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Abstract

We prove the existence of a solution to the weak regular reflection problem for
the unsteady transonic small disturbance (UTSD) model for shock reflection by
a wedge. In weak regular reflection, the state immediately behind the reflected
shock is supersonic and constant. The flow becomes subsonic further down-
stream; the equation in self-similar coordinates is degenerate at the sonic line.
The reflected shock becomes transonic and begins to curve there; its position is
the solution to a free boundary problem for the degenerate equation. Using the
Rankine-Hugoniot conditions along the reflected shock, we derive an evolution
equation for the transonic shock, and an oblique derivative boundary condition
at the unknown shock position. By regularizing the degenerate problem, we con-
struct uniform bounds; we apply local compactness arguments to extract a limit
that solves the problem. The solution is smooth in the interior and continuous up
to the degenerate boundary.

This work completes a stage in our program to construct self-similar solu-
tions of two-dimensional Riemann problems. In a series of papers, we developed
techniques for solving the degenerate elliptic equations that arise in self-similar
reductions of hyperbolic conservation laws. In other papers, especially in joint
work with Gary Lieberman, we developed techniques for solving free boundary
problems of the type that arise from Rankine-Hugoniot relations. For the first
time, in this paper, we combine these approaches and show that they are com-
patible. Although our construction is limited to a finite part of the unbounded
subsonic region, it suggests that this approach has the potential to solve a va-
riety of problems in weak shock reflection, including Mach and von Neumann
reflection in the UTSD equation, and the analogous problems for the unsteady
full potential equation.(© 2002 John Wiley & Sons, Inc.
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1 Introduction

With this paper, we complete a step in our study of self-similar solutions for the
unsteady transonic small disturbance (UTSD) equation,

(11) U[+UUX+Uy:0, UX_Uy:O.

This system, for a flow vectdd = (u, v), was established by Brio and Hunter

[2] and Morawetz [20] to model shock reflection by a wedge in the case of weak
shocks and small wedge angles. The two-dimensional UTSD equation, which can
be derived by asymptotic reduction from the unsteady compressible gas dynamics
equations [2] or the transonic full potential equation [20], is valid in the shock
interaction region when an incident shock hits a semi-infinite wedge with corner at
the origin. At the moment of impact, the position of the incident shockdis ay,
wherea, the sole dimensionless parameter, measures the wedge angle scaled by the
Mach number. The problem is self-similar and the solution is a functi@é,af) =

(x/t, y/t). The piecewise constant two-dimensional Riemann data consist of the
upstream and downstream statdg,andU1, separated by the incident shock, in

the sector outside the wedge. In addition, the asymptotic reduction that produces
equation (1.1) flattens the wedge and sends its vertex2o—oo for positivet,

so the initial value problem is posed in a half-plane with data (in the normalization
derived by Brio and Hunter [2])

UO:(050)$ X>ay’

Ux,y,0 =
*,y.0) U=(1,-a), x<ay,

and the boundary condition’x, 0) = 0 on the negative-axis.

Alternatively, one can enforce the boundary condition by giving Riemann data
in the full plane, with a symmetry:

Uo=(0,00, x=>alyl,
(1.2) Ux,y,0=3U;=(,-a), y=>0, x<ay,
Ur=(@1,a), y <0, x < —ay.

For eacha > +/2 there are two possible reflected shocks, and, except for a narrow
rangev2 < a < a* = (1 + +/5/2)%2 where both reflected shocks are transonic,
the stronger shock is transonic and the weaker, which is the one thought to occur
physically, is supersonic, in a sense we will define below. (See [5] for the calcula-
tion of these values, and [1] and [20] for insight into the physical background.)

In our program of solving Riemann problems by using the reduced, self-similar
equations, we replace initial data foka+ 1)—dimensional problem in space and
time by boundary data on a curgé + »n?> = C, and the Riemann problem then
becomes a boundary value problem for the self-similar version of (1.1),

(1.3) (u—-8&u; —nu, +v, =0, v:—u,=0.
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FIGURE 1.1. Supersonic and transonic regular reflection.

The data yield a uniform self-similar incident shock

(1.4) sl:g:an+%+a2

fort > 0, separatingo andU;. The weaker of the two reflected shocks in regular
reflection, with equation
n 1 2
15 -_—_ + — + a ,
(L.5) =5

meetsS, at the wall at the point

(1.6) Ba= (% + a?, o) = (£, 0),

and the state behind it [5] is
(1.7) Ur=(Ur, 0)=(1+a’—ava2—20).

However, a uniform state behind the reflected shock is not consistent with the
Riemann data at infinity. Noting that equation (1.1) is hyperbolic, withxhe
plane a characteristic surface, one sees that the reflected shock cannot remain rec-
tilinear without violating causality. Hence, the state behind the reflected shock is
nonuniform. Now, the self-similar equation changes type: It is hyperbolic (super-
sonic) far from the negativig-axis but elliptic (subsonic) whep+ n?/4 — u < 0.
At parameter valuea > a*, the statdJr defined by equation (1.7) is supersonic
at the reflection poinE, and, by determinacy, the reflected shock remains straight
and the downstream flow constant throughout the supersonic region. The reflected
shock becomes curved where the flow becomes subsonic (see the left sketch in Fig-
ure 1.1), and it is the existence of this subsonic flow that we prove here. Our main
result is the following theorem:

THEOREM 1.1 For the UTSD equation with shock reflection Riemann ¢&ta)in

the case a> a*, there exists a solution correspondingweak regular reflectian

The reflected shock is supersonic(§t+ a’, 0), and the state behind it becomes
subsonic further downstream, where it is a nonconstant solution to the UTSD equa-
tion satisfying the Rankine-Hugoniot conditions across the transonic shock and the
symmetry condition at the wall. The nonconstant subsonic flow exists in at least a
bounded neighborhood of the sonic line.



