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Liquid crystallinity in flexible and rigid rod polymers
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We apply an anisotropic version of the polymer reference interaction site rflPR&M) integral
equation description of flexible polymers to analyze athermal liquid crystallinity. The polymers are
characterized by a statistical segment length, and by a physical hard-core thicknesls,that
prevents the overlap of monomers on different chains. At small segment dengpitigbe
microscopic length scald is irrelevant(as it must be in the universal semidilute regimeut
becomes important in concentrated solutions and melts. Under the influence of the excluded volume
interactions alone, the chains undergo a lyotropic, first-order isotropic—nematic transition at a
concentration dependent upon the dimensionless “aspect rasig/{d. The transition becomes
weaker agl— 0, becoming second order, as has been previously shown. We extend the theory to
describe the transition of rigid, thin rods, and discuss the evolution of the anisotropic liquid structure
in the ordered phase. @000 American Institute of PhysidsS0021-96060)51510-4

I. INTRODUCTION is known to give an accurate description of structure and
thermodynamics in homogeneous, isotropic polymer solu-
If studying anisotropy in liquids is a goal, then surely the tions, melts and blends. Recently, the range of PRISM has
most important and compelling phenomenon for investigabeen extended to include anisotropic  chain
tion is liquid crystallinity'~® The unique, and highly useful, conformationg:'°While we will not pursue an atomistically
properties of liquid crystalline materials derive in whole detailed theory based on a particular mesogen/backbone
from the partial ordering of their microscopic degrees ofcombination, the theory clearly has the potential to encom-
freedom. An important subclass of such materials is liquidpass such a calculation. In this initial work we pursue an
crystalline polymergLCP’s) which have many design ad- approximate theory that provides a rough description of any
vantages. The extended nature of polymers, and conseingle component LCP characterized by two competing
quently their ability to interpenetrate and entwine, giveslength scales. The first is the statistical length scalg,*®
polymer solutions generally, and LCP solutions in particularwhich characterizes the relative local stiffness of the polymer
a very interesting ‘“universal” behavior in semidilute backbone. The second is the monomer effective hard-core
solution?~® This concentration regime is characterized by adiameter,d, the physicalthicknessof the chain. For typical
low absolute polymer concentratidypically =20%) yet flexible polymersg,~d, so that the chain can be envisioned
maintains highly correlated collective properties. As we haveas a set of tangent-connected spherical sites. On the other
recently shown, the semidilute regime of even ordinary flex-hand, typical(but not al) thermotropic LCP’s haver,~5d
ible polymers has the possibility of undergoing, at least in aand greater, corresponding to quite a high aspect ratio. We
mean field sense, a continuous transition to homogeneoushall ignore all other chemical details. In this paper, we spe-
yet anisotropic, states. cialize solely toathermalexcluded volume interactions be-
The synthesis and control of LCP’s is facilitated by two tween monomer sites. Thus, the transition we exhibit below
general design strategies, or classes, of liquid crystallings most properly thought of as Igotropic transition, where
polymers. Side chain polymers have rigid, rodlike mesogenghe increasing concentration of polymer triggers the phase
bonded to a flexible backbone polymer, and the liquid crystransition.
talline transition is usually induced by lowering the tempera- ~ We focus on the isotropic-to-nematit—N) transition
ture of a dense, neat samteermotropic transition Main-  for our model LCP’s. This is the simplest liquid crystalline
chain LCP’s on the other hand, have monomers madéansition to study, as it is characterized by the development
entirely of stiff rodlike mesogens, or have the mesogen®f orientational order on a single axis, while all other de-
separated by flexible spacers. Moreover, even nominallgrees of freedom are liquidlikelt is perhaps possible to go
“flexible chains” with aspect ratios of order unity such as beyond the nematic phase and describe phases with transla-
polyethylene, polyphosphazines and polydiethylsiloxanetional modulations(such as the smecjiceither directly
have all been reported to exhibit liquid crystalline behaviorwithin an integral equation formalism, or by combining an-
in the melt under ambient and/or high pressure condiffons. isotropic PRISM theory with a density functional theory
The polymer reference interaction site modeRISM?®  (DFT)**! approach.
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The fundamental ideas behind anisotropic PRISM werecorrelation function unspecified up to a multiplicative con-
developed in the preceding papéif=or economy of expres- stant. Both the string and the cutoff thread models introduce
sion, we assume the reader is familiar with that wdrkre-  the physical thickness of the chairk,in approximate ways.
after referred to as Papex. All symbols and notation in the The thread model is recovered whdn-0. Sinced is the
present paper are consistent with Paper |, and we shall quotaly chemical length scale for our model polymers, it is not
equations as Eq(l.xx). In this work, we construct an surprising that the thread model correctly capturestthie
anisotropy-dependent free energy whose minimization willversalregime of semidilute densities, where all chemical de-
control the I-N transition. We first discuss this transition intails become irrelevarft!® The string closure accounts for a
one universal —0) limit (so-called “thread”'? mode) nonzero value fod by demandinghatg(r) vanish on aver-
and then treat the finitd transition. In addition to the ther- age forr<d, so thatg(r)<0 nearr=0. The “physical re-
modynamics of the athermal I-N phase diagram, we alsgion” of the theory isr>d, for which the pair correlation is
characterize the fluid structure through the transition, demalways positive in the isotropic phake.This condition
onstrating an anisotropic behavior of the contact value of théoreaks down drastically when we considanisotropic
pair correlation(relevant for a discussion of self-diffusion phases below. A remedy for the negativity @fr) is the
and dynamic¥), and the anisotropic screening of density “cutoff thread” closure of Paper 1°
fluctuations. Finally, to provide a benchmark to evaluate this

theory, we work out its predictions for a simple model of the  c(q)=c,, when q<7T_b

Onsager transition of long, thin, rigid rod®verall, the tran- d
sition our thepry predicts is weakgr than is observed experi- —0, otherwise, (5)
mentally, or in the exact calculation of Onsager. We also
discuss the role of weak attractive forces. along with the pointwise core conditiog(r)=0. Here,b is

a numerical constant of order unity which links the true hard-
II. ANISOTROPIC PRISM: THEORY AND CHAIN core diameter with an ultraviolet wavevector cutoff for
MODEL C(q). This is the closure we shall employ to investigate

liquid crystallinity for athermal polymers, outside the univer-
sal regimed—0, or p— 0. Notice that direct correlations are
no longer propagated at contact, but rather over a range
N roughly ofr~d/b.

