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1 A Simple Shooting Solution for Linear 2nd order ODE BVPs
A simple solution is available for the linear (in y and its iglatives) 2nd order ode boundary value problem (BVP)
y'(@) =p(2)y'(x) + q(x) y(z) +r(z), yla)=A, yb)=B. (11)
Let u(x) be the solution of the initial value problem (IVP)
u"(z) = p(z) v/ (z) + q(z) u(z) + r(z), ula)=A, u(a)=25 (1.2)
and letv(z) be the solution of the IVP
V() = p(x) ' () + q(x) v(z) +r(z), wv(a)=A4, v'(a)=70, (1.3)

in which §; andé- are two different guesses for the initial valueydfa) which will result in approximately satisfying
y(b) = B.

We can then take an appropriate linear combination of thvesd\{P solutions
y(z) = au(z) + Bu(x), y(z)=av(z)+Bv(z), y'(z)=au’(z)+pv"(z) (1.4)

in which o and g are constants chosen such that) = A (which impliesa + g = 1 sinceu(a) = A andv(a) = A) and
such thaty(b) = avu(b) + Sv(b) = B. We then get

y(z) = aulz) + (1 — a)v(x), (1.5)
where B o(b)
“T U ) -0

We provide codéinearl  (in both Maxima andR) which implements this solution method.

1.1 Example 1usingR

We use our homemade R functiomgrk4 andlinearl to solve the linear 2nd order ode BVP

2

Y’ = 1 (I1+y), for y(0)=0, y(1)=1. (1.7)

The analytic solution is
Yan(T) = cos(%w) +2 sin(%) -1 (1.8)

Just for practice, we can derive this analytic solution gghve Maxima functionsede2 for the general solution arat2
for the particular solution which satisfies the given bougdanditions. Maxima returns the general solution in teahs
two constants which it call&k1 and%k2

(%i1) de : 'diff(y,x,2) + %pi‘2/4 * (1 + y);
(%01) 'diff(y,x,2)+%pi"2 * (y+1)/4

(%i2) gsoln : ode2(de,y,x);

(%02) y = %K1 *sin(%pi *x/2)+%k2 *cos(%pi *x/2)-1
(%i3) psoln : bc2(gsoln,x=0,y=0,x=1,y=1);

(%03) y = 2 *sin(%pi *x/2)+cos(%pi  *x/2)-1

(%i4) ysoln : rhs(%);

(%04) 2 *sin(%pi *x/2)+cos(%pi  *x/2)-1

We check this analytic solution for boundary conditions éanghin, just for practice) for satisfying the given diffetial
equation. Note the use adtsimp(expand(...)) to massage an expression which should reduce to zero.
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(%i5) ysoln, x=0;

(%05) 0

(%i6) ysoln, x=1;

(%06) 1

(%i7) yd2 : diff(ysoln,x,2);

(%07) -%pi"2 *sin(%pi *x/2)/2-%pi"2  *cos(Yopi *x/2)/4
(%i8) ratsimp(expand(yd2 + (ysoln + 1) * %pi~2/4));
(%08) 0

(%i9) dy : diff(ysoln,x);

(%09) %pi * cos(%pi *x/2)-%pi  *sin(%pi *x/2)/2

(%il0) dy,x=0;

(%010) %pi

Here isRcodelinearl  fromcp3.R which finds a solution for a 2nd order linear ode BVP (for whicl boundary conditions are

y(a) = Aandy(b) = B) by using two different values (input by the program useeriattively) for the unknown’(a).

#it linearl (bc, grid, func)
#it linear 2nd order ode BVP method over finite interval
#it for case:
#it y'(x) = p(x) y'(x) + q(x) y(x) + r(x), a <= x <= b
#it yi(x) = y(x),  y2(x) = y'(x)
#H# y@ = A yb) =B
#it Two guesses of y'(a) are asked for interactively.
#it The vector 'grid’ can be generated as xL = seq(a,b,h), for e xample.
#it linearl calls homemade myrk4, which expects func to retur n
#it a R vector c(y[2], y’ as a function of x,y[1], and y[2]).
#it For the above problem, bc = c(A,B).
#it linearl returns list(ylL, y2L), in which ylL is a R vector o f y(x) grid
#it values, and y2L is a R vector of y'(x) grid values.
linearl = function(bc, grid, func) {
A = bc[1]
B = bc[2]
#it get first guess for y'(a)
del = as.numeric ( readline ( " first guess y'(a) = "))

#it get first IVP solution ; myrk4 returns list(ylL, y2L)
outL = myrk4 ( init = c(A, del), grid = grid, func = func )
uL = outL[[1]]
upL = outL[[2]]

#it get second guess for y’'(a)
del = as.numeric ( readline ( " second guess y'(@) = "))
#it get second IVP solution
outL = myrk4 ( init = c(A, del), grid = grid, func = func )

vL = outL[[1]]
vpL = outL[[2]]

ub = last(uL)
vb = last(vL)
sdiff = ub - vb
#it check that sdiff is not "zero" so we can divide by it
if (abs(sdiff) < 1le-12) {
cat(" sdiff = ub - vb is too small; choose different values for y'(a) guesses. \n ")
return() }
#it form numerical solution y1L and its first derivative y2L
alpha = (B - vb)/sdiff # scalar number needed to construct sol ution

ylL = alpha *uL + (1 - alpha) =*vL
y2L = alpha *upL + (1 - alpha) =*vpL
list ( ylL, y2L ) }
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and here is an example of the usdinéarl  to solve the 2nd order linear ode BVP (1.7) .

source("cp3.R")

ex1l = function(x,y) { c( y[2], -(2 + y[1]) *pi"2/4) }

xL = seq(0, 1, 0.01)

BC = c(0, 1)

soln = linearl(bc=BC, grid = xL, func = exl)

first guess y'(a) = 1

second guess y'(a) = 1.5

yL = soln[[1]]

> fli(yL)

0 1 101

ypL = soln[[2]]

flitypL)

3.141593 -1.570796 101

plot(xL,yL, type = "I, lwd = 2, col = "blue", ylab = "y(x)", x lab = "x")

mygrid()

curve ( cos(pi  *x/2)+2 =*sin(pi *x/2) -1,0,1, type = "p", add = TRUE, col = "red")

legend("bottomright", col = c("blue","red"), legend = c( "numerical”, "exact"),
lwd = 2)

\% \% VVV VYV

\%

+ V V V V

which shows agreement between the numerical solution anebact solution.

o
s

- — numerical
24 — exact

Figure 1: Example 1 Numericglz) Compared with Analytic Solution

Next we compare the numerical results for the first derieatiith the exact value of the second derivative.

> plot(xL,ypL, type = "I, lwd = 2, col = "blue", ylab = "dy/dx" , xlab = "x")
> mygrid()

> curve ( pi *cos(pi *x/2) - pi =*sin(pi *x/2)/2 ,0,1,type = "p",add = TRUE,col = "red")
> legend("topright", col = c("blue","red"), legend = c¢( "nu merical”, "exact"),
+ lwd = 2)

which shows agreement:

— numerical
— exact

dyldx

Figure 2: Example 1 Numericgl (z) Compared with Analytic Solution
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1.2 Example 1 using Maxima

Here is Maxima codénearl , from cp3.mac , which can be used to solve a 2nd order linear ode BVP (for hwthie
boundary conditions arg(a) = A andy(b) = B).

/ * linearl ([dyldx,dy2dx], [y1,y2], [A,B], [x,a,b,h])
2nd order linear ode BVP method
Uses our homemade rk4 code from cp3.mac
to solve the problem:
y'(x) = p(x) Y'(x) + a(x) y(x) + r(x), a <= x <= b
yl(x) = y(x), y2(x) = y'(x)
y(@ = A, y(b) = B
X is the independent variable, h is the grid spacing.
Two guesses of y'(a) are asked for interactively.

Returns a Maxima list with elements of the form [xi, y1i, y2i] ,
which are approximations to [x, y(x), y'(xX)] at the grid poin ts.
*/
linearl(dyldy2, ivar, bc, xgrid) =
block([A,B,del, xL,uL,upL, ub, vL, vpL,vb,
outL, sdiff, alpha, y1L, y2L,
small : le-12, numer],numer:true,
if length(dyldy2) # 2 then (
print(" need two first order ode derivatives"),

return(done)),
A : bc[1],
B : bc[2],
[ * get first guess for y'(a) */
del : read( " first guess y'(a) = " ),
/* get first IVP solution */

outL : rk4(dyldy2,ivar,[A,del],xgrid),
xL : take(outL,l1),
uL : take(outL,2),
upL : take(outL,3),

/= get second guess for y'(a) */
del : read( " second guess y'(a) = " ),
/= get second IVP solution */

outL : rk4(dyldy2,ivar,[A,del],xgrid),
vL : take(outL,2),
vpL : take(outL,3),

ub : last(uL),

vb : last(vL),

sdiff : ub - vb,

/= check that sdiff is not "zero" so we can divide by it */

if abs(sdiff) < small then (
print(" sdiff = ub - vb is too small; choose different values f or y'(a) guesses. "),
return(done)),

/* form numerical solution ylL and its first derivative y2L */

alpha : (B - vb)/sdiff, / * scalar number needed to construct solution */

ylL : alpha =*uL + (1 - alpha) =*vL,
y2L : alpha *upL + (1 - alpha) =*vpL,
makelist( [xL[j], y1L[j], y2L[i] 1. j, 1, length(xL)))$

and here is an example of use to solve Examplel (1.7).

(%il) load(cp3);
(%o01) "c:/k3/cp3.mac"
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(%i14) soln : linearl( [y2, -(1+y1) *%pi~2/4], [yl,y2], [0,1], [x,0,1,0.01] )$
first guess y'(a) =
1
second guess y'(a) =
1.5;
(%i18) fli(soln);
(%018) [[0.0,0.0,3.141593],[1.0,1.0,-1.570796],101]
(%i15) xL : take(soln,1)$
(%i16) yL : take(soln,2)$
(%17) ypL : take(soln,3)$
(%il18) plot2d([[discrete,xL,yL],cos(%pi *X[2)+2 *sin(%pi *x/2) -1], [x,0,1],
[style,[lines,2,1], [points,2,2,2]],
[legend,"numerical”,"exact"],[ylabel,"y"],
[gnuplot_preamble,"set grid"])$
which shows numerical agreement igrr) similar to Figure 1. Then
(%i19) plot2d([[discrete,xL,ypL], %pi *coS(%pi *x/2)-%pi  *sin(%pi  *x/2)/2], [x,0,1],
[style,[lines,2,1], [points,2,2,2]],
[legend,"numerical”,"exact"],[ylabel,"dy/dx"],
[gnuplot_preamble,"set grid"])$
shows agreement for the first derivatiyéz) similar to Figure 2.
1.3 Example 2 using R
We use our homemade R functiomgrk4 andlinearl to solve the linear 2nd order ode
3py(x) -
MNe)=—-—"222 0 p=10"°, —0.1<z<0.1, 1.9
v = P <z < (1.9)
with the boundary conditions
0.1 0.1
—0.1) = ——, 0.1) = ———. 1.10
Y(=0) = ——m==77 V0D = =57 (1.10)
The analytic solution is
x
Yan (T) = —. (1.11)
Vp +a?
For smallp the solution is an approximate step function.
> source("cp3.R")
> ex2 = function(x,y) { c( y[2], -3 *pxy[1)/(p + X2)2) }
> xL = seq (-0.1, 0.1, 0.001)
>p = 1le5
> BC = c( -0.1/sqrt(p + 0.01), 0.1/sqrt(p + 0.01))
> soln = linearl(bc=BC, grid = xL, func = ex2)
first guess y'(a) = 1
second guess y'(a) = 1.5
> yL = soIn[[1]]
> fli(yL)
-0.9995004 0.9995004 201
> ypL = soln[[2]]
> fli(ypL)
0.06719535  0.07319558 201
> plot(xL,yL, type = "I"; lwd = 2, col = "blue", ylab = "y(x)", x lab = "x")
> mygrid()
> curve ( x/sqgrt(p + x *Xx), -0.1, 0.1, add = TRUE, type = "p", col = "red")
> legend("bottomright”, col = c("blue","red"), legend = c( "numerical”, "exact"),
+ lwd = 2)
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which produces the plot

1.0

0.5

y(x)
0.0

J —— numerical

- — exact
T T T T T
-0.10 -0.05 0.00 0.05 0.10

-1.0

X

Figure 3: Example 2 Numericglz) Compared with Analytic Solution

We can then plot the numerical first derivative returned leygblution.