74 S.CANIC, B. L. KEYFITZ, AND E. H. KIM

In earlier papers [5, 7], we demonstrated how the study of self-similar solu-
tions for some shock interaction and shock reflection problems reduces to a free
boundary problem for an elliptic or degenerate elliptic equation. The main result
in our previous paper [6, theorem 1.1] is the analogue of Theorem 1.1 for regular
reflection in the case that the state immediately behind the reflected shock is strictly
subsonic. That case, which we called transonic regular reflection, the right sketch
in Figure 1.1, is simpler, because the subsonic problem is uniformly elliptic.

This paper complements [6]. Here we solve a free boundary problem for the
UTSD equation in the subsonic region where the equation is degenerate on a part of
the boundary adjacent to the free boundary. The difficulty that we have overcome
is solving the free boundary problem when we do not have uniform ellipticity of
the equation. At the fixed curve where the degeneracy occurs, the flow is contin-
uous, and, as we show, the equation is strictly elliptic inside the subsonic region.
Furthermore, the structure of the degeneracy is not that associated with the Tri-
comi equation. Although the Tricomi equation is connected with transonic flow, it
appears as a linear equation representing steady transonic flow in hodograph vari-
ables. By contrast, when the quasi-steady equations representing self-similar flow
(e.g., the system (1.3)) are transformed to the hodograph plane, they remain quasi-
linear. The structure of these equations (as measured either by the behavior of the
characteristics on the hyperbolic side of the degeneracy or by an indicator such as
the Fichera function on the elliptic side) is not that of the Tricomi equation but
rather is a nonlinear version of an equation first studied by Keldysh [15]; to the
best of our knowledge, the nonlinear equation had not been previously studied.

By now, a number of results have been obtained for degenerate elliptic equa-
tions of this type. In particulaCani and Keyfitz [3, 4] showed existence of both
regular and singular solutions of the UTSD equation in weighted Sobolev spaces,
using monotone operator methods. Those papers considered Dirichlet problems
related to shock interaction data. Choi, Lazer, and McKenna [12] and later Choi
and McKenna [13] used regularization and upper-lower solution methods to solve
(in Holder spaces) Dirichlet problems for anisotropic singular quasi-linear elliptic
equations on convex, smooth domains. In a related example, Zheng [21] studied
degenerate elliptic problems arising from the transonic pressure-gradient equations
in a smooth and convex domain and found weak solutions in a Sobolev space.
Later Choi and Kim [11] and Kim [16] extended the equation of [12] and [13] to
include a fast-growing source term and established monotone iteration methods for
anisotropic equations. RecentBanic and Kim [9] provided a general approach to
proving existence of solutions in Holder spaces for a class of nonlinear Keldysh
equations with structure conditions and found a structure condition sufficient to
obtain interior ellipticity. That paper also described the boundary behavior of the
solution.

The works cited above all concern domains with a fixed boundary, either partly
or wholly degenerate, with Dirichlet boundary conditions. However, in the context
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of self-similar flows with shocks, part of the boundary of the subsonic region con-
sists of a transonic shock. This boundary component is not known a priori but is
determined by an interaction between the flow on the two sides of the shock via the
Rankine-Hugoniot relations. To find the transonic shock, one can use the Rankine-
Hugoniot conditions to derive an evolution equation for the shock and a boundary
condition of oblique derivative type at the undetermined boundary. In work closely
related to this papeant, Keyfitz, and Lieberman [8] studied perturbed steady
transonic shocks via free boundary problems and developed the backbone of the
method for solving free boundary problems arising in transonic shock configura-
tions. We adapted the method of [8] in [6] to prove an existence theorem for the
free boundary problem arising in transonic regular reflection for the UTSD equa-
tion. In both [8] and [6], the subsonic region is uniformly elliptic and does not
exhibit degeneracy at any part of the boundary.

Thus the papers related to the present work consider either Dirichlet problems
for degenerate elliptic equations or free boundary problems for strictly elliptic
equations separately. As yet no study has considered the two complications at
the same time. We do this for the first time here. Our method here combines that
of [6, 8] in solving free boundary problems via a Schauder fixed-point theorem
with that of [9, 12, 13, 16] in using regularized approximations to solve degenerate
elliptic equations of Keldysh type.

Many interesting problems for the UTSD model for shock reflection remain
unsolved. Specifically, i& < V2, regular reflection cannot occur at all, and some
prototype for Mach or von Neumann reflection should appear as a solution to the
Riemann problem. In [7] we suggest some ways solutions of these types could be
realized in this model and define the subsonic problems, all involving free bound-
aries and degeneracies, which would have to be solved. The results of the present
paper suggest that these problems may be tractable.

The outline of this paper is as follows. We first give the background necessary
to state Theorem 1.2, a technical version of Theorem 1.1. To overcome the main
difficulty, the lack of uniform ellipticity, we solve the free boundary problem for a
regularized equation in Section 2. The key to removing the regularization is finding
alocal lower barrier that gives strict ellipticity in the interior of the subsonic region,
independent of the regularization; this is accomplished in Section 3. In Section 4,
we present compactness arguments that allow us to complete the proof of Theorem
1.2 and of Theorem 1.1. We conclude, in Section 5, by comparing this solution
with some numerical simulations performed using the technique in [10].

1.1 Background on the UTSD Equation

We begin by recalling some facts about the UTSD equation; see [6]. In the
coordinate systenyp, n) with p = & 4+ 52/4, which we will use throughout this
paper, equation (1.3) becomes

(1.8) (U= pu, —

2u,7+v,7=0, gup—vp—i-u,,:O.
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V, s Vi

FIGURE 1.2. Domains in the two coordinate systems.