: (1) Chain stiffness is modeled by choosing the “aspect ra-
+ (Nofal/4) +(Noaz/4) tio” oy/d>1. Explicit chain rigidi)t/y ot insluded in this
where o,= 0o(1+27) Y3712 and o, =0 o(1+ 1)¥237Y2  work, but a suitable choice ab(g)®'’ will allow a more
consistent with Eq(l.21-1.23. Thus, 7 is the standard nem- realistic treatment of liquid crystallinity of semiflexible poly-
atic order parameter describing the orientatiorstaftistical ~mers. We expect our present simple treatment will underes-
segment scaltengths of chainw(q) describes aligned, but timate the orienting ability of chains, and this has significant
not stretched chains, in thaR§=N(o + o +07) is inde- ~ consequences for the phase behavior predicted.

pendent of 7.1* Our approach can be extended “self- As pointed out in Paper I, the cutoff model closure is
consistently” to allow for chain deformations which modify analytically executable in two limits: the small density “se-
Ry in response to intermolecular forces, but we shall notnidilute” regime, and in the maximum density state for

We take as our starting point the chain model of Paper |
That is, the polymer chains are anisotropic random walks

w(q)= 1

pursue this more complicated generalization Hére. which S(q)=0 for all g. Interpolating between these limits
The collective structure facto§(q), is given by yields an analytic expression f&,
-1
S . 4lp'boy|? p'
SO="% 53 2 S t=3| | A-D*A+2n|1-——| . (§
1+&7q1 +£20; Pma

where the dimensionless inverse compressibilitig=0)  whereS, vanishes whep'=p/, .,
=S,=kTpxt and theanisotropicdensity screening lengths

are 2b/3 tan 1\37/(1-7)

= 7
. Pmax 7Td0'g m (7)
fz:? \/8—0 © The scaled density’ is defined to be
g o
L= 5, (4) p'=5posd, ®

Here, k7 is the isothermal compressibility, and we setand equals 1 for the isotropic phase incompressible state. For
Boltzmann's constant multiplied by temperatk&=1 be-  7#0, p,.,> 1, S0, as expected physically, the liquid crystal-
low. Density fluctuations are correlated differently along theline phases are capable of being packed more efficiently than
nematic director than perpendicular to it, as longras0. isotropically oriented chains. Unfortunately,,,,—® as

We shall consider three separate, though related, clo—1 in the present model. In reality, we can expect the maxi-
sures; namely, the thread, string, and cutoff thread modelsnum density of the nematic phase to exceed that of the iso-
They are all “one parameter” closures that leave the directropic phase by perhaps as much as 30%. To mimic this
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physically reasonable behavior, for the purposes of discuss . is lowered since alignment causes each chain to occupy
sion and presentation of plots we shall take=1 as the a smaller spanned volume, overlapping less with its neigh-
maximal density attainable fail 7, although predictions for pors. This results in a smaller repulsive excess free energy.

p'>1 are available. o As in the original Onsager treatment of the I-N transition, it
Interestingly, with the redefinition is this many body terntlimited to the second virial term in
9d.,, 902 the Onsager theojywhich drives the transition toward
, string? o
Psiing= P~ 5 > 9 | 7|>0.

F.id 7] is not the entire free energy for chains held at a
the interpolated closure from the string model implies thatconstantr. We must address the entropy cost per site to
the string model inverse compressibility is also given by Eqmaintain the chains in an anisotropic distribution of orienta-
(6). There is an inherent ambiguity in the choicedsb in tions. For Gaussian Markov chains, the question can be an-
the cutoff model that is not apparent in the string model.swered on a per-site basis. The partition function for a single
Namely, the length scale at which it is appropriate to cutanisotropic Gaussian chairfis

C(q) off clearly must scale ad, but the prefactor is unspeci-

, —3x?
fied. If we let oo ]= f dxdydzexp[ 2 1
deutof= %dstringv (10 20)

that is,b=4/3, then the interpolated closures for the models —3y? -322||"
agree exactly, and thg, from each model is given by Eq. X ex 5 | €X >

. . S - 20 20
(6). Since the string model can be justified as an optimized L z
perturbation treatment around a thread referéfdeis reas- 2.7 3N/2 N N
suring that the two models agree wheis numerically close T3 o, 0z (14)

to 1. In what follows, we takd=1. Merely rescalingd in
the results below will allow a different choice bf Thus, in the isotropic ca&é

r2 N 2
fd%ex;{——z 1 z[?
Our primary goal is to construct a free energy function 7o
for = which, when minimized, gives a prescription for deter- The entropy cost required to maintain, # o,# o, for a
mining theequilibrium value of 7. The fact that experimen- single site is thus
tally the initially observed liquid crystalline transitions are

3N/2

ll. FREE ENERGY PER SITE Z,= oV, (15)

universally from the isotropic to the nematie>0) cer- 1 Ufffz
tainly leads one to believe that such a free energy should Fidea™ — N log[Z/Z,]=—log o3 (16
predict a discontinuous jump into positive values near the ©
transition, as we indeed find below. In terms of the nematic order parameter,we have:
In the p’, temperaturend = ensemblgthat is, we hold
all three quantities fixexlthis is easily accomplished through Fideal 71= —log[ (1~ 7) y1+27]. (17)

standard thermodynamic relations . . .
y It clearly works towards stabilizing the isotropic phase.