> plot(xL,ypL, type = "I, lwd = 2, col = "blue", ylab = "dy/dx" , xlab = "x")
> mygrid()

> curve ( p/(X"2+p)*(3/2), -0.1, 0.1, add = TRUE, type = "p", c ol = "red")

> legend("topright", col = c("blue”,"red"), legend = c¢( "nu merical”, "exact"),
+ lwd = 2)

which produces the plot

‘ﬁ’ — numerical
— exact

300
|

dyfdx
200 250
1 1

150
Il

100
|

50
Il

J

T T T T T
-0.10 -0.05 0.00 0.05 0.10

X

Figure 4: Example 2 Numericaly/dxz Compared with Analytic Solution
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1.4 Example 2 using Maxima

We use our homemade Maxima functiokd andlinearl to solve the Example 2 linear 2nd order ode BVP (1.9).

(%il) load(cp3);
(%o01) "c:/k3/cp3.mac"
(%i2) p : le-5;
(%02) 1.0E-5
(%i3) BC : [-0.1/sqrt(p + 0.01), 0.1/sqgrt(p + 0.01)];
(%03) [-0.9995,0.9995]
(%i4) soln : linearl( [y2, -3 *pryl/(p + x2)°2], [yly2], BC, [x,-0.1,0.1,0.001] )$
first guess y'(a) =
1;
second guess y'(a) =
1.5;
(%i5) xL : take(soln,1)$
(%i6) fll(xL);
(%06) [-0.1,0.1,201]
(%i7) yL : take(soln,2)$
(%i8) fli(yL);
(%08) [-0.9995,0.9995,201]
(%i9) ypL : take(soln,3)$
(%i10) fli(ypL);
(%010) [0.067195,0.073196,201]
(%ill) plot2d([[discrete,xL,yL], x/sqrt(p + x *X)], [x,-0.1,0.1],
[style,[lines,2,1], [points,2,2,2]],
[legend,"numerical”,"exact"],[ylabel,"y"],
[gnuplot_preamble,"set key bottom; set grid"])$

which produces a plot similar to that producedmfor y(x), and we can then make a plot@j/dx:

(%il2) plot2d([[discrete,xL,ypL], p/(x"2+p)"(3/2)], [x ,-0.1,0.1],
[style,[lines,2,1], [points,2,2,2]],
[legend,"numerical”,"exact"],[ylabel,"dy/dx"],

[gnuplot_preamble,"set grid"])$

which produces a plot similar to that producedmbfor 3/ (x).

2 Shooting Methods for 2nd Order Linear or Nonlinear ODE BVPs

For the case of a 2nd order nonlinear ode BVP, we can use raatdimethods to search for an initial valuejof v'(a)
such that bothy(a) = A andy(b) = B to within some numerical tolerance.

2.1 Example 1 using rk4 and findroot with Maxima

Our example is

Y (7) = % (32+22° —y(2)y'(x)), 1<z<3 (2.1)
subject to the boundary conditions
y(1) =17, y(3) = % (2.2)
The analytic solution is
Yan () = 22 + 133—6 (2.3)

In addition to the Maxima functiofind_root , we use our homemade Runge-Kutta routie .

Letys(z) be the solution of the initial value problem for whiéh= ¢/(1), and letF'(§), represented bls(del) , be the difference
ys(3) — %. We then seek a value éf(represented bgel ) which results in a value af's(d) close to zero (absolute value less than
some prescribed tolerance). Recall that for a second orgtieon,rk4 returns a list, each of whose elements has the form of the
list [x, y1(x), y2(X)] , and we extract the second part of the last such list tg &) produced by a given value ol .
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The Maxima functiorfind_root
at the ends of the supplied interdkl1,del2)

will abort if the supplied function whose zero is sought doneshave opposite signs

. By printing out a small table of values of the functibgs, we see that

we can use the intervéll5,-10) . (We can also make a simple plotiedg as a function otlel ; see below.)

(%il) load(cp3);
(%01) "c:/k3/cp3.mac"
(%i2) derivs : [y2,(32 + 2 *X3 - yl *y2)/8 ];
(%02) [y2,(-yl  *y2+2+*x"3+32)/8]
(%i3) outL(del) := rk4(derivs,[yl,y2],[17,del],[x,1,3, 0.01]))$
(%i4) Fs(del0) := (second(last(outL(del0))) - 43/3)$
(%i5) for del:-20 thru 20 step 5 do
print(del," ",Fs(del))$
-20 -4.027346
-15 -0.59963
-10 2.192145

-5 4.578477
0 6.685168
5 8.587376

10 10.33321

15 11.95519

20 13.47627

(%i6) delv : find_root(Fs, -15, -10);

(%06) -14.0

(%i7) solnL : outL(delv)$

(%i8) fll(solnL);

(%08) [[1.0,17.0,-14.0],[3.0,14.33333,4.222222],201]

(%i9) xL : take(solnL,1)$

(%i10) fli(xL);

(%010) [1.0,3.0,201]

(%i11) ylL : take(solnL,2)$

(%i12) fli(y1L);

(%012) [17.0,14.33333,201]

(%il3) plot2d([[discrete,xL,y1L], x"2 + 16/x], [x,1,3],
[style,[lines,2,1], [points,2,2,2]],
[legend,"numerical”,"exact"],[ylabel,"y"],

[gnuplot_preamble,"set grid"])$

which produces a plot in which the numerical solution visuagrees with the analytic solution:

17

T
numerical
exact

16

15

14

/

13

12

2
X

Figure 5: findroot Numericaly(z) Compared with Analytig(z)

Next we compare the numerical solution for the first dersgatvith the exact first derivative.

(%i14) y2L : take(solnL,3)$
(%i15) fli(y2L);
(%015) [-14.0,4.222222,201]
(%il6) plot2d([[discrete,xL,y2L], 2 *X - 16/X°2], [x,1,3],
[style,[lines,2,1], [lines,2,2]],
[legend,"numerical","exact"],[ylabel,"dydx"],
[gnuplot_preamble,"set key bottom;set grid"])$




2 SHOOTING METHODS FOR 2ND ORDER LINEAR OR NONLINEAR ODE BVPS

which produces

dydx

-10

-12

-14

numerical
exact

1 15 2 25 3
X

-16

Figure 6: Numerical/(z) Compared with Analytig/ ()

Here is an example of making a simple plotraf as a function oflel :

11

(%i18) FsL : map(Fs,dL)$
(%i19) time(%);

(%019) [2.41]

(%i20) fll(FsL);

(%020) [-4.027346,13.47627,41]
(%i21) plot2d([discrete,dL,FsL],[xlabel,"del"],[ylab el,"Fs"],
[gnuplot_preamble,"set grid"]))$

(%i17) dL : makelist(del,del,-20,20,1)$

which produces the plot:

Fs

14

12

10

-20 -15 -10 -5 0 5 10 15 20
de

Figure 7:F(9) versusd

2.2 Example 1 using myrk4 and uniroot with R

Our example is (repeating the Maxima introduction in thesjmas section):

y'(x) == (32+22% —y(2)y'(z)), 1<x<3

| =

(2.4)
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subject to the boundary conditions

43

y(1) =17, y(3) =+ (2.5)

The analytic solution is
16
Yan () = 22 + e (2.6)

We gave an example of usingiroot in Chapter 1. In addition to th& function uniroot , we use our homemade
Runge-Kutta routinenyrk4(init,grid,func) , which was introduced in Chapter 2, and which we have usdtkifin-
ear method examples above. Recall thatk4 expects the output of the derivatives functfanc to be a R vector of the
formc(y[2], y’ as a function of x, y[1], and y[2]) . This derivatives function is calledkrivs(x,y) ,
and is defined by the line
derivs = function(x,y) { c(y[2], (32 + 2 *X"3 - y[1] *y[2])/8 ) }

below.

Let ys(x) be the solution of the initial value problem for whiéh= 3/(1), and letF'(4), represented bigs(del) , be the

differencey;(3) — %. We then seek a value &f(represented bylel ) which results in a value of's(¢d) close to zero
(absolute value less than some prescribed tolerance).l|Restafor a second order equatiomyrk4 returns a R list, of
the formlist( y1L, y2L) , and we neethst(ylL) togetyl(3) produced by a given value dél . The homemade
functionlast (as well adll ) is in the code filep3.R .

TheRfunctionuniroot  will abort if the supplied function whose zero is sought doneshave opposite signs at the ends
of the supplied intervaldell,del2) . By printing out a small table of values of the functibs, we see that we can use
the interval(-15,-10) . (We can also make a simple plotfkd as a function ofiel ; see below.)

source("cp3.R")

derivs = function(x,y) { c(y[2], (32 + 2 *Xx"3 - y[1] *y[2])/8 ) }
xL = seq(1, 3, 0.01)

fll(xL)

1 3 201

outL = function(del) { myrk4( init = c(17, del), grid = xL, fu nc = derivs ) }
> Fs = function(del) { last (outL (del) [[1]]) - 43/3 }

> for (del in seq(-20, 20, by = 5)) cat (del,” ",Fs(del),"\n")

-20 -4.027346

-15 -0.5996257

-10 2.192145

V V V V

\%

-5 4.578477
0 6.685168
5 8.587376

10 10.33321
15 11.95519
20 13.47627
> delv = uniroot(Fs, c(-15, -10), tol = 1e-10 )$root
> delv
[1] -14
> solnL = outL(delv)
> yL = solnL[[1]]
> fli(yL)
17 14.33333 201
> ypL = solnL[[2]]

> fli(ypL)

-14  4.222222 201
> plot( xL, yL, type = "I', lwd = 2, col = "blue", xlab = "x", ylab ="y
> mygrid()
> curve( X2 + 16/x,1, 3, type = "p", col = "red" , add = TRUE)
> legend("topright", col = c("blue","red"), legend = c¢( "nu merical”, "exact"),
+ lwd = 2)
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which produces the plot

S A —— numerical
— exact

Figure 8: uniroot Numericaj(z) Compared with Analytig/(x)

Next we plot the numerical first derivative:

> plot( xL, ypL, type = "I", lwd = 2, col = "blue", xlab = "x", yla b = "dydx")
> mygrid()

> curve( 2 *x - 16/x°2,1, 3, type = "p", col = "red" , add = TRUE)

> legend("bottomright”, col = c("blue”,"red"), legend = c( "numerical”, "exact"),
+ lwd = 2)

which produces

dydx

—— numerical
— exact
T T T T T
1.0 15 2.0 25 3.0

Figure 9: Numerical/(x) Compared with Analytig/’ ()

2.3 Example 2 using Secant Search with Maxima

We can use a secant search method, insteéiddbfroot . For the example we consider here, the secant search method
requires two guesses for the initial valueydfr). The example we consider is

1/

y'=2y° —1<2<0, y(-1)=1/2, y(0)=1/3. (2.7)
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The analytic solution g, (z) = 1/(z + 3).