It is convenient to replace the system with the second-order equation obtained by
eliminatingv,

(1.9) Qu= ((u—,o)up+;)p—|-u,7,7 =0.

In regular reflection, the incident sho&k (1.4) and reflected shoc® meet at the
point £, (1.6) on the wall. The state immediately behind the reflected shddk is
(1.7). Near the reflection poirE, the constant solutioblr is supersonic, but it
becomes sonic at the parabdta defined by{p = £ + 1%/4 = UR}; Ur = po < &a
in our problem. The solution is nonconstant and the reflected shock is transonic
and curved beyon®g.

The governing equation (1.9) is degenerate at the sonic degveWe solve
the problem in a domai® bounded by the transonic reflected shdgk by the
degenerate paraboRg, by the wallp = 0, and by a cutoff boundaxy, introduced
because of the unboundedness of the subsonic region. In [6] we showed that the
reflected shocks, approaches the curve = 1} asymptotically ag; — oo; if
o (n) is the equation 05, then

(2.10) omM=1+0 (}) asn — o0o.
n

We fix a suitable large* > 0 and definer to be a smooth curve, shown in Fig-
ure 1.2, extending from the wall t§, and containing the segment= n* for

p > 1. We impose a Dirichlet boundary condition= f on o, where f may

be any function consistent with the asymptotic bound of [6]. In this paper, all we
requireisp < f < ugono and

m=minf > 1.
As long as the state behind the reflected shock is supersonic, the reflected shock

S coincides with the rectilinear shock of equation (1.5). The sonic para®gla
and the reflected shoc meet at the point

(1.11) Eo = (po, 0) = (Ur, @+ Va2 —2—+2ay/a—va2—2).
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Thus the degenerate part of the boundar2é$ the segmenit(oo, 1) : n € [0, nol}
of the parabol&g, and the boundary condition therelis= ug = po.

The boundary condition at the wall,= 0, isu, (&, 0) = 0.

We complete the formulation of the problem by giving the conditions that hold
at the free boundary, the transonic portion of the shgck

The Rankine-Hugoniot equations are

do  [3U*—pul  [3u—v]

dp ~ [v—12ul  [u]

(1.12)

9’

where the square brackefs,], denote jumps across the shqgek;). We replace

the pair of equations (1.12) with an evolution equation for the shock,

(1.13) p=—Vp—U+1/2=—-/p—T,

and an oblique derivative boundary conditiondicat the unknown shock boundary,
u+1 Su+3

8 g )

(Hereu = (u + 1)/2 is the average afl on the two sides of the shock.) This
equation was derived from (1.12) in [6].

Usingv = (-1, p)/v/1+ (p")?, the inner unit normal to the subsonic domain
along the shock (), we get

_B(Lp) -1

(1.14) B-Vu=0 whereg = (B, g% = (p/|:

VIEGRE  4IE R
which is positive wheru > 1 andp’ < 0. In addition,| 8] is bounded ifu, p, and
o’ are bounded. We establish uniform obliqueness in Section 2.

The boundary of2 is a curvilinear quadrilateral whose sides age= {(0o, 1) :
n € [0, nol}, the part of Pr forming the degenerate bounday; = {(0o(n), n) :
n € (no, ™)}, the part ofS; that forms the free boundary; the cutoff boundary;
and Xy, the wall.

The corners ar@gy = (po, o), Where the degenerate boundagyand the free
boundaryX meet;V* = (p(n*), n*) = (p*, n*), whereX and the cutoff boundary
o meet;V,, wheres andXy meet; andvy, whereog meets the walk,.

We letV = {Ey, V1, V2, V*} denote the set of corners. See Figure 1.2.

B-v

1.2 The Free Boundary Problem

We now restate the main result of the paper in the precise form we will use to
construct the proof. Besides using the second-order ope@tantroducing the
cutoff boundary, and manipulating the Rankine-Hugoniot conditions, we make
one other important change: We modify the shock evolution equation, (1.13), so
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that the square root remains well defined for all approximations and sgthat
remains strictly negative all the way up#d. For this we define the function

X,
900 =12

wheres* > 0 is chosen in equation (2.6) and replace (1.13) by

(1.15) o =—Jalo —0).

We may further modifyg in a small neighborhood @f so thaty’ is continuous and
0 < ¢ < 1. We turn to the question of removing the cutoff at the end of Section 4.

Incorporating the reductions we have introduced, we state the main technical
result.

THEOREM1.2 For any a> a* and for any data fe C2*® with p < f < ug and
f > 1, there exists &, > 0 such that for any < §* < §1, the following problem
has a solution ir2:

Equation:
u
(1.16) Qu= ((u—p)up+§)p+u,,,7 —0eQ.

Free boundary conditions:
Nu=g8u,p)-Vu=0
do u+1 onX = {p=pm}
—=—lgp-—=]). »pOo) =po
dn 2

Fixed boundary condition:
u=f ono, u=p oOnop, u,=0o0n%.

The solution(u, p) is in CZ (2 \ (oo U V)) N C(R) x C2+¥(0, 1) for some
o € (0, Olo).

The foremost difficulty in this problem is that the operaioses ellipticity
onog. To handle this, we approximat@ by a sequence of regularized operators:

u
(1.17) Q°u= ((u —p+eu, + E)p +u,, =0.

