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The model developed by J. C. Headley to illustrate the entomologists’ concept of the economic

threshold is presented and eriticized

. A two-variable model directed at the problems of optimal

timing and pesticide application as well as optimal pest population level is presented.

sons, preventative spraying with heavy

doses of nonselective, persistent insecti-
cides is becoming obsolete. Pest resistance,
rapid pest resurgence due to a lack of natural
control by predators recently killed from appli-
cation of pesticides, socially unacceptable en-
vironmental costs, and other phenomena result-
ing from preventative spraying have gradually
led to more remedial spraying with selective
pesticides. Entomologists are now promoting
integrated control, i.e., using the hest combina-
tion of all known inputs and techniques includ-
ing biological controls, cultural practices, and
chemical approaches. The philosophy of inte-
grated control is well established; but, due to
the disaggregated approach of past entomologi-
cal research and the limited attention paid by
economists to the problem, methods are still
ad hoc. The dichotomy between the state of the
philosophy and that of the practice isillustrated
by considerable concern over the “economic
threshold,” a term used by entomologists to de-
note the pest population level at which controls
should be initiated [3, p. 240]. Entomologists
advocate using all inputs in their best combina-
tion and simultaneously admit considerable un-
certainty as to when and how even a single
control input, such as an insecticide, should
be used.

Fon economie, ecological, and social rea-

The Headley Model

The definition of the economic threshold has
recently been investigated by J. C. Headley
within the framework of a simple pest popula-
tion growth model and a single application of a
pesticide [2]. The model relates crop damage
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in dollars to pest density and time. The eco-
nomic thresheld is that population level where
the marginal benefit from damage prevented by
the control program is equal to the marginal
cost of realizing that population through a con-
trol program. The model has four basic ele-
ments: a pest population growth function
(equation 1.1), a pest damage function (equa-
tion 1.2}, a product vield function (equation
1.3), and a pest control cost function {(equation
1.4). Each of these elements is presented below.

(1.1} Po=P_ 1+
(1.2) D, =bPr— 4
(1.3) Ve=N-—cD
(1.4) K= —k—-

Pion
where

P=pest population level at time period ¢,

the harvest time;
Pi_.=pest population level n periods prior
to f;
r=net growth rate of the pest population
per time period;

D,=cumulative damage at time period {,
given as a function of P, where the
pest population has grown from /',
to P, with no external interruption;

A =a constant related to the pest damage
tolerance level based on the recuperat-
ing potential of the crop;

b=a parameter relating units of pest pop-
ulation to units of crop damage;

V = realized product vield at harvest time
(£} in dollars;

N =potential vield at harvest time if no
pest damage, expressed in dollars;

c=a parameler relating damage units to
dollars;

K =1otal cost in dollars of reducing the
pest population to P, at time {—u;

and
h=a parameter relating the inverse of
population units to dollar units of con-
trol costs.
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Combining the first three equations yields: pent
opukalion
(1.5) ¥ =N —cf{b[Pin(l + ]2 — 4}. beve!
P
The marginal change in yield due to an incre- bn-b |
mental increase in the pest population level at !
time period {—» is: {l
a¥ o |
(Lﬁ) E = — 25&'(1 + f} Pias E_“ |r'
t
The marginal change in the cost of pest con- ° L Time
1

trol due to an incremental change in pest popu-
lation at time period (—n is:

dK i

1.7 -
.0 P, Pt

Equating marginal revenue to marginal cost
determines the optimal level to which the popu-
lation should be reduced during time period
{—m:

h e
2eb(1 + 1’)"‘) '

This is Headley’s economic threshold. It indi-
cates the level to which the pest population
should be reduced during time period {—» such
that the damage due to the growing pest popu-
lation between /—# and harvest time ¢ is mini-
mized subject to the cost of pest control.
Headley’s model nicely illustrates several of
the factors which must be considered in any
definition of the economic threshold. Neverthe-
less, it has several limiting assumptions. First,
Headley implicitly assumes that the period of
pesticide application {—» is “entomologically
determined.”! Thus pest damage prior to {—=n
cannot be controlled and is not considered in
his model. Figure 1 illustrates the relationships
between pest population and time in the model.
The economic threshold, as defined by Headley,
is the level P,_, to which the population should
be reduced rather than the population level
Pi_n_a at which controls would be initiated.
Previous definitions of the economic threshold
by entomologists have emphasized this latter
population level, The vast majority of pests do
not have a crucial stage when thev are vulner-
able to pesticides; hence, the question of when
to apply pesticides must be addressed. Indeed,