We discussed the secant search method in Chapter 1. The laddeshoot2(del0,dell,tol) is available in
cp3.mac , applies specifically to this particular example, and weitisere. We use the secant search method to find the
value ofd = y/(—1) such that'(¢) = y5(0) — 1/3 = 0.

/ = shoot2: uses secant search method
example of method that works both for linear and nonlinear
ODE'’s; this example is specific to the nonlinear ode:
y' = 2 *y'3, -1 <= x <=0,
with boundary conditions:  y(-1) = 1/2, y(0) = 1/3.
Use variables: yl =y, y2 =y .
The grid size h = 0.01 is hardwired.
Uses secant search method to

seek a value of del = y'(-1) such that F(del) = yl(del, x=0) -1/ 3 = 0 within tolerance tol .
shoot2 returns the final Runge-Kutta solution list returne d by our homemade rk4.

The analytic solution is y(x) = 1/(3+x).

*/

shoot2(del0,dell,tol) =
block([del2, FO, F1, F2, outL, j, jmax:10, h:0.01, yinit:1/ 2,
yfinal:1/3, dyldy2, ivar, xrange, numer],numer:true,

dyldy2 : [y2, 2 *yl'3],
ivar : [yl,y2],
xrange : [x, -1, 0, h],

[ = get first trial solution */
outL : rk4(dyldy2,ivar,[yinit, del0], xrange),
FO : second(last(outL)) - yfinal,

/= get second trial solution */
outL : rk4(dyldyz2,ivar,[yinit, dell], xrange),
F1 : second(last(outL)) - yfinal,

/ = update adjustable parameter del using secant rule */
for j thru jmax do (

del2 : dell - F1 = (dell - delO)/(F1-FO),

outL : rk4(dyldyz2,ivar,[yinit, del2], xrange),

F2 : second(last(outL)) - yfinal,

print(" j = "j, " del2 = "del2," F2 = "F2),
if abs(F2) <  tol then return(), / * escape from loop  */
FO : F1, | = rotate values */
F1 : F2,
del0 : dell,
dell : del2),
outL)$
Here is the result we get using = 0, 55 = —1/2, and usingol = 1e-6 . The code prints out the iteration number, the

current value ob, and the current value df(9). The code returns the complete outputief for the final value ob.

(%il) load(cp3);
(%o01) "c:/k3/cp3.mac"
(%i2) soln : shoot2(0,-0.5,1e-6)$

j= 1 del2 = -0.26225 F2 = -0.01433

j= 2 del2 = -0.24948 F2 = 6.084312E-4
j= 3 del2 = -025 F2 = -1.4480274E-6
= 4 del2 = -025 F2 = -1.4686691E-10

J

(%i3) fli(soln);
(%03) [[-1.0,0.5,-0.25],[0.0,0.33333,-0.11111],101]
(%i4) xL : take(soln,1)$

(%i5) fll(xL);

(%05) [-1.0,0.0,101]
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(%i6) yiL : take(soln,2)$
(%i7) fli(y1L);
(%07) [0.5,0.33333,101]
(%i8) plot2d([ [discrete,xL,y1L], 1/(x+3)],[x, -1, 0],[x label,"x"],[ylabel,"y"],
[style,[lines,2]], [legend,"numerical”,"analytic"],[ gnuplot_preamble,"set grid"])$

which shows agreement of the numerical solution with thdydina

0.5

T
numerical
analytic

0.48

0.46

0.44

0.42

0.4

0.38

0.36

0.34

0.32

-1 -0.8 -0.6 -0.4 -0.2 0

Figure 10: Secant Seargiiz) Compared with Analytic Solution

2.4 Example 2 using Secant Search with R

We can use a secant search method, insteaghiafot . For the example we consider here, the secant search method
requires two guesses for the initial valueydfz). The example we consider is

' =2y, —1<a<0, y(-)=1/2, y(0)=1/3 (2.8)

The analytic solution ig,,(z) = 1/(z + 3).

We discussed the secant search method in Chapter 1. The Rloaate(del0,dell,tol) is available incp3.R ,
applies specifically to this particular example, and weitisiere. We use the secant search method to find the value of
d = y/(—1) such thatF'(§) = ys5(0) — 1/3 = 0. shoot2 needs a predefined derivatives function catledvs , and
predefined grid values calledl .

## shoot2: uses secant search method

##  example of method that works both for linear and nonlinear
##  ODE BVPs; this example is specific to the nonlinear ode:
# oy’ = 2 *xy3, -1 <= x <= 0,

##  with boundary conditions:  y(-1) = 1/2, y(0) = 1/3.

#it Use variables:  y[1] = vy, y[2] = V¥ .

#it Uses secant search method to

##  seek a value of del = y'(-1) such that F(del) = yi(del, x=0) - 1/3 = 0 within tolerance tol .
##  shoot2 returns the final solution list(yL, ypL) returned by our homemade myrk4.

#it The analytic solution is y(x) = 1/(3+x).

##  Needs predefined derivatives function called derivs, an d predefined grid values called xL.

shoot2 = function(delO,dell,tol) {
jmax = 10
yinit = 1/2
yfinal = 1/3
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## get first trial solution

outL = myrk4(init = c(yinit,del0), grid = xL, func = derivs)
FO = last(outL[[1]]) - yfinal
## get second trial solution
outL = myrk4(init = c(yinit,dell), grid = xL, func = derivs)

F1 = last(outL[[1]]) - yfinal
## update adjustable parameter del using secant rule

for (j in seq(l,jmax,1) ) {
del2 = dell - F1 = (dell - delO)/(F1-FO)
outL = myrk4(init = c(yinit,del2), grid = xL, func =
F2 = last(outL[[1]]) - yfinal
cat(" j = ", " del2 = "del2,)" F2 = "F2, "\n")

if ( abs(F2) < tol ) break

FO = F1

F1 = F2

del0 = dell

dell = del2}
outL}

## escape from loop
## rotate values

derivs)

Here is the result we get usidg = 0, 6; = —1/2, andtol = le-6

. The code prints out the iteration number, the current value

of §, and the current value df(§). The code returns the complete outputfrk4 for the final value ob.

> source("cp3.R")
> derivs = function(x,y) { c(y[2], 2 *y[1]'3) }
> xL = seq(-1, 0, 0.01)
> soln = shoot2(0,-0.5,1e-6)
j= 1 del2 = -0.2622537 F2 = -0.01432995
j = 2 del2 = -0.249481 F2 = 0.0006084312
j = 3 del2 = -0.2500012 F2 = -1.448027e-06
j= 4 del2 = -025 F2 = -1.468672e-10
> is.list(soln)
[1] TRUE
> ylL = soln[[1]]
> fli(ylL)
0.5 0.3333333 101
> plot(xL, yl1Ltype="l", col = "blue", lwd = 3xlab = "x", yla b ="y")
> mygrid()
> curve(l/(x + 3),-1,0,col = "red", lwd = 3, add = TRUE)
> legend(“topright", col = c("blue”, "red"), lwd = 2,
+ legend = c("numerical", "analytic"), cex = 1.5)
which produces agreement between the numerical and asslyti):
N —— numerical
—— analytic

-1.0 -0.8 -0.6 -0.4

-0.2 0.0

Figure 11: Secant Seargiiz) Compared with Analytic Solution
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2.5 Example 3: Multiple Solutions, using rk4 and find.root with Maxima
The nonlinear ode boundary value problem
y' ==t y(0) =0, y(1)=0 (2.9)

has two distinct solutions, each corresponding to a pesitalue ofy’(0). We use a simple shooting method, using
Maxima’srk4 andfind_root

(%il) load(cp3);

(%01) "c:/k3/cp3.mac"

(%i2) derivs : [y2, -exp(1 + y1) ];

(%02) [y2,-%e"(yl+1)]

(%i3) outL(del) := rk4(derivs,[y1,y2],[0,del],[x,0,1,0 .01))$
(%i4) ylast(del0) := second(last(outL(del0)))$

(%i5) delL : makelist(x,x,1,10,0.5);

(%o05) [1,1.5,2.0,2.5,3.0,3.5,4.0,4.5,5.0,5.5,6.0,6.5 ,7.0,7.5,8.0,8.5,9.0,9.5,10.0]

(%i6) ylastL : map(ylast,delL);

(%06) [-0.48292,-0.20965,0.023678,0.21304,0.35546,0. 44936,0.49475,0.49319,
0.44753,0.3615,0.23932,0.085257,-0.096623,-0.30263, -0.52955,-0.77461,
-1.035488,-1.310241,-1.597251]

(%i7) plot2d( [[discrete,delL,ylastL], [discrete,delL, ylastL]], [xlabel,"del"],[ylabel,"y(1)"],

[style,[lines,2], [points,1,1,1]],[gnuplot_preamble, "set grid"],

[legend,false])$

which produces the plot

0.5

-0.5

y(1)

-1.5

Figure 12: Dependence gf1) ond = 4/(0)

In addition we can look for sign changesyfil) by making a simple table:

(%i8) for del thru 10 step 0.5 do
print(del,” " ylast(del))$

1 -0.48292

15 -0.20965

2.0 0.023678

25 0.21304

3.0 0.35546

35 0.44936

4.0 0.49475

45 0.49319

5.0 0.44753

55 0.3615

6.0 0.23932

6.5 0.085257

7.0 -0.096623

75 -0.30263

8.0 -0.52955

8.5 -0.77461
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9.0 -1.035488
9.5 -1.310241
10.0 -1.597251

We can then find the values g@f(0), usingfind_root , which satisfy both boundary conditions, and then plot the
corresponding solutions.

(%i9) dell : find_root(ylast,1.5,2.5);

(%09) 1.944773

(%il0) del2 : find_root(ylast,6.5,7);

(%010) 6.743274

(%i11) outLl : outL(dell)$

(%i12) yL1 : take(outL1,2)$

(%i13) fli(yL1);

(%013) [0.0,1.7347235E-17,101]

(%i14) xL1 : take(outL1,1)$

(%i15) fli(xL1);

(%015) [0.0,1.0,101]

(%i16) outL2 : outL(del2)$

(%i17) yL2 : take(outlL2,2)$

(%i18) fli(yL2);

(%018) [0.0,-2.220446E-16,101]

(%i19) xL2 : take(outL2,1)$

(%i20) fli(xL2);

(%020) [0.0,1.0,101]

(%i21) plot2d([ [discrete,xL1,yL1], [discrete,xL2,yL2] 1,

[style,[lines,2]],[xlabel,"x"],

[ylabel,"y"],[legend,"del = 1.94""del = 6.74"],
[gnuplot_preamble,"set grid"]))$

which produces the plot

25

del=1.94 ——

- del=6.74 ——
2
15
~ 1
05
0
05

0 0.2 0.4 0.6 0.8 1

X

Figure 13: Example 1: Two Solutions

2.6 Example 4, Multiple Solutions, using rk4 and findroot with Maxima

Ascher, Mattheij, and Russell (Numerical Solution of BoarydValue Problems for Ordinary Differential Equations,
SIAM, 1995) on page 89 consider the problem

Y+ B! =0, y(0)=y(1)=0. (2.10)
They assert two solutions existif < (., one solution exists i = /3., and no solutions exist jf > ., where

B, = 3.51383. (2.11)
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They also assert that if = 1, then solutions exist foy’ (0) = 0.549 and fory’(0) = 10.909. We look at this casej(= 1)
using Maxima withrk4 andfind_root , repeating the steps used in Example 1.