In the solution of the free boundary problems @f, the transonic shock position

now depends on as does the cutoff boundasy and we writeX? = {p*(n) : n €

(no, n™)} for the free boundaryy? for the cutoff boundary, ang® for the domain.
The proof of Theorem 1.2 proceeds in the following steps:

1The boundary condition on is a standard Dirichlet condition. Note, however, thaglso
depends on the free boundary since the curve terminaggg at.
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STeP 1: Show existence for the regularized free boundary problems and ob-
tain a priori bounds on the solution$ andp® () uniformly ine. Existence
follows directly by the method of [6].

STEP 2: Construct a local lower barrier fof that is independent afto give
local ellipticity uniformly ine. This is the crucial step that allows us to use
a local compactness argument.

STeP 3: Obtain a convergent subsequence and show that the limit solves
the problem. Using the local barrier we constructed in the previous step,
and applying regularity, compactness and a diagonalization argument, we
prove this claim.

In Section 2, we carry out step 1, in Section 3 we do the construction in step 2,
and in Section 4 we establish step 3 and complete the proof of the main theorem.

2 Existence of a Solution to the Regularized Problem

In this section, we obtain a solution to the regularized free boundary problem,
using the method in [6]. We also obtain a priori bounds, independent oh
solutions of the sequence of regularized problems. The theorem for the regularized
eqguation is as follows:

THEOREM 2.1 For each0 < ¢ < 1, there exists a solutiofu®, p¢) € C#H*(Q° \
V) N C*(2°) x C#*((no, n*)) of

u .
Qeu:((u—p+e)up+§>p+u,m:0 in Q°,

(21) Nu=pu,p)-Vu=0, p'=—y/g(p—0, plp) =po ONZ*,

ulagz f7 u|0'0:p0’ u77|20:0’

where0 < o = a(¢) < 1. Moreover, for everY) < ¢ < 1, the following bounds
hold uniformly ins: p < u®(p, n) < po forall (p, n) € Q°, andp < p*(n) < po
in [no, n*] wherep > 1is a constant independent of

PROOF The proof is similar to [6, theorem 3.2]; there are three parts. In the
first part, we fix a functior (n) that belongs to a closed, convex g€t defining a
fixed boundary componert that approximates the free boundagy,. Since we
cannot assume that— p is nonnegative, we introduce a cutoff function

h(x) = X, x>0,
0, x<0,

(appropriately smoothed near zero so thaits continuous and bounded). We re-
placeQ¢ by the modified regularized operator

(2.2) @u = ((h(u —p)+eu, + %)p +u,, =0
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and later show that the cutoff can be removed. Equation (2.2) is strictly elliptic,
with ellipticity ratio depending or. We establish existence of solutions of (2.2)
with fixed boundary conditions.

In the second part, we derive&® boundse < Uu(p, ) < pgin £ on the solution
u of (2.2) with fixed boundary conditions. This allows us to remove the cioff
and givesL*> bounds uniformly ire.

Finally, in the last part, we complete the proof by defining a idam the set
K and showing] has a fixed point.

Part 1: Existence for the Fixed Boundary Problevkie begin with a function
o = p(n), defining an approximate boundag. Assumep € X, where X =
{p(n) : n € [no, n*1} is a closed, convex subset of the Banach s@&c¢& ([no, n*])
for somey; € (0, 1). The functions inkK satisfy

(1) p(no) = po; po = Uris givenin (1.7); and we know thatd pg < &;.
(2) —/po —1 < p' < —+/8* < 0 wheres* is specified in Part 3.
) oL(m) < p(n) < pr(n), wherep, andpr are also defined in Part 3.

The boundary value problem is

2
(2.3) Nu=BU,p)-Vu=0 onx,

u|0' = f ’ ullfo:pO? and U;y')jo:o-

~ u .
Qeu:((h(u—p)+s)up+—) 4u, =0 inQ.
o

Because of the cutoff and the regularization of the coeﬁicien@f is strictly el-

liptic, with ratio depending om. Since the domain has corners, the weak solutions
lie in a weighted Holder spadd, ") = Hi; 7)o ha\,- (Weighted Holder spaces

are defined in [14, p. 90]; the spaces we use here, with weights at the corners, were
also used in [6] and [8].) Elements of this space have some regularity except at
the set of corner points; that is, they aredht*(Q \ V) N C¥(Q). The exponent

y € (0, 1) depends on the corner angles, and (0, y). From theorem 4.1 in [6],

for a givenp(n) € X, there exists a solution € Hl(;’;) of the boundary value
problem (2.3), wherg = y (¢) anda = a(e).

Part 2: A Priori Bounds.Applying propositions 3.3, 3.4, and 3.5 of [6] to any
solution of@?u = 0, we deduce strict ellipticity and a priori bounds; that is,
0 < Uu(p,n) < poandu > min 2, wherem = min f. A Hopf-lemma type of
argument (see proposition 3.5 in [6]) shows thatp > 0 onX. Hence, the cutoff
h is the identity inQ, and we can replace the opera@r by Q¢. Thus, the solution
u of (2.3) satisfies

(24) Qu=0in2, Nuyz=0, u,=1f, U=po, Ulsg,=0.

A key point is that the a priori boundgg andm, are independent af,
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Part 3: Existence for the Free Boundary ProbleRor eacho € X, using the
corresponding solution of (2.4), we define the map on X by o = Jp where

u(e(m,n) +1

d o = 0o.
5 ) and  o(no) = po

(25) pm= —\/g (ﬁ(n) -

By proposition 4.6 in [6], we find that

~ m-—1 . 1/ m—1)2
(2.6) o) >1+ >1 Vneln,n*] ifé* <- ( . ) .
4 4\n*—no
We lets; = ((m —1)/4(n* — no))? andp =1+ (M—-1)/4. Thenp > pf > 1
independent of. Moreover, we obtain ah> bound forp this way; for instance,
we havep, < pf < prin [no, n*], where we can choose

27) o) =max{po— (1 — no)y/po — 1, pi + (n* — M8},
(2.8) pr() = po — (17 — No)~/8%.

