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Special Topic in Regression
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9.1
a.
For this case, k = 15 is the knot value (i.e., the value of x at which the slope changes).  Since there is no discontinuity in the linear relationship, the appropriate model is:




E(y) = (0 + (1x1 + (2(x1 ( 15)x2


where x1 = x and x2 = 
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b.
For x ( 15, x2 = 0, and the model is:




E(y) = (0 + (1x


Thus, (0 = y-intercept and (1 = slope.



For x > 15, x2 = 1, and the model is:




E(y) = (0 + (1x + (2(x ( 15) = ((0 ( 15(2) + ((1 + (2)x


Thus, ((0 ( 15(2) = y-intercept and ((1 + (2) = slope.


c.
If the two slopes are identical, then we must have (2 = 0.  Therefore, to test for a difference between the two slopes, we test:




H0:  (2 = 0 against Ha: (2 ( 0



using a t test.

9.3
a.
For this case, k = 320 is the knot value.  Since there is discontinuity in the linear relationship, the appropriate linear model is:



E(y) = (0 + (1x1 + (2(x1 ( 320)x2 + (3x2


where x1 = x and x2 = 
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b.
For x ( 320, x2 = 0, and the model is:




E(y) = (0 + (1x


Thus, (0 = y-intercept and (1 = slope.



For x > 320, x2 = 1, and the model is:



E(y) = (0 + (1x + (2(x ( 320) + (3 = ((0 ( 320(2 + (3) + ((1 + (2)x


Thus, ((0 ( 320(2 + (3) = intercept and  ((1 + (2) = slope.


c.
To test for a difference between the two lines, we test H0:  (2 = (3 = 0 using a t test.

9.5
a.
With no discontinuity and a knot value of k = 1000, (i.e., change in slope at x = 1000), the appropriate piecewise linear model is:




E(y) = (0 + (1x1 + (2(x1 ( 1000)x2



where x1 = x = lot size, and x2 = 
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b.
The least squares prediction equation, obtained from the SAS regression procedure, is given by:

 eq \O()



[image: image4.wmf]y

ˆ

 = 4.02402680 ( .002089716x1 ( .001393686(x1 ( 1000)x2

c.
H0:  (1 = (2 = 0



Ha:  At least one coefficient is not 0



Test statistic:  F = 363.44 (from printout)



Rejection region:  From the printout, the p-value associated with F = 363.44 is .0001.



Conclusion:  Since the p-value is less than ( = .10, reject H0.  There is sufficient evidence to indicate that the model is adequate for predicting shipping cost, y.


d.
The mean increase in shipping cost for every unit increase in lot size is represented by the slope of the y ( x line.  For lots with 1,000 or fewer units (i.e., for x ( 1000), the slope is represented by (1 (since x2 = 0).  A 90% confidence interval for (1 is:

 eq \O()
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where t.05 = 1.782 is based on 12 df and 
[image: image7.wmf]1
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 = .000205206 is obtained from the SAS printout.  Substitution yields:




(.002089716 ( (1.782)(.000205206) ( (.002089716 ( .0003657 










       ADVANCE \R 0.70or ((.0024554, (.001724)



Since the interval includes only negative numbers, there is evidence that mean shipping cost for lot sizes of 1,000 or fewer units decreases as the lot size increases.

9.7
Statistix was used to fit the simple linear regression model relating sweetness index, y, to pectin amount, x. The results are shown below:

UNWEIGHTED LEAST SQUARES LINEAR REGRESSION OF Y  

PREDICTOR

VARIABLES    COEFFICIENT    STD ERROR     STUDENT'S T       P

---------    -----------    ---------     -----------    ------

CONSTANT        6.25207       0.23662        26.42       0.0000

X              -0.00231     9.049E-04        -2.55       0.0181

R-SQUARED           0.2286      RESID. MEAN SQUARE (MSE)    0.04622

ADJUSTED R-SQUARED  0.1936      STANDARD DEVIATION          0.21500

SOURCE        DF       SS           MS         F        P

----------   ---   ----------   ----------   -----   ------

REGRESSION     1     0.30140      0.30140     6.52   0.0181

RESIDUAL      22     1.01693      0.04622

TOTAL         23     1.31833

CASES INCLUDED 24   MISSING CASES 0

We want to predict the pectin amount, x, required to yield a sweetness index of yp = 5.8. The estimate of x is calculated as follows:
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An appropriate 95% prediction interval for x is 
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Where t.025 = 2.074 is based on 22 df.