(%il) load(cp3);

(%o01) "c:/k3/cp3.mac"

(%i2) derivs : [y2, -exp(yl) I;

(%02) [y2,-%e"y1]

(%i3) outL(del) := rk4(derivs,[y1,y2],[0,del],[x,0,1,0 .01)$
(%i4) ylast(del0) := second(last(outL(del0)))$
(%i5) delL : makelist(del,del,0.2,15,0.25)$
(%i6) fli(delL);

(%06) [0.2,14.95,60]

(%i7) ylastL : map(ylast,dell)$

(%i8) fli(ylastL);

(%08) [-0.29219,-2.798501,60]

(%i9) plot2d( [[discrete,delL,ylastL], [discrete,delL, ylastL]], [xlabel,"del"],[ylabel,"y(1)"],
[style,[lines,2], [points,1,1,1]],[gnuplot_preamble, "set grid"],
[legend,false])$

which produces the plot

y(1)
o

0 2 4 6 8 10 12 14 16
del

Figure 14: Values ofi(1) vs.y/'(0) for = 1
Placing the cursor over the intersections of the curve wighi1) = 0 line, we see that solutions exist fgf(0) ~
0.52, 10.8.
(%i10) for del:0.2 thru 0.8 step 0.1 do

print(del,” " ylast(del))$
0.2 -0.29219

0.3 -0.20767
0.4 -0.12384
0.5 -0.040738

0.6 0.04161

0.7 0.12317

0.8 0.20389

(%ill) for del:10.5 thru 11 step 0.1 do
print(del," "ylast(del))$

10.5 0.21286

10.6 0.15201

10.7 0.090745

10.8 0.029066

10.9 -0.033014

11.0 -0.095484

(%i12) dell : find_root(ylast,0.5,0.6);

(%012) 0.54935

(%il3) del2 : find_root(ylast,10.8,10.9);

(%013) 10.8469

We note that the use ok4 producedi, = 10.8469, instead of the value Ascher, et. al. asséft409). We can use thR package
deSolve (using, say, ode) which would allow a more accurate intégnatind produce a more accurate valuégflater. (As we
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see in the next sectionde plusuniroot  produces the same values as we found here using Maxima.)

We plot the solutions corresponding to the two valued of ' (0) found above.

20

(%i14) outLl : outL(dell)$

(%i15) yL1 : take(outL1,2)$

(%i16) fli(yL1);

(%016) [0.0,-2.6020852E-18,101]

(%i17) xL1 : take(outL1,1)$

(%i18) fli(xL1);

(%018) [0.0,1.0,101]

(%i19) outL2 : outL(del2)$

(%i20) yL2 : take(outL2,2)$

(%i21) fli(yL2);

(%021) [0.0,2.3731017E-15,101]

(%i22) xL2 : take(outL2,1)$

(%i23) fli(xL2);

(%023) [0.0,1.0,101]

(%i24) plot2d([ [discrete,xL1,yL1], [discrete,xL2,yL2] 1,

[style,[lines,2]],[xlabel,"x"],

[ylabel,"y"],[legend,"del = 0.549""del = 10.85"],
[gnuplot_preamble,"set grid"]))$

which produces the plot

Figure 15: Example 2: Two Solutions fer= 1

We next consider the cage= 5, which should correspond to no solution.

(%i25) derivs : [y2, -5 *exp(yl) ;

(%025) [y2,-5 *%e"yl]

(%i26) ylastL : map(ylast,delL)$

(%i27) fli(ylastL);

(%027) [-1.745155,-6.228789,60]

(%i28) plot2d( [[discrete,delL,ylastL], [discrete,delL JylastL]], [xlabel,"del"],[ylabel,"y(1)"],
[style,[lines,2], [points,1,1,1]],[gnuplot_preamble, "set grid"],

[legend,false])$

which produces the plot

y@)

Figure 16: Example 2: Values ¢f1) vs.y/(0) for 5 =5

We see that there is no value@f0) for whichy(1) = 0 and hence no solution to the given BVP foe 5.
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2.7 Example 4, Multiple Solutions, using myrk4 and uniroot wth R

By using thedeSolve package, we can employ more accurate integrators tharhforder Runge-Kutta. The default method used
by ode isIsoda . For ease of comparison with the Maxima method used abovesesimilar names. We repeat the statement of
the problem here.

y' 4+ Be? =0, y(0)=y(1)=0. (2.12)

Ascher, et.al., assert two solutions exisfik /3., one solution exists i = .., and no solutions exist jf > 3., where

B, = 3.51383. (2.13)

They also assert that if = 1, then solutions exist foy’(0) = 0.549 and fory’(0) = 10.909.

When using th@de integrator, the function used féunc should return a R list containing a R vector of derivativasya discussed
in Chapter 2. Thede integration routine returns a matrix object. You can view finst few rows usindnead(outL,n=3) . We
first look at the casg = 1.

source("cp3.R")
derivs = function(x,y,p) { list( c(y[2], -beta =exp( y[1] ))}
ylast = function(del) last( outL(del) [,2])
library(deSolve)
xL = seq(0,1,0.01)
beta = 1
outL = function(del) { ode(y = c(0,del),times = xL, func = de rivs, parms = NULL) }
ylast(1)
[1] 0.3626952
> delL = seq(0.2, 15, 0.25)
> fli(delL)
0.2 1495 60
> ylastL = sapply(delL, ylast)

VVVVYVVYVYV

> fli(ylastL)
-0.2921862  -2.79849 60
> plot( delL, ylastL, type = "I", lwd = 2, col = "blue"xlab = "d el
+ ylab = "y(1)")
> points( delL,ylastL,pch = 19,cex=0.5, col = "blue")
> mygrid()

which produces the plot

y(1)
1 0
1
~

del

Figure 17: Values ofi(1) vs.y/'(0) for g = 1

which again shows two values gf(0) for whichy(1) = 0. We see that solutions exist fot(0) ~ (0.5, 11).
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We can print values of(1) versusy’(0) as before to look for sign changes.

> for (del in seq(0.2,0.8,0.1)) cat(del,” "ylast(del),"\ n")
0.2 -0.2921862
0.3 -0.2076695
0.4 -0.1238423
0.5 -0.04073761

0.6 0.04161019

0.7 0.1231653

0.8 0.2038904

> for (del in seq(10.5,11,0.1)) cat(del," "ylast(del),"\ n")
105 0.2128662

10.6 0.1520208

10.7 0.09075283

10.8 0.02907364

10.9 -0.03300593

11 -0.09547605

> dell = uniroot(ylast,c(0.5,0.6))$root
> dell

[1] 0.5493529

> del2 = uniroot(ylast,c(10.8,10.9))$root
> del2

[1] 10.84691

which returns the same values found above using Maxima. Weow ploty(x) corresponding to these two solutions
for the value ofy/(0) for the cases = 1.

> outLl = outlL(dell)
> yL1 = outLl[,2]
> fli(yL1)
0  2.223776e-07 101
> outL2 = outL(del2)
yL2 = outL2[,2]
fli(yL2)
0 -6.625572e-10 101

VvV Vv

> plot( xL, yL2, type = "I", lwd = 2, col = "blue"xlab = "x", yla b = "y"

> lines (xL, yL1, lwd = 2, col = "red")

> legend("topright", col = c("red", "blue"), legend = c("de 1=0.549","del=10.85"),cex=1.5)
> mygrid()

which produces the plot

< - PNy Aal—N EAQ
/ \ aei=vu.o49
/ \ del=10.85
o
~ o / \
- -
| —
o -
T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 18: redy (0) = 0.549, bluex’(0) = 10.85, for 8 =1
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The default integrator used de is Isoda , which uses as defaulttol = 1e-6

andatol = le-6
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. As an exper-

iment, we define the functionutL usingle-15 instead, which requires we add two more argumentsdi in our
definition ofoutL(del) . We find below that the value afell anddel2 are unchanged, and the valuesy¢f) are no

closer to0.

> outL = function(del) { ode(y = c(0,del),times = xL, func = de rivs,
+ parms = NULL,rtol=1e-15,atol=1e-15) }

> dell = uniroot(ylast,c(0.5,0.6))$root

> dell

[1] 0.5493529

> del2 = uniroot(ylast,c(10.8,10.9))$root
> del2

[1] 10.8469

> outLl = outlL(dell)

> ylL1l = outLl[,2]

> fli(yL1)

0  2.223765e-07 101
outL2 = outL(del2)

yL2 = outlL2[,2]

fli(yL2)

0  -5.849995e-10 101

V V V

We next look at the case = 5 which is larger tharf,.

\%

beta = 5

ylastL = sapply(delL, ylast)
fll(ylastL)

-1.745155 -6.228776 60
> max(ylastL)

[1] -0.7350473

vV Vv

> plot( delL, ylastL, type = "I", lwd = 2, col = "blue"xlab = "d el
+ ylab = "y(1)")

> points( delL,ylastL,pch = 19,cex=0.5, col = "blue")

> mygrid()

which produces the plot

y(1)
4 —

del

Figure 19:y(1) vs.y/(0) for 8 = 5; max(y(1)) = —0.735

We see that there is no value @f0) for whichy(1) = 0 and hence no solution to the given BVP for= 5.
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3 Using the R Package bvpSolve

We quote loosely from parts of the beginning of Ch. 11, “SuljvBoundary Value Problems in R”, of the teXblving
Differential Equations in R, by Karline Soetaert, Jeff Cash, and Francesca Mazziah@priVerlag, 2012 (SCM).

Boundary Value Problems (BVP) can be solvedrinising shooting method$\pshoot ), which use the
solvers from theR packagedeSolve MIRK (Mono-implicit Runge-Kutta) methodsyptwp ), and colloca-
tion methodslfvpcol ). Their simplified syntax is

bvpshoot ( yini, x, func, yend, parms, order,

byptwp ( yini, x, func, yend, parms, order, ...
bvpcol ( yini, x, func, yend, parms, order, ...

)

)
).

wherefunc is the derivative function anpgarms is the parameter vector or list. These two arguments are
similar to the case of initial value problem solvers from EhpackagedeSolve However, the independent
variable is called here, rather thatimes for IVPs. The boundary conditions are specifiedyini and
yend, for the first and last point respectively. They are both aorewith length equal to the number of
dependent variables, and haviRgwhere the boundary value is not known.

... The default tolerances at®—® for all the codes. ...Functiors/pshoot andbvptwp can solve two-
point boundary value problems only whitepcol also finds solutions for multipoint problems.

As bvptwp andbvpcol generally lead to more accurate solutions, and provideisakiwherebvpshoot
fails, the latter should normally not be used, unless to fimadginitial guesses fdsvptwp or bvpcol .

Some indications of the theoretical basis of various metl{add references) are supplied by SCM in ch. 10, “Boundary
Value Problems.” They often refer to the authoritative tdxmerical Solution of Boundary Value Problems for Ordi-
nary Differential Equations, by Uri M. Ascher, Robert M. M. Mattheij, and Robert D. Ru$s8IAM, 1995.

To use the powerfuR tools for boundary value problems, you first need to instelR packagebvpSolve , using, say
the command

install.packages("bvpSolve")

and you also need the supporting packagesSolve anddeSolve .

3.1 Using bvpSolve’s bvpshoot

An important argument ibvpshoot is guess , and the documentation (ugevpshoot to see the html page of docu-

mentation) has the information:

guess:
guess for the value(s) of the unknown initial conditions;

d, then guess should
Id thus equal
uess is not
g is printed.

if initial and final conditions are specified by yini and yen

contain one value for each NA in yini. The length of guess shou
the number of unknown initial conditions (=NAs in yini). If g
provided, a value = 0 is assumed for each NA in yini and a warnin

In this section, we uskvpshoot to solve the linear BVP (1.9) we previously solved usiingarl  andmyrk4 :

~ 3py(x)

, p=107",
p+a22 7

y'(x) = (3.1)

—0.1<z<0.1,
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with the boundary conditions
0.1 0.1

ﬁv Y(0.1) = ——== (3.2)

y(—0.1) = — NI

The analytic solution is
x

Yan(T) = \/ﬁ

For smallp the solution is an approximate step function.