These bounds are independent of

The argument above shows that for every0§* < §8;, J mapsX into it-
self. Proposition 4.2 in [8] shows that the mdgs compact, whery; is chosen
sufficiently small, and is continuous. By the Schauder fixed-point theorem, there
is a fixed pointp® € Hiy, [no, n*]. Using the fact that equation (2.3) has a solu-
tion for this ¢ and the corresponding?, we establish the existence of a solution
(w?, p®) € Hl(;;’) x Hiy, of the free boundary problem (2.1) for sufficiently small
y = y(¢) anda = a(e).

Now, the regularity op¢ can be improved frorS'+* to C?+, sincep®’ satisfies
equation (1.15), in which the entries on the right side haves C** andu® e
H,.?”, sou® e C** on T¢. In addition, we have assumed e C?'*, and so
regularity arguments such as theorem 6.2 and theorem 6.30 in [14] ensure that the
solutionu® € H,.” is in factinC%*(Q \ V).

This completes the proof. O

We also have, from the second property.ff a priori bounds fop® and p*’
uniformly in e. A priori bounds forp® define the bounds for the segment n*
of o¢ wherep > 1; the maximum interval i§l, pr(n*)].

We note again that is small and depends en

3 The Local Lower Barrier

This section is devoted to establishing a local lower barrier, given in Lemma 3.2.
This uniform barrier will allow us to obtain strict ellipticity uniformly isu In [9],
Cant and Kim found a structure condition that was sufficient to yield a nontrivial
global lower barrier for degenerate elliptic problems of this type. Because we
consider here mixed and free boundary problems rather than Dirichlet problems,
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we are able to construct local barriers only; however, this is sufficient. Our method
is close to that of [12].

To state the lemma, we define a collection of b&lshat provides a cover for
Q¢ for all sufficiently smalle; we prove the lemma in each ball fral.

DEerINITION 3.1 The collectionB consists of ballB = Br(X;) of radiusR €
(0, 1) centered aX; = (p1, 1) that satisfyB N oo = @ and one of the following
four conditions:

(i) Br(Xyp) C Q° foralle,

(i) Br(X1) No® # @ for somes,
(III) X1 € X, Or
(iv) Br(Xy) N X¢ # & for somes.

In any ball in8, we construct a lower barrier independent dfy means of the
following lemma:

LEMMA 3.2 For any B= Bgr(X;) € 8, there exists @ > 0independent of such
that

(3.1) UW—p>¢p=8R>— X=X inBNQ.
PrROOF. The functionw® = u® — p satisfies the quasi-linear equation
3 1
(3.2) sz(w+@ww+ww+uﬁ+§wf+§=o

The operato=¢ exhibits a positive constant source term, which means there is a
positives that givesF¢ > 0. For, by a calculation,

3 1
(33) F'p = —25(8+1) — 25+ (—25(p — p1))* + 5(—28(p —p1) + i 0
whens is sufficiently small. Now, since@® = u® — p is positive inQ2° and satisfies
Few® = 0, we have
(3.4) 0> Ffw® — Ff¢ = G*(w’® — ¢)
whereG* = (wf 4 )92 4 92+ (w, + ¢, + 2)a,, — 28 can be thought of as a linear
elliptic operator acting ow?® — ¢. Thus, we havé&® (w® — ¢) < 0in Bg.
Now, we prove the lemma for balls of each type.
CAse 1: Br(Xy) C Qf forall e.

Sinces is a positive constanty; is bounded insid&2, andw® > 0 = ¢ on 9Bk,
we can apply the strong maximum principle [14, theorem 3.8pt6w® — ¢) on
Br to get (3.1).

CASE 2: Br(X71) No? # & for somes.

Onoé,u® — p = f — p > 0. Now, by the choice of , »*, andé*, we can ensure
thatw® > § > 0 ono? for somes > 0, uniformly ine. Hence, the argument of
case 1 applies for anyfor which B N o*® # &, andé is again independent of
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CAsSE 3. X; € Xo.

From the definition ofp, whenX; € Xy we haveg, = 0 on Xy. UsingG®(u® —

¢) < 0, we apply the strong maximum principle [14, theorem 3.5BaKiX1) N Q°.
Sincew? > 0 = ¢ ondBr(X1)NR#, a nonpositive minimum ob® —¢ could occur
only on Bgr(X;) N Zg. However, sinceug = ¢, = 0 on X, if we assume such

a minimum exists, then the Hopf lemma [14, lemma 3.4] gives a contradiction.
Hence we get (3.1) in this case.

CASE 4: Br(X1) N X¢ # & for somes.

Using the inequalityG® (w® — ¢) < 0, we again apply the strong maximum prin-
ciple to conclude that the minimum must occur at the boundaaX;) N Q°.
Since we have® —p > 0andgy = 0 ondBr(X,), ifwe assumethat* —p—¢ <0
for someX e Br(X1) N (2% U X¢), then the absolute minimum must occur on
Br(Xy) N Z¢.

Now, suppose that there is a nonpositive minimunXat, € ¢ N Br(X3;) and
thatu® — p® — ¢ = —u with § > u > 0 there. (Sincei® — p¢ > 0, u cannot
be bigger thars.) Again, G*(w® — ¢) < 0, from (3.4), and the Hopf lemma [14,
lemma 3.4] ensures that the derivativeugst — ¢ in the outward normal direction,
v = (1, —p*’), at Xmin IS negative:

d(w* — ¢)(Xmin)
> =

(3.5) 0 -

Uy —1—¢, — p°'(U — ¢,),

and, sinceXnmin is @ minimum point orx?,

(3.6) 0= (w* — @) (Kmin) = p°'(U; =1 —@,) + (U; — ) .