Substitution yields:
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We are 95% confident that the amount of pectin required to yield a sweetness index of 5.8 will fall in the interval 0 to 398.9 parts per million.

9.9
a.
The results of the simple linear regression are given below:



n = 8


SSxx = 7.219
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 = 6.06

 eq \O()


[image: image12.wmf]x

 = 2.563

SSxy = 43.75 eq \O()
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 eq \O()


[image: image14.wmf]y

 = 13.50

SSyy = 280.00


SSE = 14.85

s2 = 2.47



The least squares prediction equation is eq \O() 
[image: image15.wmf]y

ˆ

 = (2.03 + 6.06x.


b.
H0:  (1 = 0



Ha:  (1 ( 0



The test statistic: t = 
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Rejection region:  ( = .05, df = n - 2 = 6, t.025 = 2.447






   ADVANCE \L 0.70Reject H0 if t < (2.447 or t > 2.447



Conclusion:  Reject H0 at ( = .05.  There is sufficient evidence to indicate that the model is useful for predicting decrease in pulse rate y.


c.
First, we calculate the estimate of x for yp = 10:
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An appropriate 95% prediction interval for x is:
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   or (1.298, 2.672)



Therefore, to reduce a patient's pulse rate to y = 10 beats/minute, we should administer a dosage x of the drug somewhere between 1.298 cc and 2.672 cc.

9.11
a.
The following information is obtained from the SAS regression printout:

 eq \O()



[image: image20.wmf]y

ˆ

 = (1.2667 + .1760x



r2 = .5629, MSE = 46.2564, s = 6.801, 
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s

= .043




t(for H0:  (1 = 0) = 4.09, p-value = .0013



Since the p-value (.0013) associated with the test statistic for testing H0:  (1 = 0, is smaller than ( = .05, we have sufficient evidence to reject H0 and conclude that the model is useful for predicting number of defectives y.


b.
The residuals, calculated in the table, are plotted against x in the following figure.

	PRIVATE 
Observation i
	       1
	      2
	      3
	      4
	      5
	      6 
	      7
	      8

	xi
	100.00
	100.00
	100.00
	100.00
	100.00
	150.00
	150.00
	150.00

	yi
	15.00
	23.00
	11.00
	14.00
	18.00
	19.00
	29.00
	20.00
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	16.33
	16.33
	16.33
	16.33
	16.33
	25.13
	25.13
	25.13

	Residual = (yi - [image: image23.wmf]i
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	(1.33
	6.67
	(5.33
	(2.33
	1.67
	(6.13
	3.87
	(5.13


	PRIVATE 
Observation i
	       9
	     10
	     11
	     12
	     13
	     14
	     15

	xi
	150.00
	150.00
	200.00
	200.00
	200.00
	200.00
	200.00

	yi
	35.00
	24.00
	26.00
	48.00
	27.00
	38.00
	30.00

	 eq \O()
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	25.13
	25.13
	33.93
	33.93
	33.93
	33.93
	33.93

	Residual = (yi - 
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) 
	 9.87
	(1.13
	(7.93
	14.07
	(6.93
	 4.07
	(3.93


[image: image52.png]«10 4

-15 -






The plot reveals a funnel shape, that is, as machine speed x increases, the spread of the residuals also increases.  This implies that the assumption of equal variances is very likely violated.


c.
Let eq \O() 
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e

ˆ

 = (yi - eq \O() 
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) represent the residual for the ith-observation.  To obtain the variance of the 5 residuals at each level of x, we use the short-cut formula for the sample variance.




s2 = 
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The results are shown in the following table:

	PRIVATE 
x
	Variance of Residuals (s2)
	s2/x
	s2/x2
	
[image: image29.wmf]x
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	100
	20.7
	.2070
	.00207
	2.070

	150
	44.3
	.2953
	.00197
	3.617

	200
	85.2
	.4260
	.00213
	6.025




Note that when the variance s2 is divided by x2 for each level of x, the result is a constant (approximately .002).  Therefore, the variance is proportional to 1/x2, and the appropriate weights to use in a weighted least squares are:




wi = 
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d.
The weighted least squares fit, obtained from the SAS regression procedure, is:

 eq \O()
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 = (1.51428571 + .17771429x


The standard deviation of the estimate of the weighted least squares slope, 
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is .040, a slight decrease from the unweighted value of .043.


e.
The weighted residuals are defined as 
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Since wi =
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The weighted residuals, calculated in the table below, are plotted against xi in the figure.