., 9P (P 1, The total free energy per site for chains held at a par-
So _% . —P= 0 dx (% 7), (12) ticular homogeneoug’, and a fixed order parameter is
p dx Fiol 71=Fsitd 71+ Figeal 71. (18)
Fo..= —P(x:7). 12 .
ste fo X2 (x:7) (12 We can pass from the constanensemble to the true equi-

librium situation by determining which of all the possibte

Here,P is the pressure, anfé; is the many-chain contribu- minimizes the free energy. Thus,gis given by

tion to the per-site free energy. The detaifgdand r depen-
dence ofF g is IF ol 7]

aT

=0. (19

202(1—7)2(1+27) plax =1edp")

3d2pr

site™ ( P (2pmax—p")
Figure 1 shows how this minimization plays out with
, =0,/2. If p'<p.=0.8753, the isotropic solution minimizes
p . .
1__§>J) (13 Fwt- Beyondp., however, the nematic solution becomes
m most stable. A metastable<0 discotic solution appears, as
well. To show that this is the case generally, it suffices to

investigate the smakl-behavior ofF

+ 2(Pr,nax_ p')log

This “compressibility” route to the free energy is the most
appropriate given the fact that thread PRISM-FPercus—
\_(ewck) theory is equn_/alent to a_self-conslstent Ga_u53|an Fio=Fo+ Fpr2+Far3+0[ 74]. (20)
field theory for constrained collective density fluctuatidhs.

The prefactor inF g, indicates that as becomes nonzero, The relevant expansion coefficients are
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FIG. 1. Relative stability of I, N, D phases when,=2d. The nematic
phase overtakes the stability of the isotropic phase, wtien0.8753. Inset
is the amount by which the nematic phase is stable relative talifoatic
phase.

3
Fo=5+ 15d2(11.0 6)
0_2
+ 7p'—3)log(1— 21
15d2p’(p )log(1-p"), (21
Fe=—1 4%, (27p' —22)
7 0s2 7P
8u 2
- ——— (1%’ —11)log(1—- 22
10512'(p )log(1-p"). (22

The isotropic solution to Eq19) becomes linearly unstable

in 7 whenF, goes from positive to negative, at
O|2—461’+837'|1'
—=256711p") a( p')log(1-p’").

To

If we evaluateF5; under the condition given by EqR3), one

(23
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IV. THREAD MODEL TRANSITION

Before we consider the detailed predictions based on Eq.
(18) for arbitraryd, it is helpful for a basis of comparison to
consider firstd—0, the so-called thread limit}? Here, we
consider only the limitingN—« case, although the general
finite N situation is also easily worked out as discussed
previously”1° Equation (8) indicates that takingl—0 is
equivalent to a smajp’ expansion. Taking the’ expansion
of Eq. (18) up to second order, and rewriting the expression
in terms ofp yields:

2

F:g{ea(fp T|= 648p 0'0(1 7)%(1+27)

—log[(1—7)y1+27]. (26)
The equation of state for fixed is
2
thread_ 3 6 2
P 392 oo(1—7)(1+27). (27

The equation of state is power-lawin p, the total site
density. TheP~(p0'(2))3 law (with a 7-dependent prefactpr

is appropriate for the universal semidilute behavior of poly-
mer solutiong:® The dimensionless, constant-isothermal
compressibility is

’ -1

4|p' o, 2
;
The latter expression determines the spectrum of collective
density fluctuationsvhile 7 is held fixed When we allowr
— Te(p) In response to minimizingr i, a different ex-
pression holds which captures the fact thap dsictuates, so
too doesre(p)-

It is interesting thatr enters Eq(26) in the combination
(1—7)y1+27. Physically, this is thenvaded volumeof a
single site, compared to that of an isotropically oriented site

(1= n1+2r-—

The minimization ofF®29  therefore, determines the quan-
tity Uicrz

Sthread:

—7)2(1+27) (28

(29

can infer the linear stability of the nematic phase, just at its p

incipient arrivaf®

’ r_ r_ | o
Foe 4p'(p’'—6)+(4p"—6)log(1—p’) (24)

7p'(11p'—6)+2(7p'—3)log(1—p')

F5 is alwaysnegativewhen Eq.(23) holds, soF,, behaves
as

F tOt

=1—|c5| 73+ |cy| 74+ -
Fo

(29)

(1= Teq) V1+ 27¢= —. (30

Pc
Remarkably, whep>p.= 18/(7700) there ardwo nonzero
values ofr that minimizeF ®, one positive and one nega-
tive. Degenerate nematic and discotic ordered phases coexist.
We verify that the transition isontinuousby inspecting the
T expansion

2 6 2 2
Fthread_—0p+ §( 1— P_) 7'2
tot 648 2

wherec; andc, are nonzero. The free energy decreases ini-

tially as 7 becomes positive. Thus, we can be assured that
Teq> 0 near the transition, and Fig. 1 indicates that this trend
is continued far into the ordered phase. Thus, the theory al-
ways predicts a first-order I-N transitiéfi.As we see be-
low, however, the discontinuity im at the transition is ex-

ceedingly small.

p
1-=

Pc
As long asp<p,., F®@displays a single minima at=0.
At p=p., we see that the coefficient of thé and the co-
efficient of the 7° term simultaneously vanish. Symmetry

9
3

+_

T4

- 4+ 0[7]. (31
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conditions normally require th®[ %] term to be nonzero
near the I-N transitioA,becauser>0 and <0 are quite

different physical situations. There is no obvious physical

symmetry for ordinary liquid crystals which removes thie

term at the transition. However, for thread polymers, tligre

a symmetry allowing(indeed, requiring us to link every

single nematic £>0) solution uniquely to a particular dis-

cotic (7<<0) solution, through Eq(30).

We can easily determine the equation of state for the o

thread chains withr=7{(p’)’

18 | p |3 772P30'g
pthread_ _—= | P | when p<p., (32
ed 7Ta'g Pc 324 ppe
18 p
=———=p when p>p;. (33
mo, Pc

Thus, liquid crystal threads behave as an ideal-galiszion-
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FIG. 2. Maxwell construction. The region betwegy and p, (vertical

nected;egments, at least with regards to_ th? .equation Ofiashed linesis shown in detail ford=c,/2. The Maxwell construction,
state, in the ordered phase. The ordered liquid is, howeveshown as a dashed line, ensures thg{p’') has the correct concavity
far from an ideal gas. It is a highly correlated, anisotropicglobally.

fluid with a long-range(although anisotropjc correlation

hole ing(r). The transition is continuous and therefore the

pressure can be inverted into a single-valued function givinghe vicinity of the I-N transition for the case of=o,/2.
the density of the system as a function of applied pressurex’ =0.8753 is the location of the “bare transition,” that is,

This is no longer the case when a finileappears in the
model. With an extra length scale beyond, Fiy is no
longer a simple function gpo? o, asF*dis, and we see

this is the density at which>0 first becomes lower in free
energy than the isotropic phase. On the isotropic side, the
pressure increases monotonically wjith At the transition,

below this drives the discotic solution to metastability, andthe pressure drops suddenly, and then continues to drop be-

makes the transition discontinuous.

fore it reaches a local minimum and starts to increase again.