Using (3.5) and (3.6), we get® (1+ (p*)?)(us, — 1 — ¢,), which implies that

(3.7) W <1+¢,.

Now we combine the oblique derivative boundary condition (1.14) with (3.6) to get

2u° —2
o:ﬂ-VuezlJi;p”[ - ]+(¢n+p€/(l+¢ﬂ))|:

Su°+3
8 Pl

8

Using p®’ < 0,u® > 1, and (3.7) in the last equation, we get

S +1 5u° +3
o 52 ]o[52]
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Now, usingu® — p® —¢ = —u and|¢ — | < § at Xmin, the last inequality becomes
1-—pf T — T
O e’ el
=7 [ 8 } e [ 8

1-p*+79p -7

3—3p8+5¢—5,u:|)

+(77—771)[ 8

&l 1_p8
> o [F5]

7lp*'| W [11=p 1+ 78 31— p°| +58
5 — — 2| | m— | —2| ).
+ < 3 lp I[ 8 8

Now, p® > pf > 1, wherep/ = 1+ (m — 1)/4 is independent of (see the proof
of Theorem 2.1);p®’ < —+/8%x < 0 and|p®’| is bounded independently efby
the properties of the sét’. That is, the coefficient of on the last line is bounded
independently ot; thus we can chooskindependently ot so that the last line
becomes strictly positive. This contradiction completes the proof. O

Lemma ?ﬁ implies that in eadBr(X1), we haveu® — p > ¢ > 0. Thus in
Bsr/a(X1) N Q¢ we get uniform ellipticity independent ef In fact, we have

7
(3.8) 0< 1_65R2 < ¢ < Amin < Amax =
maxu — p +¢,1} < po+ max|p|+1 < oco.

We will use this result in the next section to provide a bootstrap argument to im-
prove the regularity and also to prove local compactness.

4 Proof of the Main Theorem

In this section we discuss how to obtain a convergent subsequence from the
regularized solutions of equation (2.1), given by Theorem 2.1. Since the a priori
bounds for the sequence of solutions and the local lower barrier in Lemma 3.2
are independent of, we can use regularity and local compactness to show that
the sequence of approximate solutions contains a convergent subsequence. Fur-
thermore, the limit satisfies the equations. This method was introduced by Choi,
Lazer, and McKenna [12, 13] and later used in Kim [16] an@ani and Kim [9]
for a more general class of equations that has a degeneracy at the boundary, similar
to our problem, and a Dirichlet condition there. While those papers dealt only with
Dirichlet boundary conditions, our paper is complicated by the mixed boundary
conditions and the necessity of solving for the free boundary, and thus it requires a
more careful approach than the results cited above.

We handle the existence of the limit locally, using the local lower barrier con-
structed in Lemma 3.2. We first find a limit gf to fix the domainf2. Then we
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show that a limitu of u® exists inQ2 U (X9 U o). We can do this because of the
uniform C* bounds orp® independent ofi°. Next, we show that the limiting func-
tion u satisfies the oblique derivative boundary condition and thap) satisfies

the free boundary condition. Finally, in Lemma 4.4, we show that the limit satisfies
U = pg Onop and is continuous up to the degenerate bounegry

LEMMA 4.1 The sequence® has a convergent subsequence whose lirig in
C”([no, n*D forall y € (0, 1).

PrROOF. In Theorem 2.1, we obtained a sequeptef solutions to the equation
o = —/0(p¢ —U°) in the setK. The second property of the s#t,

(4.1) —Vpo—1<p” < —/5%,
givesC?! bounds orp?, uniformly ine. Thus by the Arzela-Ascoli theorem? has
a convergent subsequence, and the Ipnit C” ([no, n*]) forall y € (0, 1). O

Since the limit valueo (n*) = lim pf(n*) is also established, the curvestend to
a limit, . (Notice that the curves® differ only in the endpoint of the segment on
n=n*1<p<p*(n*).) As aconsequence, the corresponding subsequehce
also has a limitQ.

In the remaining lemmas, without further comment, we carry out the limiting
argument using the convergent subsequengg ofvhich we again calp®.

LEMMA 4.2 The sequence‘thas a limit ue CZ(Q U TqU o \ {V*, V,}) for
somex’ > 0, and u satisfies the equation

1 .

Qu= ((u—p)up—i-éu) +U;y=0 InQ,
P

and the boundary conditions,u= 0on g and u= f ono. In addition,p < u <

00 in Q.

PrROOF. For the proof, we use local compactness arguments and unlfétm
bounds foru®: m < u® < pg. Our arguments are similar to those used in [13,
theorem 1].

Fix ', a compact subset & U ¥y U 0. There exists ar’ (depending on
Q') such that for alle < ¢/, Q" C Q° U XjUo®. SinceQ' is compact, it has
a finite cover by balls fromB; on each ball Lemma 3.2 holds for all sufficiently
smalle so¢ is a lower barrier fouw®* — p. We now use the uniforr® bounds
and treat the problem as a linear equation. Since we have uniform ellipticity by
equation (3.8) irBsgr/4 N ¢, we first apply local Holder estimates from [14]: the-
orem 8.22 for case 1 of Lemma 3.2, and theorem 8.27 for cases 2 and 3 of the
lemma. We find tha]lu8||ca(w) < C, wherexa € (0, 1) andC are independent
of . With this estimate of the coefficients @° in (1.17) and with the bound-
edness of)¥, we apply the standard Schauder estimates of [14]: Theorems 8.32
and 6.2 for the interior, and theorem 8.33 and lemma 6.5 for the boundary of



86 S.CANIC, B. L. KEYFITZ, AND E. H. KIM

BraN . We getumucsz) < C. By the Arzela-Ascoli theorem, there

exists aC2+°‘/(BR/4 N Q')-convergent subsequence for amy < «. A covering
argument immediately gives@2+ (')-convergent subsequence.