(1.8) Py = (

! This assumption iz not made clear in the original paper
but is implicitly stated in a later letter from Headley to the
authors dated February 3, 1972: “In fact, the population
level Py_, is entomologically determined as the erucial state
of the insect” (#alics ours).

ft=n

iplanting) lapplication of [harwest)
pasticide)
Figure 1. Pest population levels over time

the effectiveness of most pesticides is fairly well
documented. The important issues are com-
cerned with when they should be used.

Second, the cost of control must be a function
of the level of population before controls are
initiated, Pi._a, and the difference between
Pionaand the level reached after control, P._,.
Since Pop-. is a function of Py, the pest popula-
tion at the time of planting, Headley's cost
function is valid only for a unique, unspecified
value of Py It should be noted, furthermore,
that, if the time of pesticide application{—nisa
variable, the cost function must be considerably
respecified.

A Two-Variable Model

The following model corrects the above de-
ficlencies yet retains as much as possible of the
simple general form of Headley’s model, It con-
sists of five elements: a pest population growth
function (equation 2.1}, a pest population kill
function (equation 2.2), a pest population dam-
age function (equation 2.3), a product yield
function (equation 2.4), and a pesticide cost
function (equation 2.5). These are presented
below.

Pest population growth and kill functions:

Pt forfe <t < i
(2.1) PO = s — gyt

![ fort; <! < s
(2.23) K = E*[X, P(1)] = E¥(X, Ppet)
{2.2b) K =KX, t; Py 7
where

r=pest population growth,
iy=planting time,
{;=pesticide application time,
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fy="harvest time,

K = pests killed by pesticide application,
Py=initial pest population at l,

and
X =quantity of pesticides.

The kill function indicates that the number of
pests killed is a function of how much pesticide
is applied and how many pests are present when
the pesticide is applied. P(#) is a function of {;,
r, and Py; but, since the parameters Py and r
are assumed to be fixed for any given planting
period and pest, the abbreviation is as follows:

(2.2¢) K = K(X, ;).

Pest population damage function:

(2.3a) dli)y = P(1)
(2.3b) Dit, — ) = f hd(e‘)d!
where

d(f) =instantaneous rate of crop damage
in physical units due to pests (note
that d(f) is piecewise continuous
over fy to §,);

b=a parameter which specifies the
rate of crop damage in physical
units per pest;

and

D(ts—1ty) = cumulative crop damage between
time #; and time £&.

Total damage at harvest time can be broken
into two parts, one before pesticide application
and one after:

(2.3¢) Dty — 4} = J‘r, dii)di +-f|,- d{f)di
I+ D

b
Dl ~ ) = {(e — e
r

(2.3d) APy — oK (X, 1)

+ Pylers — 1))

when #;=0. This is derived bv substitution of
equations (2.1}, (2.2¢), and (2.3a) into equa-
tion (2.3c).2
? The pest population damage funcuion may be rewritten
as:
blPin — 4] for PUH = A0

=1 for P < A()
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Product vield function;

(2.4) ¥ =N— Dty
where
¥V =physical yield at harvest,
fy=10,
and
N =physical vield if no damage occurs from
pests.
Pesticide cozt function:
(2.5) C=aX
where

C = total cost of pesticides,
X =number of units of pesticides,

and
a = cost of purchasing and applying a unit of

pesticide.
Profit can now be written:

(2.60) v=8¥ —C=8[N=D,— 4] —aX.

Substituting equation {2.3c) into {2.6a) re-
sults in the following:

Bh
= AN — — {{e" — )
F

{2.6b) P — HKX, )]

+ Plet — 1)} — aX.