The equilibrium inverse compressibility can be defined Here, the fluid is linearly unstable to variations pr. We

as

apthread

eq
=1, 34
el (34

(pr)~t=

in the ordered phase. Simply evaluati®g" from Eq.(28) at
7= Tep) Yields a different law

8" piTed )= 3. (35)

The difference in the ensembles is striking. Allowingto
vary in equilibrium promotes overall fluctuations pn

V. THERMODYNAMIC TRANSITION

We now turn to the determination of the fulp{,d)

phase plane of the athermal cutoff thread model. Given

must surround this unphysical regignontaining the bare
transition via the equal areas construction of Maxwell. Let
p, andpy be the values op’ which limit the biphasic win-
dow below and above, respectively. These densities are de-
termined in the standard manner, requiring mechanical and
thermodynamic equilibrium between the fluids held pat
=p, andp’=py through a Maxwell equal-areas construc-
tion, as shown fod= o ,/2 case in Fig. 2. The solid dashed
line indicates the pressure in the coexistence window, and
true stability occurs only whemp'>py for the nematic
phase, and fop’ <p; in the isotropic phase. As required, in
this region, the pressure is a monotonically increasing func-
tion of p’, and the characteristic coexistence of a first-order
phase transition is apparent.

This type of analysis allows us to map out the entife

Tedp') defined by Eq(19), we calculate equilibrium ther- d phase plane of athermal, flexible polymers, as shown in
modynamics, now restricted simply to the isothermal, conFig. 3. For very smalll, the transition occurs at very small

stant volume ensemble. One has

Z&Ftot+ ZaFtotheq: 2‘9Ftot

P =
eq P ap p or dp p ap

: (36)

p’. Indeed, in the thread limit, we have

, , 3d 18 37
=pl=— 5 =——.
P1 = PN o, Pc 7Ta'g

using Eqg.(19). The thermodynamic pressure is equal to theln this limit, the width of the coexistence region vanishes

constants pressure evaluated at=7.(p'). While P{(p")
andP(p',7) above are very different object@ne is a func-
tion of p’ alone, and the second is a function of batland
p'), their numerical values are closely related.

The stability requirement orPq(p’) is simply that
dPeqldp’>0. Figure 2 shows the generic behaviorRy; in

(inset to Fig. 4), indicating thecontinuousnature of the
thread transition. Asl grows to finite values, the coexistence
region widens, but is still extremely narrow, rising to just
0.2% of the isotropic phase boundapy,. Thus,p,(d) and
pn(d) appear to coincide in Fig. 3. The dashed line indicates
the previously obtainedtring model result® (equivalently,
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FIG. 3. Cutoff thread phase diagratn=t 1), defined by the phase boundary
between | and N phasésolid line). The biphasic window is not resolved at
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an aspect ratiar,/d exceeding~3. This fits rather nicely
with the known aspect ratios of thermotropic liquid crystal-
line polymerst The string model result gives a more strin-
gent (though still reasonabjecondition thato,>5d. Thus,
as expected, the precise “minimum aspect ratio” required
for nematic phases to exist is sensitive to the quantitative
details of the statistical mechanical approximations and chain
model.

A final property to note is that the transition for nonzero
d is always first-order, and always towards a nematic phase.
In the thread model, it appeared that both the nematic and
discotic solutions existed in equilibrium. Allowing>0
breaks the vital symmetry connecting the nematic and dis-
cotic configurations. The fact that the disclikec0 branch
of solutions is(apparently not observed experimentally is
consistent with our model predictions.

The weakness of the cutoff model transition is striking.
In Fig. 4, we show the value of the order parameter just at

this scale. The vertical dot—dashed line represents a liquidlike melt densitthe nematic limit of the coexistence windofthat is,
The dashed line shows the coexistence boundary for the athermal strmgeq(p,'\l(d)) VSp,'\](d)]. In keeping with the thread transition,

model.

the choice of the cutoff thread model parametes; 4/3).
The latter is surprisingly close to the thread model predictio
based orb=1 in Eq. (5). This provides additional support

for the physical sensibility of our construction of the thread

with cutoff model.

If the I-N transition were not preempted by other phys-

ics (crystallization or vitrification, this model predicts a
nematic phase for every flexible polymer species. Giwgn
andd, we can raise the system density to a physical valu
(p'<1) and force the transition. That nematic phases ar
apparently nevefor very rarely observed ford~ o, poly-

mers is understandable from Fig. 3. If we limit the transition

density to liquid like valuegsay, p’=0.7, or 70% of the
isotropic close-packed density, as shown by the vertical dot

dashed line in Fig. B then the polymer segments must have

5.0

&
(=]

by
o

g
=

7 at Coexistence (107)

=
=]

0.0
0.0

0.4 0.6 0.8

Y

0.2 1.0

>

FIG. 4. Nematic order at coexistence{p’=py), is shown as a function
of py. The ordering just at the transition is thus exceedingly weak, with
Teq= 2% whenpy is held at the melt-like value of 0.7. Inset is the biphasic
width of the transition, gy—p,)/p; -

the jump in the order parameter vanishedat0 (continuous
transition), and grows for any finited. At a typical liquid
densityp’=0.7, the jump in7e, is only on the order of 2%
of full alignment. This may be contrasted with the strong

nt%GO%) jump in the nematic order parameter for long-rigid,

thin, rods® and main chain thermotropics<(20% —30%)2
Figure 5 shows on a larger scale the behavior of the
equation of state for,/d=2,4,...,10. Thehermodynamic
width of the transition is too narrow to resolve in this plot.
The appropriate scaled pressureP'@d? which, in the iso-
tropic phase, has all dependence @i, encoded in the

Scale ofp’. Thus, the five curves shown all provide the same
%ressure-density relationship in the isotropic phase. The

isotropic-phase pressure grows toward a logarithmic diver-
gence atp’=1. Before this can happen, however, at the
d-dependent transition densify, <p' <py, the pressure be-

gins a much more gradual increase, approximately linearly.
Given the scaling of the ordinate, it is clear that

2

Pegd®~p’ =t (39
(o]

in the ordered phase. Thus, in keeping with the thread model
predictions, the equilibrium pressure is nearly linear in the
ordered phases. Such nearly linear behavior appears in simu-
lations of needlelike molecules up to quite high packing frac-
tions, and in simulations of hard, thin platelét®. The evo-
lution of the nematic order is also shown in Fig. 5 by the
dashed lines, which mark the isgs lines of 7
=0.1,...,0.9, asr., evolves with increasing’.