	PRIVATE 
Observation i
	       1
	      2
	      3
	      4
	      5
	      6 
	      7
	      8

	xi
	100.00 
	100.00 
	100.00 
	100.00 
	100.00 
	150.00 
	150.00 
	150.00 

	yi
	15.00 
	23.00 
	11.00 
	14.00 
	18.00 
	19.00 
	29.00 
	20.00 
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	(yi - eq \O() 
[image: image38.wmf]i

y

ˆ

)
	(1.26 
	6.74 
	(5.26 
	(2.26 
	1.74 
	(6.14 
	3.86 
	(5.14 

	(yi - eq \O() 
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	(.013
	.067
	(.053
	(.023
	.017
	(.041
	.026
	(.034


	PRIVATE 
Observation i
	       9
	     10
	     11
	     12
	     13
	     14
	     15

	xi
	150.00 
	150.00 
	200.00 
	200.00 
	200.00 
	200.00 
	200.00 

	yi
	35.00 
	24.00 
	26.00 
	48.00 
	27.00 
	38.00 
	30.00 

	 eq \O()
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	25.14 
	25.14 
	34.03 
	34.03 
	34.03 
	34.03 
	34.03 

	(yi - 
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	 9.86 
	(1.14 
	(8.03 
	13.97 
	(7.03 
	 3.97 
	(4.03

	(yi - eq \O() 
[image: image42.wmf]i
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)/xi
	ADVANCE \R 1.40.066
	ADVANCE \R 1.40.008
	ADVANCE \R 1.40(.040
	ADVANCE \R 1.40.070
	ADVANCE \R 1.40(.035
	ADVANCE \R 1.40.020
	(.020





From the residual plot, it is evident that the spread of the residuals for the three values of x is constant.  Thus, it appears that weighted least squares has corrected the problem of unequal variances.

9.13
When the response (i.e., dependent) variable y is recorded as 0 or 1, three major problems arise:


1.
The assumption of normal errors is violated.


2.
The assumption of equal error variances is violated.


3.
Predicted values may take on nonsensical values (i.e., negative values or values greater 



than 1).


The first two problems are the most serious, since we have little or no faith in any inferences derived from an ordinary least squares regression model when the standard regression assumptions are violated.

9.15
a.
(1 = Slope of the y ( x1 line, holding x2 and x3 constant [i.e., the mean increase (or decrease) in the probability of being hired for each additional year of education, for applicants of the same sex and experience].



(2 = Slope of the y ( x2 line, holding x1 and x3 constant [i.e., the mean increase (or decrease) in the probability of being hired for each additional year of experience, for applicants of the same sex and education].



(3 = 
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, holding x1 and x2 constant [i.e., the mean difference between the probability of males and the probability of females being hired, for applicants of the same education and experience].



Note:  (0 has no practical interpretation in this model.


b.
Stage 1:  



The ordinary least squares fit, obtained from the SAS regression package, is:

 eq \O()



[image: image45.wmf]y
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 = (.844356 + .106919x1 + .088634x2 + .484728x3


The predicted values eq \O() i for the 28 observations are listed below:

	PRIVATE 
Observation i
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	[image: image46.wmf]i
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ˆ


	-.023
	.068
	.814
	.548
	-.328
	.277
	.245
	-.062
	-.114
	.897


	PRIVATE 
Observation i
	11
	12
	13
	14
	15
	16
	17
	18
	19
	20

	
[image: image47.wmf]i
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	.245
	.454
	-.239
	.418
	.511
	.152
	.496
	.371
	.204
	.157


	PRIVATE 
Observation i
	21
	22
	23
	24
	25
	26
	27
	28

	[image: image48.wmf]i
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	.027
	.282
	.939
	.381
	.100
	.371
	.954
	.8615



Stage 2:


The predicted values above are used to calculated the appropriate weights for weighted least squares regression, where wi = 
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For example, the weight associated with observation #15 is:




w15 = 
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The weighted least squares fit (obtained using SAS) is:

 eq \O()



[image: image51.wmf]y

ˆ

 = (0.527915 + .074979x1 + .074750x2 + .391172x3

c.
H0:  (1 = (2 = (3 = 0



Ha:  At least one (  ( 0



Test statistic:  F = 21.79 (p-value = .0001), obtained from the SAS printout.