(3.3)

In the following work, we usg[1] to represeny(z) andy[2] torepreseny’(z) inside the derivatives functioderivs

> source("cp3.R")

> library(bvpSolve)

Loading required package: rootSolve
Loading required package: deSolve
Attaching package: bvpSolve

> derivs = function(x,y,pars) { list( c(y[2], -3 *pry[l) (p + x°2)2) ) }
> xL = seq (-0.1, 0.1, 0.001)
>p = le5
> # initial and final condition; second conditions unknown
> init = c(y = -0.1 / sgrt(p + 0.01), dy = NA)
>end = c( 0.1/ sgrt(p + 0.01), NA)
> # Solve bvp
> soln = bvpshoot(yini = init, x = xL, func = derivs, yend = end, guess = 1)
> is.matrix(soln)
[1] TRUE
> head(soln, n = 3)
X y dy

[1,] -0.100 -0.9995004 0.009983301
[2,] -0.099 -0.9994902 0.010288639
[3,] -0.098 -0.9994798 0.010606540
> plot(soln, lwd = 2,col = "blue")

which produces the plots gf x) anddy/dzx:

1.0

|
300
|

250
|

0.5

0.0
|

_J 1L

T T T T T T T T T T
-0.10 0.00 0.05 0.10 -0.10 0.00 0.05 0.10

-1.0
|

X X

Figure 20: bvpshoot Default Plot gf z) anddy /dz

The first element ofini  is the value ofy(a) and the second is the valuewfa), and likewise the first element génd
is the value ofy(b) and the second is the value gfb). For any unknown values, use NA (not available).
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You can provide names for the dependent variables in thdfigagion of yini  (as above) which will be used when
making a table of values (usirgad , etc) and when making plots.

The derivatives function used for 'func’ must retuigi(c(y[2],y” as a function of x,y[1], and y[2]))
since the derivatives function must return the derivatinethe same order as that in which the initial and end cormiestlo
are defined.

Loading the packagevpSolve automatically changes some of the default behavigiaif : The plots of the dependent
variables are by default plotted side by side, two to a romguatype="I"  style and with no grid.

Since we have provided names for the two dependent variabtég specification ofinit , we can use the following
syntax to make a separate plotydfr), adding a grid (frontp3.R ) and the exact solution, and a legend.

> plot(soln,which = "y", lwd = 2,col = "blue")

> mygrid()

> curve(x/sqrt(p + x2), -0.1, 0.1,type = "p", col = "red", ad d = TRUE)

> legend("bottomright”, col = c("blue”,"red"), legend = c( "numerical”, "exact"),
+ lwd = 2)

which produces the plot

1.0

0.5
|

0.0
|

° —— numerical
Ti — ———exact
T T T T T
-0.10 -0.05 0.00 0.05 0.10

Figure 21: bvpshoot Plot of Numerical and Exg¢t)

In a similar manner, we can make a separate plgt @f).

> plot(soln,which = "dy", lwd = 2,col = "blue")

> mygrid()

> curve ( p/(xX"2+p)*(3/2), -0.1, 0.1, add = TRUE, type = "p", ¢ ol = "red")
> legend("topright", col = c("blue","red"), legend = c¢( "nu merical”, "exact"),
+ lwd = 2)
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which produces the plot

dy

—— numerical
o

S —— exact

o

150
|

100
|

50
|

J\

T T T T T
-0.10 -0.05 0.00 0.05 0.10

Figure 22: bvpshoot Plot of Numerical and Exdgy dx

If you have not given names to the dependent variables igitlite specification, you can revert to plotting the second
and third columns of the matrixoln against the first column (the values). You have two choices of syntax using
numbers:

|> plot(soln[,1],soIn[,2],type = "I",lwd = 2,col = "blue"x lab = "x", ylab = "y(x)") |

is equivalent to

|> plot(soln,which = 1itype = "I"Jjwd = 2,col = "blue"xlab = " X", ylab = "y(x)") |
and
|> plot(soln[,1],soIn[,3],type = "I",lwd = 2,col = "blue", x lab = "x", ylab = "dydx") |

is equivalent to

|> plot(soln,which = 2,type = "I"lwd = 2,col = "blue", xlab = " x", ylab = "dydx") |

An alternative approach, if you have not assigned nameg uiin  , is to usecolnames(soln) = c("x","y","dy")
(aftersoln has been calculated) and then w$=(soln, which = "y",...) to select the column to be plotted.
These names will then also be used withlitkad command.

3.2 Why You Should Use bvptwp Instead of bvpshoot

Instead of using = 10~?, as we did in the preceding problem, we ygse- 1 over the domain-1 < = < 1, and find
thatbvpshoot cannot return the correct solution even if the starting gdesy’(—1) is the exact value implied by the
analytic solution.

Thus, we solve the problem
(3.4)
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with the boundary conditions

The analytic solution is

We begin, as before, with the uselfpshoot

28

(3.5)

(3.6)

> source("cp3.R")
> library(bvpSolve)
Loading required package: rootSolve
Loading required package: deSolve
Attaching package: bvpSolve
> derivs = function(x,y,pars) { list( c(y[2], -3 *y[1)/ (1 + X"2)°2) ) }
xL = seq (-1, 1, 0.01)
init = c(y = -1/sqrt(2), dy = NA)
end = c( 1/sqrt(2), NA)
# bypshoot with guess = 1
soln = bvpshoot(yini = init, x = xL, func = derivs, yend = end, guess = 1)
is.matrix(soln)
[1] TRUE
> head(soln, n = 3)
X y dy
[1,] -1.00 -0.7071068 1.000000
[2,] -0.99 -0.6970802 1.005319
[3,] -0.98 -0.6870003 1.010667
> plot(soln,which = "y", lwd = 2,col = "blue")
> mygrid()
> curve(x/sqgrt(l + x°2), -1, ltype = "p", col = "red", add = TR UE)
> # bypshoot with guess = exact value of y'(-1) = 1/2°(3/2) = 0. 3535...
> soln2 = bvpshoot(yini = init, x = xL, func = derivs, yend = end , guess = 1/2°(3/2))
> head(soln2, n = 3)
X y dy

[1,] -1.00 -0.7071068 0.8808722
[2,] -0.99 -0.6982715 0.8861953
[3,] -0.98 -0.6893827 0.8915575
> # bypshoot with guess = exact, returns soln2 with y'(-1) = 0. 881
lines( soln2[,"x"], soln2[,"y"] ,lwd = 2, col = "green")
# use bvptwp instead of bvpshoot, call it soln3
soln3 = bvptwp(yini = init, x = xL, func = derivs, yend = end)
head(soln3,n=3)

X y dy
[1,] -1.00 -0.7071068 0.3535500
[2,] -0.99 -0.7035446 0.3588932
[3,] -0.98 -0.6999286 0.3643166
> # bvptwp gets correct value for y'(-1)
> lines( soln3[,"x"], soIn3[,"y"] ,lwd = 2, col = "black")
> legend("bottomright”, col = c("blue", "green”, "red", "b lack"),
+ legend = c( "guess = 1", "guess = exact"’, "analytic", "bvptw p"), lwd = 2,cex = 1.4)

>
>
>
>

which produces the plot

y
w0
o
o |
o
o guess =1
S ——— guess = exact
—— analytic
— bvptwp
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-1.0 -0.5 0.0 0.5 1.0

Figure 23: Example Showing bvptwp Is Better than bvpshoot
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3.3 Poisson’s Equationv?® = —4 7 p with Spherically Symmetric Charge Distribution p(r)

To find the electrostatic potentidl generated by a given localized charge distribufign), one uses Poisson’s equation
(we use Gaussian c.g.s. units):

V2 = —47p, (3.7)
which, for a spherically symmetric and®, simplifies to
1 d 0o d®
— = ) =—~4xop. 3.8
r2 dr (r dr ) e (3-8)
The substitution
o(r) =L (r) (3.9)
results in an ODE fop
d2—¢ =—47r (3.10)
dr? P '
Let's assume the charge distribution is (using dimensgmiariables ):
1
=—e " 3.11
plr) =g ¢ (3.11)
which corresponds to a total charge
Q= /p(r) dr = / p(r)dmridr=1 (3.12)
0

We can use Maxima to check this integral:

(%i1) rho : exp(-r)/8/%pi$
(%i2) integrate(rho * 4% %pi*r2,r,0,inf);
(%02) 1

Sincep has no singular behavior at the origin ( there is no point gddhere),® is regular there, which implies that
¢ = r ® vanishes at = 0. And since the total charg@ = 1, the potentiakb behaves a® — 1/r for larger. This then
determines the largebehavior ofg: ¢ — 1.

The boundary value problem to be solved is then

d*¢ T,
The exact solution to this problem (including the correatfmary conditions) is

6(r) =1 — % (r+2)e. (3.14)

We can use Maxima to derive this exact solution. Maxima nstwolutions to the inhomogeneous ODE which contain
constants calletbok1 and%k2 and%ka1is evaluated below using(0) = 0.

(%i3) de : ’diff(phi,r,2) + r *exp(-r/2;
(%03) r *%e"-r/2+'diff(phi,r,2)

(%i4) gsoln : ode2(de,phi,r);

(%04) phi = -(r+2) *%e"-r/2+%k2 * r+%k1
(%i5) phi0 : rhs(gsoln),r=0;

(%05) %k1-1

(%i6) solve(phi0,%k1);

(%06) [%k1l = 1]

(%i7) gsoln : gsoln,%;

(%07) phi = -(r+2) *00e"-r/2+%k2 *r+1

Imposing the condition that for largethe solution be bounded implies that the constak must be zero.

The meaning of “large” is determined by the source term behavior as a function of

> source("cp3.R")
> curve(-r xexp(-r)/2, 0, 20, xname = "r", ylab = "d2phi" ,lwd = 2)
> mygrid()
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which produces the plot
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Figure 24:¢" (r) = —r exp(—r)/2

We should be able to produce good results if we impose the fabgpundary condition at = 20.