We determine the equilibrium dimensionless compress-
ibility through numerically differentiating the equation of
state, and one must take into account that,/dp’ #0. The
symbol (L)K)E(dp[p’,Teq(p')]/dp')_l is the dimension-
less, equilibrium compressibility of the chains witHree to
vary, maintaining thermal equilibrium. This quantity, scaled
by a'g/dz, collapses onto a master relation in the isotropic
phase, as may be seen in the inset to Fig. 5. dHor,
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FIG. 5. The scaled pressut.d?, is plotted, ford/c,=0.1, . . . ,0.5(solid ) o ]
curves, from bottom to topand the isoreg lines for 7=0.1,. . . ,0.9dashed FIG. 6. Order parameter for‘ nematic and discotic phagesNematic phase
curves. 7 increases aB., decreases, or & increases. Inset is the dimen- Order parameter as a function pf for d/o,=0.1,...,0.5. All curves ap-
sionless isothermal compressibility, which increases at the transition to &0achr=1 for p’>1. (B) The absolute value of the metastable discotic
nearly constant value, again fde=0.1,. .. ,0.5 from top to bottom.

=0.1, --,0.5, (pK)(rg/d2 falls on a universal curve in the
isotropic phase

75 3(1-p')
()=

(39
4(p")?

phase order parameter is plotted for the same value @f . All curves
approach 7| =1/2 for p’>1.

That is, £,(7=0) diverges agp’—0 (semidilute limit, for
N—o0), and vanishes at the incompressible limit=1. The
first-order transition to the nematic phase occurs df @,
dependent density, s&, no longer collapses onto a single

. o ) scaling function for different aspect ratios. At the transition,
After the transition, the compressibility jumps dramatically here is a discontinuous jump iy, not observable on the
to a(nearly density independent value. Thus, the system’Sscale of Fig. 7. However, it is clear that becomes steadily
bﬁlk thermodynamics become more liquidlike in the ordered|arger up to the close-packéisotropid state, indicating that
phases.

value of equilibrium nematic order paramef€ig. 6(A)], as

fluctuations of site density are longer ranged along the direc-

Finally, we show in Fig. 6 the evolution of the absolute (o than in the analogous isotropic fluid. So, whitg in-

' 3 . creases at the transition, indicating that the fluid becomes
well as the evolution of the metastable discotic branch oﬁess

solutions[Fig. 6B)], for d/o,=0.1,...,0.5. At this level of

idly for p’>p(, and the approach to full discotic order
seems to be more rapid than that of the true equilibrium
nematic ordering. In the representation of Fig. 6, the orien-
tational order “turns on” more rapidly as the aspect ratio
increases in the sense that a scaled fitot shown of 7
versusp'/p|y is more and more “step function” like ad
—0. Very close topjy, Teqincreases in a mean field square
root manner,(apart from its discontinuity as analytically
shown previously in the thread model linfit.

VI. FLUID STRUCTURE

Structural information about the nematic fluid is easily
calculated. As in Eqg2)—(4), &, is the distance below which
collective density fluctuationalong the zaxisare correlated,
and ¢, is the correlation length for fluctuations lateral 2o

In Fig. 7(A) we show ¢, as the I-N phase boundary is

crossed. When scaled lyand plotted as a function @f, &,
collapses for allr,/d, in the isotropic phase

3dy1l-p’
2p"

& Teq— 0)= (40

. . . s
detail, the jump in the order parameter at the transition is not

detectable. However, the order parameter always grows rap-

B)
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“stiff,” this weakening takes place along theaxis. At
ignificantly largep’>1, &, does decrease with increasing

(A)

0’

FIG. 7. Anisotropic screening lengths; and¢, vsp'. (A) Parallel screen-
ing length,£,(p', 7eg), ford/o,=0.1,. . .,0.5,rises dramatically at the tran-
sition. The nonmonotonic responsednis increased ad—0. The dashed
line is the isotropic-phase screening length, vanishing' at1. (B) Perpen-

dicular screening lengttg, , for d/o,=0.1,...,0.5.
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0.50 ———————— ‘ ‘ model, since we takg(r=0)=0."1? Trivially, the thread
T pomope model contact value vanishes. However, one can ask how the
0.40 | / = Perpendicular f q u antlty
: a9(r)
= A(0)= J , (41
T 030t Iy | _o
£
ﬁ behaves, wherg, is the distance away from the origin along
%% 0.20 | the azimuthal angleq. Thus,A(6) is thecontact directional
derivative describing the rate at which pair correlations in-
0.10 | crease in different directions. The thread case fairly well de-
| scribes the detailed numerical results of the0 cutoff
P model. Results for the discoticlike phase are given
0.00 ‘ ' ‘ ‘
00 02 04 06 08 1.0 elsewheré.

