here.9,19 Inspired by the high temperature approxim
tion ~HTA!, the repulsive excluded volume interactions a
assumed to control the liquid structure in both the isotro
and liquid crystal phases. Attractions contribute an inter
energy per site,Ucoh of Eq. ~42!, to the free energy,F tot . Its
minimization with respect tot now implies thatteq is a
function of not onlyr8 but also the range of the interactio
and its strength,vo . We have considered the magnitude
such a cohesive energy term in Paper I,10 and generally the
cohesion in the isotropic phase is superior to that in the
uid crystal phases. That is,uUcohu is maximized fort50.
Figure 9 shows that if we compareUcoh for the nematic
~solid lines! and discotic~dashed lines!, that the metastable
discotic phase has more cohesion than the nematic, st
phase. That is, there is a hierarchy of cohesion,I .D.N, so
that we may anticipate that addingUcoh at the level ofF tot

can drive a sequence ofthermotropictransitions, including
an order–order transition from the nematic solution to
discotic as the temperature is lowered. We have investiga
the phase behavior based on this so-called thermodyna
perturbation theory, and such transitions do in fact occu24

whena!d. Moreover, we find that the very existence of
liquid phase~i.e., the simultaneous presence of both a criti
point and a triple point! is a delicate issue depending o
material specific quantities such asa/d and aspect ratio.24

Thus, our anisotropic PRISM description of the I–N tran
tion is capable of modeling not only lyotropic, but also the
motropic experiments, in a single unified formalism.

The fact that we have chosen an analytically tracta
form for v(q) is not necessary. Liquid crystallinity in truly
semiflexible chains can be addressed, with recourse to a
numerical solution of the PRISM PY equations. Moreover
semianalytic theory of semiflexible chains can be construc
by using av(q) which smoothly interpolates between a
ideal coil form for qjp,1 and rigid-rod form forqjp.1,
wherejp is the chain persistence length. Also, our treatm
of the rod problem is not limited toL@d, but can sensibly
account for finite size effects, and isotropic attractions. W
find that attractions at the second virial~or infinite dilution!
level quickly introduce unphysical instabilities which ca
only be handled correctly by abandoning the virial appro
mation, and investigating properties at finite rod volum
fractions. Such a program is clearly feasible with our a
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proach, and would allow treatment of liquid crystallin
melts.

One word must be said regarding the role of the cut
scale parameter,b. Clearly,b must be on the order of 1, bu
its precise value is not determined internally by the pres
thread-like model. As pointed out above, choosingb54/3
forces agreement between the string and cutoff thread m
els, at least as far as the density at which the isotropic ph
becomes literally incompressible. Other choices forb are, of
course, possible. The exact value ofb has direct physica
consequences. For example, the minimumd at which ather-
mal liquid crystalline phases appear in Fig. 3 is on the or
of d/b5so/4. Choosingb52 or b51/2 could move this
minimum d as high asso/2 ~still reasonable!, or as low as
d5so/8.

Finally, we note that our theory is of amean fieldnature,
in the sense that any spatial texture of the director field
fluctuations of the order parameter are ignored. We thus
out topological defects in the ordered phases.2 Treating these
physically relevant effects requires a theory beyond
present liquid state approach.

IX. CONCLUSIONS

We have applied an anisotropic version of PRIS
theory10 to the problem of liquid crystallinity in flexible
polymers. Given a statistical segment length,so , and a hard-
core diameter,d, we demonstrate a first-order transition fro
an isotropic to a nematic phase as concentration is increa
Inducing this athermal transition requiresso*4d, which is
close to the observed minimum aspect ratios of existing th
motropic melt liquid crystal polymers. The transition is e
ceedingly weak, even for rigid-rod polymers, but systema
improvement of the theory is possible beyond the crude,
analytically tractable, theory we present here.

In the nematic phase, we demonstrate the anisotro
screening of density fluctuations, and show that these fl
tuations are farther ranged along the nematic director t
lateral to it. Also, the contact value of the pair correlati
function is significantly smaller along the director than la
eral to it. Both of these results have the natural conseque
that the chain self-diffusion is expected to be larger along
director than lateral to it.

The effect of adding attraction between monomer s
can be included in many approximate ways, thus allow
the study of the full temperature and density dependenc
the liquid crystal phase diagram. An advantage of
PRISM framework is that the discussion is not limited to th
ensemble, but results can be quickly recast so as to deter
the more experimentally convenientpressureand tempera-
ture ensemble.24 Combined with the innate ability of PRISM
f
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to make quantitative predictions when given atomisticall
detailed single-chain information, this raises the realis
possibility that first-principles calculations of the thermod
namics, miscibility, and structure of liquid crystalline poly
mers may become possible.
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