The economic threshold is the population
level P{i;} associated with the two decision
variables, the optimum application time f;, and
the optimum quantity of pesticide X, which
simultaneously maximize profits. Differenti-
ating equation (2.6b} with respect to X and 4
results in the first-order conditions:

8b
(2.7a) oy =—a+— [ei 4 —1]Ky(X, 1) =0.
r

where A {[) is the pest damage toleranee level, the mazirum
pest population level which, at each point in time, results
in no discernible loss due to pest damage at harvest time,

Two cases must be investigated. The first is whether
is less than A(t). The second is whether Foei— K is less
than A{). For simplicity, suppose A is constant. 1f
FP,<A, there cxists some fe such that equation (2.3d) may
he rewritten as Poer®* =4 or be=1/rfIn{A)—In{P)]. Sim
ilarly, if Pyerti— K is less than 4, there exists some by such
that bee=Er[In(A ) =In(Poers = K} ]41;.

Using equations (2.3) and (2.4}, total damage can
he broken into two periods consisting of damage hefore
and after pesticide application: D(x—ta)=D]ti— max
«{tw, 1o} ]+ D[ta—max {tyw, &)]. The problem of applying
the above equation is that the max (b, &) 18 not known a
priori.
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= [1_,:[“—:‘:].:(“(_‘,\" 1)
+re K (X, 1)) =0.

Equations {2.7a) and (2.7b) indicate that the
economic threshold is also a function of the
time of harvest, the rate of pest population
growth, the rate of damage to crops per pest,
the effectiveness of the pesticide, the cost of
pesticide, and the price of the crop. Rewriting
equations (2.7a) and (2.7h) results in the
following:

(2.7b)

(3 8
Bhlert—t — 1]
rR(X, 1;)eritntid

ertu—.!il -1

(2.7¢) Kx(X,t) =

(2.7d) K (X, 8)

Since iy is greater than ¢ in both case 1, con-
dition 2, and case 2, (% %) —1 is positive.
Therefore, since o, r, 8, and b are also positive,
Kx(X, ) is positive, indicating that more
pesticide indeed kills more pests. Since K(X, ;)
is positive for positive values of X, K (X, f,) is
positive. This is intuitively appealing since, for
later ¢’s, the pest population density increases,
and a fixed quantity of pesticide would kill a
larger number of pests when the pest density is
greater. It is rather interesting to note that
product and pesticide costs affect Ax but not
K. This means that, if the quantity of pesti-
cides to be applied is for some reason fixed, the
timing of application would not be affected by
changes in the prices of the pesticide or the
product. In this case the only determinants of
i; are the effectiveness of the pesticide and the
pest population growth rate. To solve explicitly
for the economic threshold, the form of the pest
population kill function must be specified.®

¥ We note that profit maximization must be constrained
to exclude negative pest populations and applications of
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Conclusions

The foregoing model is an improvement on
Headley's model in that both the timing and the
quantity of pesticide applied are variables.
Like Headley's model, it provides rigor to the
definition of the concept of economic threshold
but is too simple for practical application. In
reality, the decision to spray is complicated by
the presence of more than one pest and inter-
relationships between pests, beneficial preda-
tors, and parasites which may also be killed by
the pesticide. Furthermore, the toxicity of some
pesticides is persistent; weather, pest density,
and the availability of food, among other fae-
tors, influence net population growth rates;
plants are sometimes more and other times less
sensitive to pest damage; biological control
inputs can be introduced into the system; and
the system itself can be manipulated to reduce
pest damage. Recent work by Carlson has
brought cut the importance of uncertainty and
the risk preferences of pest managers [1]. As
these additional factors are introduced, mathe-
matical models rapidly become unmanageable.*
“Black box™ approaches, which explicitly
recognize the uncertainty of future events and
the risk preferences of the decision-maker, will
be necessary in the next generation of models.