> library(bvpSolve)

Loading required package: rootSolve
Loading required package: deSolve
Attaching package: bvpSolve

> derivs = function(r,phi,pars) { list( c(phi[2], -r xexp(-N/2 )) }
rL = seq (0, 20, 0.1)
fll(rL)
0 20 201
init = c(phi = 0, dphi = NA)
end = c( 1, NA)
soln = bvptwp(yini = init, x = rL, func = derivs, yend = end)
colnames(soln) = c("r", "phi", "dphi")
head(soln, n = 3)
r phi dphi
[1,] 0.0 0.00000000 0.4999999
[2,] 0.1 0.04992073 0.4976605
[3,] 0.2 0.09939620 0.4912384

vV v

VVVvVyVvyv

> plot(soln,which = "phi", lwd = 2,col = "blue", xlab = "r")

> mygrid()

> curve(l - (r+2) *exp(-r)/2, 0, 20, xname = "r", type = "p", col = "red", add = TRU E)
> legend("bottomright”, col = c("blue”, "red"),

+ legend = c( "bvptwp", "analytic"), lwd = 2,cex = 1.4)

which produces the plot

phi
e
=
@
S
© |
S
< | /
S
o
P
—— bvptwp
s —— analytic
T T T T T
0 5 10 15 20

Figure 25: Example of Solving Poisson’s Equation in One Disien
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3.4 (V?—a?) ® = —4 7 pwith Spherically Symmetric p(r)
Spherically symmetric solutions of the equation
(V2 — a2) b=—-47mp

which, for a spherically symmetricand®, and with the substitution
O(r) =r""o(r)

results in an ODE fop
¢ —a*p=—drnrp(r), #0)=0, ¢(c0)=0
We again assume (using dimensionless variables ):

1

p(r) = - e

We change our notatiori(r) — y(x), and usévpSolve with the BVP

T

1
y'—aly=—gze ", y(0)=0, y()=0

31

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

> source("cp3.R")
> library(bvpSolve)
Loading required package: rootSolve
Loading required package: deSolve

> derivs = function(x,y,pars) {
+ list ( c(y[2], y[1] - x *exp(-x)/2) ) }
> xL = seq (0, 20, 0.1)
> init = c(y=0,dy=NA)
> end = c(0,NA)
> soln = bvptwp(yini = init, x = xL, func = derivs, yend = end)
> head(soln,n=3)
X y dy
[1,] 0.0 0.00000000 0.1249999
[2,] 0.1 0.01244153 0.1232840
[3,] 0.2 0.02456195 0.1187159
> plot(soln,which = "y", lwd = 3,col = "blue")
> mygrid()
> curve(x *(1+x) *exp(-x)/8, 0, 20, type = "p", col = "red", add = TRUE)
> legend("topright”, col = c("blue”, "red"), lwd=2,
+ legend = c("numerical”, "analytic"),cex = 1.5)

which shows agreement with the analytic solution:

y
s | —— numerical
° —— analytic
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o
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o
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o
s |
o
T T T T T
0 5 10 15 20

Figure 26: Numerical and Analytig(x)
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3.5 Solving a Potentially Stiff ODE BVP

Here we illustrate the use bfiptwp to solve a potentially stiff problem for two small valuescof

> setwd("c:/k3")

> getwd()

[1] "c:/k3"

> source("cp3.R")

> library(bvpSolve)

Loading required package: rootSolve
Loading required package: deSolve
> stiffl = function(x, y, pars) {

+ list(c(  y[2],

+ l/leps * ( -x *y[2] + y[1] - (1 + eps *pi *pi)  *

+ cos(pi *Xx) - pi *x*sin(pi *x)))) }

> eps = 0.01

> solnl = bvptwp( yini = ¢ (y1 = -1, y2 = NA), yend = c(yl = 1, y2 = NA ),
+

>

func = stiffl,x = seq(-1, 1, by = 0.01))
head(soln1, n=3)
X yl y2
[1,] -1.00 -1.000000 2.45475e-11
[2,] -0.99 -0.999507 9.86798e-02
[3,] -0.98 -0.998027 1.97262e-01
> plot(solnl,lwd = 2)

Theplot command above, by default, produces the plot of hdth) (represented byl) andw’(x) (represented by2)
fore = 0.01:

T T T T T T T T T T
-10 -05 00 05 10 -10 -05 00 05 10

x x

Figure 27: bvptwp Numerical Solution fer= 0.01

To show a plot of just(z) = yi(x) we use

> plot(solnl,which = "y1", lwd = 2, col = "blue")
> mygrid()

which produces the plot

Figure 28: bvptwp Numerical Solution(z) = y;(z) for e = 0.01
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soln2 uses:z = 0.0001. The first attempt uses the default toleramfe®, and a mesh point storage error is returned. The
second attempt uses the flagl = 1e-5 to override the default tolerance and succeeds. Boltil andsoln2 are
then displayed in the same plots.

> eps = 0.0001

> soln2 = bvptwp( yini = ¢ (y1 = -1, y2 = NA), yend = c(yl = 1, y2 = NA ),
func = stiffl,x = seq(-1, 1, by = 0.01))
Error in bvpsolver(1, yini, x, func, yend, parms, order, yna mes, Xguess,

The Expected No. Of mesh points Exceeds Storage Specificati ons.
> so|n2 = bvptwp( yini = ¢ (y1 = -1, y2 = NA), yend = c(yl = 1, y2 = NA
func = stiffl,x = seq(-1, 1, by = 0.01), atol = 1e-5)
> head(solnz n=3)
X yl y2
[1,] -1.000000 -1.000000 8.32662e-09
[2,] -0.996667 -0.999945 3.28981e-02
[3,] -0.993333 -0.999781 6.57926e-02
> plot(solnl, soln2, col = "black", Ity = c("solid", "dashed ")lwd = 2)

which produces the plot

yl y2

T T T T T T T T T T
-1.0 -05 00 05 1.0 -1.0 -05 00 05 1.0

X X

Figure 29: Solutions for = 0.01 (solid line) ands = 0.0001 (dotted line)

4 Wave Equation with One Cartesian Spatial Dimensionp;; = v? ¢, »

4.1 Separation of Variables

The hyperbolic partial differential equation (the “waveuation”)
0% ¢(x,t) 5 02 ¢(z,1)

o~ o @4
has “standing wave” solutions (“normal mode” solutionsjhwthe separated variable product form
Pz, t) = y(z) T(1). (4.2)

Insertion of this product form into (4.1) leads to a
y'(x) 11"
y(z) — v* T(t)
in which k2 must be a constant, since the functionzafust equal the function affor arbitrary values of: andt. We
then need to solve

S 4.3)

y'(z) + kK y(z) =0 (4.4)
subject to physically imposed spatial boundary conditi@msl
T"(t) + k> v T(t) = 0 (4.5)

to find the fundamental solutions with the separated profiunt.
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4.2 Eigenvalues of the BVPy"(x) + k* y(z) = 0 for y(0) = y(1) =0

The “normal modes” (“standing waves”) of the transverseiomst of a stretched string of uniform linear mass density,
and with fixed ends, after separation of variables, and afterducing dimensionless, scaled, physical variablasstrbe
solutions of the boundary value problem

Py o
in which & is the positive, constant, scaled wavenumber, linearbteel to the frequency of vibratiop(z) is the scaled
transverse displacement of the string, arnd the scaled coordinate along the string.

This boundary value problem is also an eigenvalue problérage s nontrivial solution (the trivial solutiop = 0 exists
for most values of) exists only for particular values df: k,,, which must be discovered. The normalization of the
corresponding eigenfunctions, (x) is not fixed by the above conditions, but can be chosen foresuance.

4.2.1 Analytic Solution Using Maxima

We can use Maxima'sde2 andic2 to get the analytic solution fay(0) = 0 but arbitraryk andy’(0).

(%il) de : 'diff(y,x,2) + k2 *y;
(%o01) 'diff(y,x,2)+k™2 *y

(%i2) assume(k>0);

(%02) [k > 0]

(%i3) gsoln : ode2(de,y,x);

(%03) y = %kl *sin(k *x)+%k2 * cos(k *X)
(%i4) psoln : ic2(gsoln,x=0,y=0,'diff(y,x)= ypO0);
(%04) y = sin(k *x) *ypO/k

(%i5) ysoln : rhs(%);

(%05) sin(k *x) *yp0/k

We then have
y'(0) sin(k )

Yan(z) = T : (4.7)
so the analytic end value is
pn(1) = L), 9
The condition thay(1) = 0 then implies the discrete normal modes
kn=nm, yp(z)~sin(k,z), n=123,... (4.9)

The fundamental standing wave solutions of the one dimaabkiwave equation (4.1) for these spatial boundary conitio
are then
Up(x,t) = sin(ky, x) sin(k,vt), k,=nm, n=1,2,3,... (4.10)

and
vp(x,t) = sin(k, x) cos(kpvt), k,=nm, n=12.3,... (4.11)

The behavior at time = 0, for example, can be used to determine a particular linearbawation of the fundamental
solutions which describes the initial and subsequent behav

4.2.2 Eigenvalues using rk4 and findoot with Maxima

We userk4 andfind_root  to find the rootsk,, for smalln for the BVP (4.6). We search for the value lokuch that
bothy(0) = 0 andy(1) = 0. The routineylast(k,yp0,h) returns the value of(1) produced for given values df,
y'(0) (represented byp0), and step sizé. (We guess some reasonable valug'¢h) — see below).
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(%i6) load(cp3);

(%06) "c:/k3/cp3.mac"

(%i7) ylast(k,yp0O,h) =

block([solnL, numer],numer:true,
solnL : rk4([y2,-k"2 *y1],[y1,y2],[0,yp0],[x,0,1,h]),
last(take(solnL,2)))$

(%i8) ylast(1,1,0.01);

(%08) 0.84147

(%i9) sin(1),numer;

(%09) 0.84147

We can useglast to make a plot of the numerical valuesygfl ) as a function of;, assuming (here) the valgé0) = 1.

(%i10) kL : makelist (kk,1,15,0.5);

(%010) [1,1.5,2.0,2.5,3.0,3.5,4.0,4.5,5.0,5.5,6.0,6. 5,7.0,7.5,8.0,8.5,9.0,9.5,
10.0,10.5,11.0,11.5,12.0,12.5,13.0,13.5,14.0,14.5,1 5.0]

(%ill) ylastL : map (lambda ([k], ylast (k,1,0.01)), kL);

(%011) [0.84147,0.665,0.45465,0.23939,0.04704,-0.100 22,-0.1892,-0.21723,
-0.19178,-0.12828,-0.046569,0.033095,0.093855,0.125 07,0.12367,0.09394,
0.045791,-0.00791,-0.054401,-0.08378,-0.090908,-0.0 76127,-0.044716,
-0.0053078,0.032318,0.059538,0.070757,0.064476,0.04 3355]

(%il2) plot2d([ [discrete,kL,ylastL], [discrete,kL,yla stL]], [xlabel,"k"],[ylabel , "y(1)"],

[style, [lines,2,1],[points,1,1,1]],[gnuplot_preambl e,"set grid"],

[legend, false])$

which produces the plot
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Figure 30: Numerical Valueg(1) vs. k for 3/ (0) = 1

The numerical valug(1) generated will depend on the value we useyf@0). If y(z) is a solution of our linear homo-
geneous ode, then sodg/(z) for any constant. One would need to apply some normalization convention tahix
constante, and this should not affect the discrete, isolated, valdes for which the boundary conditiop(1) = 0 is
satisfied. This means that we have some freedom in the valyédfwe use in our search for the eigenvaluigs

We can compare the effect of different choiceg/@f) by plotting the values o§(1) for bothy/(0) = 1 andy’(0) = 0.5.

(%il3) ylastL2 : map (lambda (K], ylast(k,0.5,0.01)), kL) ;
(%013) [0.42074,0.3325,0.22732,0.11969,0.02352,-0.05 0112,-0.0946,-0.10861,

-0.095892,-0.06414,-0.023285,0.016548,0.046928,0.06 2533,0.061835,

0.04697,0.022896,-0.003955,-0.027201,-0.04189,-0.04 5454,-0.038063,

-0.022358,-0.0026539,0.016159,0.029769,0.035378,0.0 32238,0.021678]
(%il4) plot2d( [ [discrete, kL, ylastL], [discrete, KL, yla stL],

[ discrete, kL, ylastL2], [discrete, kL, ylastL2] ],
[ style, [ lines,2,1], [ points,1,1,1],
[ lines,2,2], [ points,1,2,1] 1,
[ xlabel,"k"], [ ylabel , "y(1)"], [ gnuplot_preamble, "set grid"],
[ legend, "y’(0) = 1", "y'(0) = 1", "y'(0) = 0.5", "y’(0) = 0.5" 1)$
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which produces the plot
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Figure 31: Numerical Valueg(1) vs. k for Two Values ofy’(0)

We see that the values bffor whichy(1) = 0 do not change if we vary’(0) somewhat.

For largerk, the integration done byk4 must cope with more oscillation in the interved, 1), and the errors in
y(1) should increase. To test the sensitivity of the numericéievgproduced fory(1) to the value ofk we define
wavel(k, yp0, h) , which printsk, y,um (1), Ynum (1) — Yan(1).