We can make a further comparison to the prediction of
the contact value for the related string mo&.When p’
FIG. 8. Anisotropicg(r) at contact paralleldashed curvesand perpendicu- grows beyond the transition valug(r) becomes markedly
lar (solid curves for d/o,=1/8,1/4,1/2. The dot—dashed curve shows the negativealong the longitudinal direction. The average nature
behavior of the contact value in the isotropic phase. Inset is the analogous . '
prediction of the thread modéRef. 7). of the string closure ensures thg{r)>0 for r>d (the
physically interesting domajnin the isotropic phase, but the
condition thatfgd3rg(r)=0 is not strong enough in the an-
density(not shown. In Fig. 7(B), we see that the lateral, or isotropic phase to ensure the positivity @for r>d. Thus,
perpendicular, screening length shrinks asp’ increases we find with increasing- thatg(r) becomes more and more
into the ordered phase, although at much slower rate than theegative along the nematic director, clearly a disturbing re-
corresponding(extrapolatedl isotropic phase. The liquid sult. This is our main motivation for employing the cutoff
looks more concentrated laterally, although does not lit-  thread model in practice.
erally vanish at the “close packed limit,3’ = 1. Comparing In Fig. 9, we display the ordered-phase behavior of the
Figs. 1A) and 1B), it is obvious that density fluctuations cohesive energyl.,,, as defined in Paper I, through the
can propagate more easily along the director than lateral to it-N transition

in the ordered phases. ra
We determineg(r) numerically in the ordered phases. Ucothf drg(o(r), v(r)=— Vo€ ' 42
Particularly relevant to thdynamicsof these liquid crystal- rla

line polymers is thecontact valueof the pair correlation |4 the mean field limit[in which g(r)=1 in Eq. (42)],

function, which is the key quantity controlling the binary y_,.= —47a3pv,. Therefore, the “differential cohesion,”
interchain “collision rate” between monomet$?! In an

isotropic fluid, increasingp always increases the contact B N Ucorlp',7) - (43
value_ ofg(r), butin Iyotrop_ic quu_id crystals, increasin_g the co ') = Ueor(p' =1,7=0) P

density enhances the orientational order and anisotropy ) )
which can introduce subtle competing effects. is a measure of the nonmean field naturéJgfs. Beor(p')

In the liquid crystalline phases, the number of site-Vanishes exactly in the mean field limit, and it may also be
contacts changes continuously on the “contact sphere,’used to gauge the relative cohespn of the_ nematic, isotropic,
g(|r|=d). In particular, we show in Fig. 8 the behavior of and discotic phases. We. show t.h|s quantity for. various val-
the contact value ofy(r) along and perpendicular to the UeS of the range of the interactioa/d=1/5,1,5 in Fig. 9.
nematic director, fod/o,=1/8,1/4,1/2. Below the I-N tran- Clearly, whena>d, the cohesion becomes more mean field-
sition, g(r) is isotropic. In the nematic phase, the number offike. Ford=o,/2 andd=0,/8, the cohesion in the nematic
contacts becomes much larger in the perpendicular directioRase is shown as the solid line. Clearly, the nematic phase is
than in the parallel direction. Thus, aligning the chains alond®SS cohesivénan the isotropic phasghe upper solid curves
the z direction is expected to redu¢enhancglocal friction in each pane}l Int.erestlngly, the metasta_btbscot}csolutlon .
parallel (perpendicularto the director, relative to the isotro- has a cohesion in betwgen that Of. the. |soFrop|c anq nematic
pic behavior. For highly ordered nematics, the parallel Conphases, and we shall discuss the implications of this below.

tact value appears to saturate at a nonzero value which is a

decreasing function of a_spect rz_itio. T_he perp(_andicular analogu_ RIGID RODS

becomes more slowly increasing with density and smaller

(for strong alignmentthan its isotropic fluid analog. Similar An important benchmark for the current theory can be

results for themetastablediscoticlike phase are also easily found in Onsager’s original description of liquid crystallinity

obtained, but not shown here. in long, thin rodst® The Onsager solution is exact as the
The behavior of the contact value in the cutoff modelrods become thinner relative to their lendthi.e., L/d>1,

compares very well with that predicted by the thread modelwhere d is the rod thickness. We may anticipate that the

as shown in the inset to Fig. 8. Of course, the definition ofOnsager problem is the extreme case of a flexible polymer

the contact value is somewhat ambiguous in the threa@hose statistical segment length grows to the end-to-end
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a=5d "°=Zdl a=d  o=2 a=d/5 18,
~ +O[d/L]. 47
0.0 R — — g?d?(1— 7+37%u3 La/L]
L c,=2d
'[ l The core constrainth(r=0)=-1 is directly enforced,
o1 T I g thereby determining the direct correlation parametgr,
= o s o 4
~ I ,’I fﬂrb/d g’dq (1 (
K - / —-1= dugyh(q), 48
9% 02 6,=8d 1 /A 0 (27]_)2 9 (a) )
/m i d

where we note that the upper cutoff in wave-vector space is
0.3 ¢ T T os% 1 essentialfor the integral in Eq.(48) to convergé? Thus,
there does not exist a universal thread limit for rods; their
thicknessd, is alwaysa relevant length scale. Eq4.6)—(498)

400025 05 0- 3505 0- 7505 02 ield
0.0 0.25 0.5 0.75 1.0 0.25 0.5 0.75 1.0 0.25 0.5 0.75 1.0 y
p’

cod_ _ o mNT(1—17) 49)
FIG. 9. Differential cohesionB.,,, defined in Eq.43) for a/d=5,1,1/5, 0 3\/§b tam 1 /37_/(1_ ) '
and d/o,=1/8,1/2. By, in the isotropic phasdéupper solid curve gets

smaller and smaller aa/d grows, indicating that the cohesion becomes Notice thatc{f’d is independenbf density, implying that the

mean fieldlike for large. The arrows indicate,y at both of the considered compressibility is constant, the pressure Sca|q$2aand the

aspect ratios. The lower solid lines sh@,, in the nematic phase, and the . . .

dashed lines show the discotic-phase cohesion. excess freg energy asgouated with the excluded volume in-
teractions is~p. In particular, we have

length of the polymer. Thus, the cutoff-thread and the On- sgod: 1 , (50)
sager description bracket the response of semiflexible poly- plCo(7)]
mers. N . . Pol=3 p?co( 7], (50
We adopt the following single-chain scattering
functior?? Foe=3plco(7). (52)
L/d Thus, the infinite dilution PRISM theory is equivalent to a
wrod d) (44 second-virial level description of the many body thermody-