negative quantities of pesticide. The second-order condi-
tion rxx<0 and the previous result @8 —120 imply
that Kxx<0. This means additional increments of pes-
ticide must be less effective than previous increments,
Summarizing, this model has a unique interor solution if
the following three plausible assumptions are valid: the
number of pests killed increases with an increase in the
quantity of pesticide applied; the number of pests killed
increases at a decreasing rate; and a given quantity of
pesticide will kill more peste if the pest density increases.
4The mathematical complexity of the simple pest-
predator telationship without the other factors discussed
above has been explored recently by Paul A, Samuelson [4]).
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We wish to thank Borosh and Talpaz [1] for
pointing out that footnote 3 in Hall and Norgaard
[2] should read, “Summarizing, this model has a
unique interior solution omly if the following three
plausible assumptions are valid, . . . Several other
omissions deserve mention: (1% 8 is the price of
the crop; (2} #,, the planting time, is zere through-
out; and (3) the right-hand side of equation (2.7b)
in [2, p. 201] should be multiplied by —&8/r. How-
ever, there are a few points that bug us about the
comment by Borosh and Talpaz [17].

First, we never meant for our model to be “ap-
plied.” Our paper was a basic exploration of the
definition of the threshold. In our conclusion we
stated that our model “provides rigor to the defini-
tion of the concept of economic threshold but is too
simple for practical application,” Second, we would
qualify the following sentence by Borosh and Talpaz
[17]: “In fact, choosing a wide range of kill functions
linearly related to the pest population density level
Pi{t), which was, for example, the choice of Shoe-
maker [4] and described by Knipling [3], forces a
non-interior solution.”

Equation (11} in Borosh and Talpaz [1] can be

written as;?

4
(1) (ff_) [erttn—tit —1]2

r

EK_,.,(X,T;)K,&{X”‘) - K:r,"'fxrq}J

4 oertiy—rj) {zﬁbaxﬂl(f{,t{}
— (BEYPE (X B Ko (X 1) [e7 =5 4-1]

or }}0
N feritn—1tgd — 1} ’

n., <o nli‘i < 0, and (1) are second-order sui-
ficient conditions for a local maximum at the point
implicit in equations (2.7) in Hall and Norgaard [2].
As pointed out in footnote 3 in [2], the first condi-
tion implies K,.(X ) < 0. It is sufficient for the
second condition that K, (X,#) < 0. Further, when
the first condition holds, the first term in (1) is
strictly positive if K, (X0} < 0. If we assume that

1 For further details, contact the authors.
ZFor further discussion, contact the authors,
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applying slightly more pesticide when the pest popu-
lation is slightly more dense {intuitively, a situation
with a high probability of more pests coming into
contact with the pesticide) causes an increase in the
number of pests killed, or K., (Xt;) > 0, then the
second term in (1) is composed of two positive parts
and one negative part,

ar

— _—[sr:tp.—lf]_l] = —af).

Note that, for reasonable values of r and &, Q is
less than 1. Hence, as long as the price of pesticide
@ is small enough so that « is smaller than the
other two terms in braces, K, (X2} < 0 is a suf-

ficient condition for an interior solution when
K,.(Xt <0 Borosh and Talpaz [1] consider a
kill function where K, (X)) > 0 for any nonzero
application of pesticide. These kill functions are of
the form

3 K(X ) = GIP(H] F(X).

However, note that whether or not K, (Xt} is

greater or less than zero only depends on G[P(¢1]
which, in turn, depends on the form of the pest
population growth equation. This leads to the con-
sideration that perhaps the range of kill functions
entertained by Borosh and Talpaz is not so wide.
Certainly they have not presented any evidence of
the relative importance and frequency of kill func-
tions which yield non-interior solutions. Although
Knipling’s [3] comments are consistent with the
separable form of the kill equation in (2} when
G[P(t)] = P(t), the separability of the population
from F(X) seemed to be taken as a matter of
numerical convenience in Knipling's discussion. Fur-
ther, his comments do not necessarily imply this
functional form. Finally, Shoemaker [4] did not
apply this form to the unrealistic exponential popula-
tion growth equation we originally used. Any popu-
lation growth equation which dees not grow forever
will have a range over which K, (X.#) < 0% The
important question is which range is relevant from
the first-order conditions.
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