(%il5) wavel(k,ypO,h) :=
block ( [yf, solnL, ylL, ylast, numer], numer:rue,

yf : yp0O =sin(k)/k, / * analytic y(1) */

solnL : rk4( [y2, -k2 +xy1], [yl, y2], [0, ypO], [x,0,1,h] ),
ylL : take (solnL,2),

ylast : last (ylL), / * numerical y(1) */

print (" ", k, " ", ylast, " ", ylast - yf ) )$

(%i16) wavel(l, 1, 0.01)$
1 0.84147 -4.560774E-11
(%il7) for k thru 15 do
wavel(k, 1, 0.01)$

1 0.84147 -4.560774E-11

2 0.45465 5.345776E-10

3 0.04704 6.6564902E-9

4 -0.1892 1.4474494E-8

5 -0.19178 -1.2680528E-8

6 -0.046569 -1.0205692E-7
7 0.093855 -1.582428E-7

8 0.12367 2.7054689E-8

9 0.045791 4.7983707E-7
10 -0.054401 7.3446406E-7
11 -0.090908 1.0630237E-7
12 -0.044716 -1.3581221E-6

13 0.032318 -2.2548933E-6
14 0.070757 -8.0382239E-7
15 0.043355 2.8371473E-6

As expected, the errors .., (1) grow ask increases.

Confining ourselves to valugs < 15, we can make a simple table of the values;pf,,.(1) as a function of, looking
for sign changes.

(%i18) for k thru 15 do print(" "k," ", ylast(k, 1, 0.01))$
1 0.84147
2 0.45465
3 0.04704
4  -0.1892
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-0.19178
-0.046569
0.093855
0.12367
0.045791
10  -0.054401
11 -0.090908
12 -0.044716

© oo ~NOoO O

13 0.032318
14 0.070757
15  0.043355

As also implied by our plots, we search for roots in the ireés¥ < [3,4], 6, 7], [9, 10], [12, 13].

(%i19) k1 : find_root( lambda([k], ylast(k, 1, 0.01)), 3, 4)
(%019) 3.141593
(%i20) k2 : find_root( lambda([k], ylast(k, 1, 0.01)), 6, 7)
(%020) 6.283186

(%i21) k3 : find_root( lambda([k], ylast(k, 1, 0.01)), 9, 10 );
(%021) 9.424784
(%i22) k4 : find_root( lambda([k], ylast(k, 1, 0.01)), 12, 1 3);

(%022) 12.5664

We can make a plot of the eigenfunctign(x) and its derivativey (z) implied by the eigenvalué;. The numerical
solution here assumes a normalization suchgh@l = 1.

(%i23) solnLl : rk4([y2,-k1°2 *y1],[y1,y2],[0,1],[x,0,1,0.01])$
(%i24) yL1 : take(solnL1,2)$

(%i25) fll(yL1);

(%025) [0.0,8.8470897E-17,101]

(%i26) ypL1 : take(solnL1,3)$

(%i27) fli(ypL1);

(%027) [1.0,-1.0,101]

(%i28) xL1 : take(solnL1,1)$

(%i29) fli(xL1);

(%029) [0.0,1.0,101]

Here we plot the numerical and exact valueg @f) for k = k;.

(%i30) plot2d ([[discrete, xL1,yL1], sin(kl *x)/k1],[x,0,1],
[xlabel,"x"],[ylabel,"y"],[style,[lines,2]],
[legend, "numerical","exact"],[gnuplot_preamble,"set grid"))$

which produces the plot
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Figure 32: Numerical; (z) for k = k; andy’(0) = 1 with Analytical Soln.

Next we plot the numerical and exact values/bfz) for k = k;, again assuming’(0) = 1.

(%i31) plot2d ([[discrete, xL1,ypL1], cos(kl *X)],[x,0,1],
[xlabel,"x"],[ylabel,"dydx"],[style,[lines,2]],
[legend, "numerical","exact"],[gnuplot_preamble,"set grid"))$
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which produces the plot
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Figure 33: Numerical/, (z) for k = k; andy’(0) = 1.

4.2.3 Eigenvalues using myrk4 and uniroot with R

We usemyrk4 anduniroot to find the rootsk,, for smalln. We search for the value @fsuch that bothy(0) = 0 and
y(1) = 0. The routineylast(kl)  returns the value of(1) produced for given values &fl andy’(0) (represented by
global parametedel ). (We guess some reasonable valug'¢f) — see below).

Recall thatmyrk4(init, grid, func) expectsunc to return a R vector of derivatives, and returns a list of thenf
list(yL, ypL) , inwhichyL andypL are R vectors. Our globakrivs function (below) depends on a global value of
the parametek. To get thederivs  function to work with the functiorylast(kl)  below, we need to use the construct
k <<- k1 (insideylast )to change the global setting bf In the approach here, bokhanddel are global parameters.

> source("cp3.R")

> derivs = function(x,y) { c(y[2], -k™2 * y[1] )}
> xL = seq(0,1,0.01)
> fli(xL)
0o 1 101
> del = 1
> k=1
> out = myrk4(c(0,del),xL,derivs)
> yL = out[[1]]
> fli(yL)
0 0.841471 101
> last(yL)

[1] 0.841471

> ylast = function(kl) {

+ k <<- ki1

+ last (myrk4(c(0,del),xL,derivs) [[1]] )}
> ylast(3)

[1] 0.04704001

> k

[1] 3

> ylast(1)
[1] 0.841471
> k

[1] 1
> kL = seq(1,15,0.5)
> ylastL = sapply(kL, ylast)
> fli(ylastL)
0.841471  0.04335536 29
> plot(kL,ylastL,type="I"lwd = 2, col = "blue"xlab = "k",
+ ylab = "y(1)")
> points(kL,ylastL,pch=19,col="blue")
> mygrid()
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which produces the plot
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Figure 34: Numerical Valueg(1) vs. k for ' (0) = 1

The numerical valug(1) generated will depend on the value we useif@d). If y(z) is a solution of our linear homo-
geneous ode, then sodg(x) for any constant. One would need to apply some normalization convention tahkx
constante, and this should not affect the discrete, isolated, valdeis for which the boundary conditiop(1) = 0 is
satisfied. This means that we have some freedom in the valyé0dfwe use in our search for the eigenvalugs

We can compare the effect of different choiceg/@f)) by plotting the values of(1) for bothy/(0) = 1 andy’(0) = 0.5.

>
>
>

+ V V V

del = 0.5
ylastL2 = sapply(kL, ylast)
fll(ylastL2)
0.4207355  0.02167768

29

lines(kL,ylastL2,col = "red",lwd = 2)
points(kL,ylastL2,pch=19,col = "red")

legend("topright”, col = c("blue”, "red"),lwd=2,
legend = c("del = 1", "del = 2"))

which produces the plot
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Numerical Valueg(1) vs. k for Two Values ofy’(0)
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We see that the values bffor whichy(1) = 0 do not change if we vary’(0) somewhat.

For largerk, the integration done byyrk4 must cope with more oscillation in the internv@l, 1), and the errors (1)
should increase. To test the sensitivity of the numericklesaroduced foy(1) to the value ofc we definewavel(kl) ,

which printsk, ynum (1), Ynum (1) — Yan(1).

> del = 1

> wavel = function(kl) {

+ yan = del *sin(k1)/k1 #  analytic y(1)
+ ynum = ylast(k1) # numerical

+ cat(" "k1,” "ynum," "ynum - yan"\n") }
> wavel(l)

1 0.841471 -4.560774e-11
> for (k1 in seq(1,15,1) )  wavel(kl)
0.841471 -4.560774e-11
0.4546487 5.345776e-10
3 0.04704001 6.65649e-09
4 -0.1892006 1.447449e-08
5 -0.1917849 -1.268053e-08
6 -0.04656935 -1.020569e-07
7 0.09385507 -1.582428e-07
8 0.1236698 2.705469e-08
9 0.04579142 4.798371e-07
10 -0.05440138 7.344641e-07
11 -0.09090809 1.063024e-07
12 -0.04471577 -1.358122e-06
13 0.03231829 -2.254893e-06
14 0.07075686 -8.038224e-07
15 0.04335536 2.837147e-06

As expected, the errors ¥, (1) grow ask increases.

Confining ourselves to valugs < 15, we can make a simple table of the values;pf,,.(1) as a function o, looking
for sign changes.

> for (k1 in seq(1,15,1)) cat(k1,” "ylast(kl),"\n")
1 0.841471

2 0.4546487

3 0.04704001
4 -0.1892006

5 -0.1917849

6 -0.04656935
7 0.09385507
8 0.1236698

9 0.04579142
10 -0.05440138
11 -0.09090809
12 -0.04471577
13 0.03231829
14 0.07075686
15 0.04335536

As also implied by our plots, we search for roots in the ireés¥ < [3,4], 6, 7], [9, 10], [12, 13].

> k1 = uniroot(ylast,c(3,4))$root; ki
[1] 3.141588

> k2 = uniroot(ylast,c(6,7))$root; k2
[1] 6.283182

> k3 = uniroot(ylast,c(9,10))$root; k3
[1] 9.424783

> k4 = uniroot(ylast,c(12,13))$root; k4
[1] 12.5664

We can make a plot of the eigenfunctign(x) and its derivativey| (z) implied by the eigenvalué,. The numerical
solution here assumes a normalization suchgh@al = 1.

el =

1
k1

~xa

1] 3.141588

solnL1l = myrk4(c(0,del),xL,derivs)
yL1 = solnL1[[1]]

fll(yL1)

0 1.645898e-06 101

ypL1 = solnL1[[2]]

VVvVvVvVvgzVvVVvyv

\%

> fli(ypL1)
1 -1 101
> plot(xL,yL1,type="I",wd=2,col="blue",xlab = "x"yla b ="y")
> curve(sin(kl *x)/k1,0,1,add=TRUE,col = "red",lwd=2)
> mygrid()
> legend("topright",col = c("blue","red"),lwd=2,
+ legend = c("numerical”, "analytic"))
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which produces the plot
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Figure 36: Numerical;, (z) for k = k; andy’(0) = 1 with Analytical Soln.

Next we plot the numerical and exact valueg/pfz) for k£ = k;, again assuming’(0) = 1.

> plot(xL,ypL1,type="I",lwd=2,col="blue",xlab = "x",yl ab = "dydx")
> curve(cos(kl  *x), 0, 1, add=TRUE, col = "red", lwd=2)

> mygrid()

> legend("topright",col = c("blue","red"),lwd=2,

+ legend = c("numerical”, "analytic"))

which produces the plot
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Figure 37: Numerical/| (z) for k = k; andy’(0) = 1 with Analytical Soln.
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4.3 Eigenvalues of the BVPy"(z) + k? y(x) = 0 for 4/(0) = y(1) =0
We seek positive values éfsuch that nontrivial solutions of
y'(@) + K y(@) =0, 3 (0)=0, y(1)=0 (4.12)

exist.

4.3.1 Analytic Solution Using Maxima

We can use Maxima’sde2 andic2 functions.

(%il) de : 'diff(y,x,2) + k2 *y;
(%o01) ’diff(y,x,2)+k2 *y

(%i2) assume(k>0);

(%02) [k > 0]

(%i3) gsoln : ode2(de,y,x);

(%03) y = %kl *sin(k *x)+%k2 * cos(k *X)
(%i4) psoln : ic2(gsoln,x=0,y=y0, diff(y,x)=0);
(%04) y = cos(k *x) *y0

The analytic solution for any(0) and any positive: is then

yan(gj) = y(O) COS(]{? 33‘), (413)
and the analytic end value is
Yan (1) = y(0) cos(k). (4.14)
The condition thay(1) = 0 then implies the discrete normal modes
kn,=n g, Yn(x) ~sin(k, z), n=1,3,5,... (4.15)

For example, using Maximalsolve function:

(%i5) solve(cos(k),k);

solve: using arc-trig functions to get a solution.
Some solutions will be lost.