Now we letQ’ vary and use a diagonalization argument to obtain a subse-
guence ofu, that converges irC,%t""(Q UXoUo \ {V5 VD) toalimitu e
CH'(QU ZoUo \ {V*, Vo)), which satisfiesQu = 0 in Q. Also, since the
limiting function is INC%** (Q U o U o \ {V*, V1)), it clearly satisfiesi, = 0 on
Yoandu = f ono.

Moreover, sincal® — p > 78R?/16 in Bsr/s for everye, we getu — p >
76R?/16 in Bggr,s; thusu > p. Finally,u < pgin Q. O

In the next lemma, we show that the limiting functiomsaind p satisfy both
the shock evolution equation (1.15) and the oblique derivative boundary condition
Nu=0onZX.

LEMMA 4.3 The limitsp and u satisfy

4.2) o =—yg(p—10) and Nu=pBU,p)-Vu=0o0onZX,
andp € C%'((5o, n*)) and ue C2'(Q U ¥) for somex’ > 0.

PrROOF. Recall that in case 4 of Lemma 3.2, we showed that
(4.3) UW—p=>¢>0 inBr(X)N(ZFUQ).
This inequality holds iBr(X) N X¢ # @.
Since by Lemma 4.1 we have a convergent subsequengé wfth limit p,

there exists O< ¢ < 1 such that ifBg(X,) is centered aK; = (p(n1),n1) € X
with radiusR < 1, then for eacl < gy we have by Lemma 3.2

¢ <U —p inBr(X)NQ U,
Using thisg as a local lower solution iBg(X1)N(FUX?), we obtain an ellipticity
ratio from equation (3.8), independentaf
Thus inBsgr/s N (2° U X¢), we have uniform ellipticityl.* bounds orp® and
u?, and uniform obliqueness (which depends only onGhdound ofp® (4.1) and

on supu®), where all these bounds are unifornmeirand we can apply local Holder
estimates [17, lemma 2.1] to get

(4.4) Ul ce @rp0mnezevesy < C

whereC anda depend on sup?, supp®, and (4.1) and are independentofSince
¢ is a solution of (1.15) and syg is uniform in e, the Holder estimate (4.4)
immediately gives us

(4.5) ||P8||Cl+a(BR/2(n1)) <C,

where Bg/2(n1) is a closed interval oitno, n*) with half-lengthR/2, centered at
n1 (it is the projection ofBg,> on then-axis). Now, taking account of the uniform
C¥* pound onp® (4.5) and the unifornC* bound onu? in Bg;z N (2 U Q°)
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FIGURE4.1. The domairBs.

(4.4), we apply Schauder estimates (as in theorem 8.33 and lemma 6.29 of [14] or
theorem 4.21 in [19]) to get

(4.6) Ul caveBranzeugry < C-

Sincep?’ is a solution of the differential equation (1.15), and the bounds (4.6) and
(4.5) are uniform ire, we repeat the argument to get another derivative

4.7) ”p8”C2+"‘(BR/3(771)) =C.

Then by Schauder estimates (lemmas 6.5 and 6.29 in [14] or theorem 4.21 in [19])
once again, we have

(4.8) Ul c2+e Branczeuasy < €

uniformly in e.

From (4.7), the uniformC?+* bound onp?, there exists a subsequenceedf
that converges i|¢2+“'(BR/3(n1)) for anya’ < «. Thus, by covering arguments
and diagonalization, we obtain a subsequence‘dahat converges i€ to a
limiting function p € C2 ((no, n*)).

It remains to prove thad andu satisfy equations (4.2) oB. For eachBg/a(X1)
centered al; € ¥ ande; < go wherei = 1, 2, consider the domain, sd4, C
Br/a(X1), created by the boundari@s™ andx*2 in Br/s(Xy), as in Figure 4.1.

Now, eitheru®t or u®2 is undefined inB;; however, we use (4.7) and (4.8) to
define smooth extensions such that= u® |5« g, in By for the corresponding
i = 1,2, and (4.8) holds iB;, as well for the other function. Suppose thit is
defined inBy,. Sinceu®® — p > ¢ > 0, lettingz = u®* — u®2, we get

V4 ' ) )
Lelz = ((ugl - p + 81)210),0 + anl + Ep - fl(u€| ) Dugl ) D2u€|) )
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in By, and

(4.9) B(p,ut) - Vz=gi(p”,u", Du") onX® N Bgry,

(4.10) B(p°2,uU2) - VZ = go(p™,u”, DU”) onX®2N Bgrss;

herei = 1,2, ||z||L~ < 2p0 is bounded, and we denote Wy, g;, andg, the

remaining terms in the corresponding equations. Using the elliptic equatiar=
f1 in By with oblique derivative boundary conditions amt X° N Bg/4 (4.9) and
X2 N Bgrys (4.10), and Dirichlet boundary conditions on the rest of the boundary

9B12 C Brya, we can applyH,.?’ estimates [18, theorem 1] By, to get

12157 = Clo = p2lu (supdg ™ 7 ™ ] + |gal 7 + gal 7 + 121, )

Bi2

(4.11) < C|p® — p| .

Here C depends on th€%* bounds oru® and theC™® bound onp®, and all
bounds are uniform ia in Bg/s. Note here thatly, is the distance from the corners
where the Dirichlet boundary and the oblique derivative boundary megBayy.
Thus, sincep? converges, the limit of the right-hand side of (4.11) becomes zero as
€1 ande, go to zero. Applying a covering argument and diagonalization as before,
we getu® — uin CE asp® — p.