Vit (L8 ((1+27)q§+(1— T)qi) namics, as is indeed appropriate for the Onsager analysis.
This is appropriate for one-dimensional mass fraétalsth A crude estimate of the entropy associated with holding
a radius of gyration:Réz L?/12. For isotropic rods, this arod inthe anisotropic orientation of a giveris the same as
function exactly captures thgR;<1 regime, and the inter- we used for the Gaussian polymers, except the orientation of
mediate scaling regime power law,,4(q)~(qd) . Thisis  each “site” is determined by the rigidity of the entire object.
a simple, but crude, model of “Gaussian rigid rods” whose That is,
overall nematic ordering is given by Here, the “degree of d
polymerization” of the rodN, is related to the length of the Flod =— T log[(1— 7)1+ 27]. (53)
rod, L, and its thicknessd, via L=Nd. Thus, Eq.(44)
should be viewed as a continuum level approximation to therhus, the orientational entropy per site is simply the orien-
structure factor of a rigid rod composed lftangent inter-  tational entropy of the entire rod, divided By, Rods will

action sites of diameted . . _ much more readily form liquid crystalline phases than flex-
_ Again we can define the total site—site correlation func-ible polymers. WhileF g, can be comparable to its value in
tion the flexible polymer casef4.q is smaller by a factor of
2 molecular weight, and it i§ 4., that stabilizes the isotropic
Co®oq(d) hase
h(g)= —————, (45)  phase. :
1—pCowrod(Q) The small order parameter expansion of the total free

where again we have take®(q)=c, whenq<wb/d, and energy is given by

vanishes otherwise. Herg, is not the number density of Flod=pF0d L Frod — F o+ F o2+ Fard, (54)
rods, but rather the site number densityi=Np,qq

=Lp,q/d. We anticipate that for the>d case of present where

interest the liquid crystalline transition for these rods occurs 3d 2md%

at vanishingly smalp, and so we adopt thigfinite dilution Fo=or = —amp (55)
limit in describingh(q)

9 F, changes signand hence, the isotropic phase becomes
h(Q)~Cowod ) linearly unstable to orientational fluctuationshen

coL%d? 13%
T 14 [(1+27)L20%/18] + [(1- 7)L2¢2/18] e P=pe= 2
z n 47d“L

(56)
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FIG. 11. Structural quantities for rodd) Contact value ofj(r). As in the
FIG. 10. PRISM prediction for long, thin rodéfA) Equation of state. The  flexible polymer case, the contact value of the pair correlation increases
scaled pressure is nonmonotonic in the vicinitygdf=1, and requires a  perpendicular to the order, and decreases along the dieScreening
Maxwell construction.(B) Order parameter. The nematic order jumps to lengthsé, (solid curve and &, scaled by their zero-density values are plot-
~ 20% at the transition, and increases steadily. ted. As in the flexible polymer case, fluctuations are greater along the direc-
tor than lateral to it. The asymptotic limit @f, is shown as the thin hori-
zontal line.

So, when thaod density p,,¢=dp/L~d L2, the isotro-
pic phase becomes unstable. This relation agrees with the The theory prediction for the contact value of the pair
scaling form of the transition density in the Onsager theorycorrelation function is an easily calculated quantity, at least
The nematic transition occurs at an exceedingly smell  numerically, and is shown in Fig. 14). This second virial
ume fractionof rods: ¢.~d/L. We takep=p'p., so this theory for the structure of the nematic rod fluid has,ér)
instability occurs at a scaled density @f=1. which has no explicit dependence ph Thereforeg(r) has

We now analyze~[3%, and look for the thermodynamic no explicit dependence on density, so thg{r|=d) is a
instability of the system. Numerically, it is easy to verify that constant in the isotropic phase. When the nematic transition
the transition is first-order, and toward the nematic phase occurs,c,(7e(p")) gains anmplicit dependence op’, and

we see the same characteristic features found for flexible
(57)

polymers. The contact value is, of course, discontinuous. It
) o grows perpendicular to the direct(o that the collision rate

whenp’ = 1. The strongly negative coefficient of th& term,

and the stabilizing value for the* coefficient, ensures a

in the fluid becomes enhanced in the lateral diregtiamnd
) ! decreases along the direct@o that rods may move more
relatively strong transition to a nonzero-0.
A Maxwell equal area construction is required by the

freely along the director
- St ’ In Fig. 11(B), we show the rod theory values féy and
form of the equation of state in Fig. (&), since the pressure ¢
is markedly nonmonotonic in the vicinity o’ =1. The e

, scaled by their maximglow density values in the iso-

] : ' L He - tropic phase. Below the transitiog,= ¢, , but above the
width of the predicted biphasic window is on the order of \.4nsition ¢
1% of the transition density, much narrower than that pre- o

[iN
w

NF =% — s+ Har+- -,

i
o

grows while¢, falls. Asymptotically

dicted by Onsager theory<(30% width.2 The Onsager re- &, \/§ 32

sult for the rod density at which the nematic first appears is m” 5 75—\/1—5’3,’ (58)
p~4.2/(d%L), roughly a factor of 2.5 smaller than our pre- ’

diction in Eg. (56), based on the choice di=1 for the £ 8

cutoff parameter. This modest quantitative difference can be (59

removed entirely by choosing~0.4, that is, by adjusting §(p'=0;7=0) 15\/1—5;)’
the cutoff wavevector. The dimensionless osmotic compressas p’—. Hence, &, rises to ~80% its dilute isotropic
ibility is nearly constant in the nematic phase and is roughlyalue, while £, vanishes altogether, far into the ordered
a factor of 2 larger than in the isotropic fluid. As shown in phase.