Rejection region:  Using the p-value approach, reject H0 if p-value < ( = .05.



Conclusion:  Reject H0 at ( = .05.  There is sufficient evidence to indicate the model is useful for predicting hiring status, y.


d.
H0:  (3 = 0



Ha:  (3 ( 0



Test statistic:  t = 4.01 (p-value = .0005), obtained from the SAS printout



Rejection region:  Using the p-value approach, reject H0 if p-value < ( = .05.



Conclusion:  Reject H0 at ( = .05.  There is sufficient evidence to indicate that sex is an important predictor of hiring status y.  Since the estimate of (3 is positive, it appears that males have a higher probability of being hired than females.


e.
A 95% confidence interval for E(y) when x1 = 4, x2 = 3, and x3 = 0 (obtained from the SAS printout) is ((.2122, .2047).  That is, we estimate the probability of being hired E(y), for female applicants (x3 = 0) with x1 = 4 years of education and x2 = 3 years of experience to fall between(.2122 and .2047.  Note that the interval includes negative numbers, which are nonsensical probabilities

9.17                            Model Fit Statistics

                                                 Intercept

                                  Intercept         and

                   Criterion        Only        Covariates

                   AIC               37.165         22.735

                   SC                38.497         28.064

                   -2 Log L          35.165         14.735

                   Testing Global Null Hypothesis: BETA=0

            Test                 Chi-Square       DF     Pr > ChiSq

           Likelihood Ratio        20.4299        3         0.0001

           Score                   15.0320        3         0.0018

           Wald                     5.2883        3         0.1519

                           The LOGISTIC Procedure

                  Analysis of Maximum Likelihood Estimates

                                    Standard          Wald

     Parameter    DF    Estimate       Error    Chi-Square    Pr > ChiSq

     Intercept     1    -14.2482      6.0805        5.4909        0.0191

     x1            1      1.1549      0.6023        3.6767        0.0552

     x2            1      0.9098      0.4293        4.4919        0.0341

     x3            1      5.6037      2.6028        4.6352        0.0313

                 Predicted Probabilities and 95% Confidence Limits

             Obs    y    x1    x2    x3    _LEVEL_      phat       lcl        ucl

               1    1     6     6     1       1       0.97688    0.42319    0.99959

               2    1     6     3     1       1       0.73385    0.26804    0.95405

               3    1     8     3     0       1       0.09282    0.00485    0.68232

               4    1     8    10     0       1       0.98352    0.27405    0.99989

               5    1     4     5     1       1       0.62813    0.11439    0.95669

               6    1     6     1     1       1       0.30886    0.07490    0.71155

               7    1     8     5     1       1       0.99420    0.50305    0.99997

               8    1     4    10     1       1       0.99378    0.29208    0.99998

               9    1     6    12     0       1       0.97338    0.19876    0.99981

              10    0     6     2     0       1       0.00407    0.00005    0.27086

              11    0     4     0     1       1       0.01755    0.00048    0.40027

              12    0     4     1     0       1       0.00016    0.00000    0.15324

              13    0     4     2     1       1       0.09927    0.00894    0.57370

              14    0     4     4     0       1       0.00250    0.00002    0.24465

              15    0     6     1     0       1       0.00164    0.00001    0.24049

              16    0     4     2     1       1       0.09927    0.00894    0.57370

              17    0     8     5     0       1       0.38699    0.04394    0.89661

              18    0     4     2     0       1       0.00041    0.00000    0.17559

              19    0     6     7     0       1       0.27888    0.04027    0.78091

              20    0     6     4     0       1       0.02461    0.00108    0.37068

              21    0     8     0     1       1       0.64439    0.11457    0.96209

              22    0     4     7     0       1       0.03698    0.00141    0.50996

              23    0     4     1     1       1       0.04248    0.00221    0.47030

              24    0     4     5     0       1       0.00618    0.00009    0.30151

              25    0     6     0     1       1       0.15248    0.02129    0.59808

              26    0     4     9     0       1       0.19153    0.01081    0.83708

              27    0     8     1     0       1       0.01631    0.00026    0.51595

              28    0     6     1     1       1       0.30886    0.07490    0.71155
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