Since we have®(n) — p(n) inC

i 1+a’
quenceu’® converges tai in C;

o €_u€+1 o _u+1‘
P =—19p > glpr > )

thusp’ = —/g(p — U). Finally, we have
0= B, p°) - VU (p° (), n) — B(U, p) - Vu(p(n), n),

and thus8(u, p) - Vu=0o0nx.

We can apply a local argument to check ellipticity: Sinée- p > 76R?/16 in
Bgr/aN (U X9), then the limitu satisfiest — p > 78R?/16 in Bgr/aN(QUE) as
well, so we get strict ellipticity. From this, we infer higher regularity: The limiting
functionu is in CZ*' (Q U X). O

2+’
loc

we get

and since we now know that the subse-

The final task is to prove continuity afup to the degenerate boundaiy
LEMMA 4.4 The limit u satisfies &= po onop and ue C(Q).

PrROOF. In Lemma 4.2 we showed that < u® < pg and that the limiting
function u satisfiesp < u < pg. Then, taking a limit as an interior poirX
approaches a boundary poiXg € op, we get

= lim p < lim u < pq.
ro X*)XOIO T X=Xo ro

Thereforeu € C(Q). O
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Lemmas 4.1, 4.2, 4.3, and 4.4 show that there exists a solutior{tpaiy <
CZ'(Q\ (6o UV)) NC(RQ) x CZ*'(0, o) satisfying (1.16) and the free and fixed
boundary conditions. This completes the proof of Theorem 1.2.

Remark. At the corner pointsV* and V,, the solutionu® is Hdlder-continuous
with an exponenty that depends on the corner angles, the a pti6ti bounds
on u?é, and the ellipticity ratios. The a prioti® bounds and ellipticity ratios are
independent of, and the corner angle % is fixed, while the corner angle &t* is
uniformly bounded irz (because of the uniform properties of the &eestablished
in Theorem 2.1). Thusy is independent of; therefore, the limit functioru is
Holder-continuous with exponeptat V* andVs,.

PROOF OFTHEOREM1.1: To complete the proof of Theorem 1.1, we note that
the flow in the supersonic region was constructed in the introduction. Theorem 1.2
provides a candidate for the first velocity componemtf the subsonic flow in an
arbitrary bounded region near the sonic line; the second component is reconstructed
by integration from thep-axis:

Ty
v(p,n)=/ SUy — U= pu,dy
0

and is in the same spacelas

Finally, we show that the cutoff functiamis the identity in a part of the domain
nearx.

The cutoffg can be removed unlegs— U < §x*. At nq,

u(p(mo).mo) +1  po—1
2 2

By Theorem 2.1, we know that < pg, so the cutoffg will not apply until p (1)
becomes less thafpg + 1)/2 + §*, which is strictly less thamg sincepy > 1
andsx* is small. Therefore there is a finite neighborhoog 6fp) along the shock
in which the solutionsi and p we have found solve’ = —/p — (U+ 1)/2. A
bound for the size of the neighborhoodis + 1)/2 < p < po.

Thus Theorem 1.2 implies Theorem 1.1. g

> 0.

p—U=p(no) —

We note that if, on the intervdhg, n*], o — U becomes smaller thax for any
3% > 0, then in the limitsx — O the solution we have found in this theorem tends
to a pair(u, p) with o’ = 0 at a point on the shock, beyond which a solution to
the problem as formulated here does not exist. In fact, beyond that point one would
need to consider the more general free boundary conditiod = p — U and to
seek a solution witlp now increasing. Such a solution would be incompatible
with our asymptotic formula for the shock position; in addition, it appears (by
comparison with a linear shock) to violate causality.

Now, because the UTSD equation does not incorporate the correct physics as
X — —o0, there is no real significance to solving the problem in the entire plane.
However, to allow matching of the UTSD solution to a far-field flow, it would be
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FIGURE 5.1. Results of a numerical simulation of the solution.

useful to be able to find a solution in an arbitrarily large bounded region, with a
cutoff function like our f on the downstream cutoff boundary. If it is the case
thatg cannot be removed because a solutiop'te= —+/p — U does not exist for
arbitrarily large interval$no, n*], then the matching problem becomes much more
delicate: One would need to develop a solution to the exterior problem (involving
a solution with a smooth shock for the full set of Euler equations) all the way up to
the finite neighborhood whose existence has been proved in Theorem 1.1.

5 Conclusions

We present a numerical simulation of the solution discussed in this paper, per-
formed using the numerical solver developed in [10] o= 2. At this value
regular reflection occurs, and one of the two solutions is supersonic immediately
behind the reflection point, as described in Section 1.1. The left picture in Fig-
ure 5.1 shows a cross sectiofx, 0.3226 of the first velocity component at the
valuey = 0.3226 and = 1. On the right is a sketch of the physical plane indi-
cating the cross section. In the left picture one sees the constant stafeahead
of the shockS,, the statau = 1 betweenS, and S, and an approximation to the
state behind the reflected shog8k which is near the predicted valwg, ~ 2.17
(see (1.7)) a&. The subsonic part of the solution is to the left of the pdéint

The behavior of the solution to the UTSD equation at the degenerate boundary
was studied in [3, 4, 9]; there it was shown that a solution taking its minimum at
the degenerate boundary exhibits a square root singularity, while a solution that
is increasing as one approaches the boundary is continuously differentiable with
slope exactlys.

Here, the subsonic part of the solution is increasing towards the sonicoint
As predicted by the theory, the solution found in this simulation appears to be the
differentiable solution, studied in [4].
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