Fig. 10B), the order parameter jump at the nematic edge of  Thus, with very little calculational effort, our anisotropic
the coexistence window is,;~0.2, again weaker than that version of PRISM theory correctly reproduces the scaling
predicted by Onsager theory=(70%). The manner in which form of the transition density, and all othgualitative fea-
the order parameter rises is, however, consistent with thtures found in the benchmark Onsager theory of the I-N
exact solution. The weaker nature of our first-order transitiortransition of rigid rods. Our simplified treatment rests on two
compared to Onsager theory is hardly surprising given ouapproximate relations which may be systematically im-
crude treatment of nonzero monomer volume, oversimplifiegproved. First, the choice fow,q is, although qualitatively
wd(Q) In Eq. (44), and single-rod entropy in E@53). reasonable, clearly motivated heuristically. Nonetheless, the
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prediction forS(k=0) in the isotropic phasessentially re- of p.,ax IS a@lso responsible for weakening the model predic-
produces that of a full numerical PRISM-PY calculation ontions for the strength of the I-N transition. While monomers
tangent-bead rigid rodS. The “exact” single chain scatter- from other chains aréapproximately excluded from over-

ing of a rod may be calculated numerically, given a prescrip{apping monomers on a test chain, the monomers on the test
tion for f({2), the orientational distribution function for the chain itself are modeled as belonging not tsedf-avoiding
rods. That is,w.d f] is a functional off(Q), just as the anisotropic walk, but rather an arbitrarily interpenetrating
second virial coefficient in the Onsager theory is a functionalyalk. We suspect that handling the intrachain excluded vol-
of f(€2). Secondly, the ideal orientational entropygea iS  ume self-consistentl{? more accurately indexing the avail-
not likely to be of such a simple form as we have used hereaple nematic stateéria a more numerically intensive, yet

but is also a functional of (() precisew(q)), and rigorously enforcing the exclusion re-
dQ quirement thag(r)=0,r|<d will largely solve this prob-
Fidea™ f Ef(ﬂ)log f(Q). (60 lem.

Although we have limited our interest to strictly ather-
Thus, one could use the PRISM formalism to construct anna| interactions, it is possible to estimate the effect of weak
approximate(though more realisticFsd f], plus the exact attractive forces on the anisotropic liquid crystalline phases
Fideal f1, and minimize the total free energy with respect togydied her&:!® Inspired by the high temperature approxima-
the distributionf(£2). This will allow the determination of 4o (HTA), the repulsive excluded volume interactions are
the liquid crystallinity of not only long, thin rods, but finite assumed to control the liquid structure in both the isotropic
thickness rods, bendable rods, and semiflexible polymers. Inynq |iquid crystal phases. Attractions contribute an internal
deed, the theory may be applied to any object whosene energy per sitel) 1 of Eq. (42), to the free energyF . Its
can deduce. minimization with respect tor now implies thatre, is a
function of not onlyp’ but also the range of the interaction
Viil. DISCUSSION and its strengthy,. We have considered the magnitude of

One technical peculiarity surrounding the entire formal-such a cohesive energy term in Papé? &nd generally the
ism is the scaling op’. We have identified throughout’ cohesion in the isotropic phase is superior to that in the lig-
=1 with the maximal density state in which monomers areuid crystal phases. That i${.| is maximized forr=0.
so tightly squeezed together that they fill all available spacefrigure 9 shows that if we compard.,, for the nematic
This literally incompressible statéincompressible in the (solid lineg and discotic(dashed lines that the metastable
sense thaS,=0 and that there is no more “empty” space discotic phase has more cohesion than the nematic, stable
that can be occupied by monomedoesnot occur at a uni- phase. That is, there is a hierarchy of cohesionD >N, so
versal value of the traditional packing fraction variablg, that we may anticipate that additdy.,;, at the level ofF
=pmd®6, but rather at ar, (or aspect ratip dependent can drive a sequence tiermotropictransitions, including
packing fraction: an order—order transition from the nematic solution to the
3 42 discotic as the temperature is lowered. We have investigated
d d . . .
Dmax= Pmad T= O)T: —. (61 the phasg behavior based on this §9-Called 'thermodynamlc
0, perturbation theory, and such transitions do in fact o€cur
whena<d. Moreover, we find that the very existence of a
liquid phasqli.e., the simultaneous presence of both a critical

which is exactly the incompressible state predicted by the pY0int and a triple pointis a delicate issue depend|qg4 on
theory of hard spheréé.ln general, the close-packésbtro- material speqﬂc qu_antmes such asé_d _and aspect ratié® _
pic state of polymers should depend on the chain aspect rd-nus, our anisotropic PRISM description of the I-N transi-
tio, and intuitively, is expected to decrease wity/d as  tonis capable of modeling not only lyotropic, but also ther-
predicted by Eq(61). This type of scaling first appeared in Motropic experiments, in a single unified formalism.

studies of the string closufé? but its theoretical foundation The fact that we have chosen an analytically tractable

is somewhat clouded by Fuch’s exact solution of the PRISMOrm for w(q) is not necessary. Liquid crystallinity in truly
PY closure for the isotropic phase of,#d#0 Gaussian semiflexible chains can be addressed, with recourse to a fully

chains which does not exhihit’ as the scaled density. numerical solution of the PRISM PY equations. Moreover, a
Even more curious, is the fact that the maximal densityseémianalytic theory of semiflexible chains can be constructed
in our model increases with That is, for a given alignment, by using aw(q) which smoothly interpolates between an
7, there is always a logarithmic divergence in the pressure dgleal coil form forgqé,<1 and rigid-rod form forqé,>1,
p'=phax given by Eq.(7) above. That fact that the maxi- Whereg, is the chain persistence length. Also, our treatment
mum density increases with alignment is a physically senof the rod problem is not limited tb>d, but can sensibly
sible trend. However, we have adopted a conservative inte@ccount for finite size effects, and isotropic attractions. We
pretation here: the close-packed density of #¥e0 state is  find that attractions at the second vir{ak infinite dilution)
the maximal density under all conditions. This is done sincdevel quickly introduce unphysical instabilities which can
the increase op . With 7 is surely greatly exaggerated by only be handled correctly by abandoning the virial approxi-
our simple cutoff-thread model, as dramatically illustrated bymation, and investigating properties at finite rod volume
the fact thatp,(7) —° as7— 1. This uncontrolled growth fractions. Such a program is clearly feasible with our ap-

based on the choide=1 in Eq.(5). Curiously, for “tangent
bead” type flexible polymergdefined aso,=d) 7mna= 1,
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proach, and would allow treatment of liquid crystalline to make quantitative predictions when given atomistically

melts. detailed single-chain information, this raises the realistic
One word must be said regarding the role of the cutoffpossibility that first-principles calculations of the thermody-

scale parameteh. Clearly,b must be on the order of 1, but namics, miscibility, and structure of liquid crystalline poly-

its precise value is not determined internally by the preseniers may become possible.

thread-like model. As pointed out above, chooshng4/3

forces agreement between thg string a_nd cutqff threa_;ld MO ~K NOWLEDGMENTS
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