(%05) [k = %pi/2]

The fundamental standing wave solutions of the one dimaabkiwave equation (4.1) for these spatial boundary conitio
are then

Un(x,t) = cos(ky ) sin(k,vt), k,=mn g, n=1,3,5,... (4.16)
and -
vp(z,t) = cos(ky z) cos(k,vt), k,=mn 5 = 1,3,5,... (4.17)

The behavior at time = 0, for example, can be used to determine a particular lineanbamation of the fundamental
solutions which describes both the initial and subsequehaior.

4.3.2 Eigenvalues using rk4 and findoot with Maxima

We userk4 andfind_root  to find the rootsk,, for smalln for the BVP (4.12). We search for the valuefosuch that
bothy/(0) = 0 andy(1) = 0. The routineylast(k,yp0,h) returns the value of(1) produced for given values d@f,
y(0) (represented by0), and step sizé. (We guess some reasonable valug ©f) — see below).

(%i6) load(cp3);

(%06) "c:/k3/cp3.mac"

(%i7) ylast(k,y0,h) :=

block([solnL, numer],numer:true,
solnL : rk4(ly2,-k"2 *y1],[yl,y2],[y0,0],[x,0,1,h]),
last(take(solnL,2)))$

(%i8) ylast(1,1,0.01);

(%08) 0.5403

(%i9) cos(1),numer;

(%09) 0.5403
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We can useglast to make a plot of the numerical valuesyfl ) as a function ok, assuming (here) the valgé¢0) = 1.

(%il0) kL : makelist(k,k,1,15,0.5);

[legend, false])$

(%010) [1,1.5,2.0,2.5,3.0,3.5,4.0,4.5,5.0,5.5,6.0,6. 5,7.0,7.5,8.0,8.5,9.0,9.5,
10.0,10.5,11.0,11.5,12.0,12.5,13.0,13.5,14.0,14.5,1 5.0]

(%ill) ylastL : map(lambda([k],ylast(k,1,0.01)),kL);

(%011) [0.5403,0.070737,-0.41615,-0.80114,-0.98999,- 0.93646,-0.65364,-0.2108,
0.28366,0.70867,0.96017,0.97659,0.7539,0.34664,-0.1 455,-0.60201,
-0.91113,-0.99717,-0.83908,-0.47555,0.0044123,0.483 29,0.84384,0.99779,
0.90746,0.59495,0.13678,-0.35487,-0.75964]

(%i12) plot2d([ [discrete,kL,ylastL], [discrete,kL,yla stL]], [xlabel,"k"],[ylabel

[style, [lines,2,1],[points,1,1,1]],[gnuplot_preambl e,"set grid"],

Y@

which produces the plot
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Figure 38: Numerical Valueg(1) vs. k for y(0) = 1

The numerical valug(1) generated will depend on the value we usey ). If y(x) is a solution of our linear homo-
geneous ode, then sodg(z) for any constant. One would need to apply some normalization convention tahix
constante, and this should not affect the discrete, isolated, valdes for which the boundary conditiop(1) = 0 is

satisfied. This means that we have some freedom in the valy@pfve use in our search for the eigenvalugs

We can compare the effect of different choiceg (@) by plotting the values of(1) for bothy(0) = 1 andy(0) = 0.5.

(%il3) ylastL2 : map(lambda([k],ylast(k,0.5,0.01)),kL) ;
(%013) [0.27015,0.035369,-0.20807,-0.40057,-0.495,-0 .46823,-0.32682,-0.1054,

0.14183,0.35433,0.48009,0.48829,0.37695,0.17332,-0. 072749,-0.301,
-0.45556,-0.49859,-0.41954,-0.23777,0.0022062,0.241 64,0.42192,0.4989,
0.45373,0.29747,0.06839,-0.17744,-0.37982]

(%il4) plot2d( [ [discrete, kL, ylastL], [discrete, kL, yla stL],

[ discrete, kL, ylastL2], [discrete, kL, ylastL2] ],
[ style, [ lines,2,1], [ points,1,1,1],
[ lines,2,2], [ points,1,2,1] 1,
[ xlabel,"k"], [ ylabel , "y(1)"], [ gnuplot_preamble, "set
[ legend, "y(0) = 1", "y(0) = 1", "y(0) = 0.5", "y(0) = 0.5" ])$

grid",

which produces the plot
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Figure 39: Numerical Valueg(1) vs. k for Two Values ofy(0)
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We see that the values bffor whichy(1) = 0 do not change if we vary(0) somewhat.

For largerk, the integration done byk4 must cope with more oscillation in the intervéd, 1), and the errors in
y(1) should increase. To test the sensitivity of the numericélevgoroduced fory(1) to the value ofk we define
WaVEl(k, yO, h) y which printSka ynum(l)a ynum(l) - yan(l)'

(%il5) wavel(k,y0,h) :=
block ( [yexact, solnL, ylL, ynum, numer], numer:true,

yexact : yO *cos(k), [/ * analytic y(1) */

solnL : rk4( [y2, -k2 +y1], [y1, y2], [yO, 0], [x,0,1,h] ),
ylL : take (solnL,2),
ynum : last (ylL), / * numerical y(1) */
print (" ", k, " ", ynum, " ", ynum - yexact ) )$

(%i16) wavel(l, 1, 0.01)$

1 0.5403 6.9745654E-11
(%il7) for k thru 15 do

wavel(k, 1, 0.01)$
0.5403 6.9745654E-11
-0.41615 2.4429408E-9
-0.98999 3.357889E-9
-0.65364 -6.2684697E-8
0.28366 -2.5257391E-7
0.96017 -2.1192422E-7
0.7539 8.5699728E-7
-0.1455 2.7219014E-6
-0.91113 2.3579966E-6
10 -0.83908 -3.9353366E-6
11 0.0044123 -1.3368254E-5
12 0.84384 -1.2816029E-5
13 0.90746 9.8862842E-6
14 0.13678 4.3373724E-5
15 -0.75964 4.6814335E-5

O©CoO~NOUAWNPE

As expected, the errors .., (1) grow ask increases.

Confining ourselves to valugs < 15, we can make a simple table of the values;pf,,.(1) as a function of, looking
for sign changes.

(%il18) ylast(k,y0,h) =
block([solnL, numer],numer:true,
solnL : rk4([y2,-k"2 *y1],[y1,y2],[y0,0],[x,0,1,h]),
last(take(solnL,2)))$
(%i19) for k thru 15 do print(" "k," "ylast(k, 1, 0.01))$

1  0.5403

2  -0.41615
3 -0.98999
4  -0.65364
5 0.28366

6 0.96017

7 0.7539

8  -0.1455

9 -0.91113
10  -0.83908
11  0.0044123
12 0.84384
13 0.90746
14 0.13678
15  -0.75964

As also implied by our plots, we search for roots in the iraés¥% < [1,2], [4,5],[7, 8], [10, 11], [14, 15].

(%i20) k1 : find_root( lambda([k], ylast(k, 1, 0.01)), 1, 2) ;
(%020) 1.570796

(%i21) k2 : find_root( lambda([k], ylast(k, 1, 0.01)), 4, 5) ;
(%021) 4.712389

(%i22) k3 : find_root( lambda([k], ylast(k, 1, 0.01)), 7, 8) ;
(%022) 7.853984

(%i23) k4 : find_root( lambda([k], ylast(k, 1, 0.01)), 10, 1 1);
(%023) 10.99559




4 WAVE EQUATION WITH ONE CARTESIAN SPATIAL DIMENSION¢r1 = V2 ¢x x 45

(%i24) k5 : find_root( lambda([k], ylast(k, 1, 0.01)), 14, 1 5);
(%024) 14.13721

We can make a plot of the eigenfunctign(x) and its derivativey (z) implied by the eigenvalué;. The numerical
solution here assumes a normalization suchg@t = 1.

(%i25) solnLl : rk4([y2,-k1°2 *y1],[y1,y2],[1,0],[x,0,1,0.01])$
(%i26) yL1 : take(solnL1,2)$

(%i27) fli(yL1);

(%027) [1.0,-3.1225023E-17,101]

(%i28) ypL1 : take(solnL1,3)$

(%i29) fll(ypL1);

(%029) [0.0,-1.570796,101]

(%i30) xL1 : take(solnL1,1)$

(%i31) fli(xL1);

(%031) [0.0,1.0,101]

Here we plot the numerical and exact valuegdfr) for & = k;.

(%i32) plot2d ([[discrete, xL1,yL1], cos(kl *X)],[x,0,1],
[xlabel,"x"],[ylabel,"y"],[style,[lines,2]],
[legend, "numerical","exact"],[gnuplot_preamble,"set grid"N)$

which produces the plot
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Figure 40: Numericad; (z) for k = k; andy(0) = 1 with Analytic Soln.

Next we plot the numerical and exact values/pfz) for k£ = k1, again assuming(0) = 1.

(%i33) plot2d ([[discrete, xL1,ypL1], -k1 *sin(kl *x)],[x,0,1],
[xlabel,"x"],[ylabel,"dydx"],[style,[lines,2]],
[legend, "numerical","exact"],[gnuplot_preamble,"set grid'])$

which produces the plot

0.2
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Figure 41: Numerical/ (x) for k = k; andy(0) = 1 with Analytic Soln.
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4.3.3 Eigenvalues using myrk4 and uniroot with R

We usemyrk4 anduniroot to find the rootsk,, for smalln. We search for the values &fsuch thaty’(0) = 0 and
y(1) = 0. The routineylast(kl)  returns the value of(1) produced for given values &fL andy(0) (represented by
global parametedel ). (We guess some reasonable valug @) — see below).

Recall thatmyrk4(init, grid, func) expectsunc to return a R vector of derivatives, and returns a list of thenf
list(yL, ypL) , inwhichyL andypL are R vectors. Our globalkerivs function (below) depends on a global value
of the parametek. To get thederivs function to work with the functiorylast(kl)  below, we need to use the syntax
k <<- k1 (insideylast )to change the global setting bf In the approach here, bokhanddel are global parameters.

> source("cp3.R")
> derivs = function(x,y) { c(y[2], -k™2 * y[1] )}
> xL = seq(0,1,0.01)
> fli(xL)
0o 1 101
del = 1
k=1
out = myrk4(c(del,0),xL,derivs)
> yL = out[[1]]
> fli(yL)
1 05403023 101
> last(yL)
[1] 0.5403023
> ylast = function(kl) {
+ k <<- k1
+ last (myrk4(c(del,0), xL, derivs) [[1]] )}
> ylast(3)
[1] -0.9899925
> k

>
>
>

[y s

> ylast(1)

[1] 0.5403023
> k

[1] 1
> kL = seq(1,15,0.5)
> ylastL = sapply(kL, ylast)
> fli(ylastL)
0.5403023  -0.7596411 29
> plot(kL,ylastL,type="I",lwd = 2, col = "blue",xlab = "k",
+ ylab = "y(1)")
> points(kL,ylastL,pch=19,col="blue")
> mygrid()

which produces the plot
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Figure 42: Numerical Valueg(1) vs. k for y(0) = 1

The numerical valug(1) generated will depend on the value we useif@r). If y(x) is a solution of our linear homo-
geneous ode, then sodg(x) for any constant. One would need to apply some normalization convention tahkx
constante, and this should not affect the discrete, isolated, valdeis for which the boundary conditiop(1) = 0 is
satisfied. This means that we have some freedom in the valy@pfve use in our search for the eigenvalugs
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We can compare the effect of different choiceg @) by adding to this plot the values gf1) for y(0) = 0.5.

47

>
>
>

>
>
>
+

del = 0.5

ylastL2 = sapply(kL, ylast)

fli(ylastL2)

0.2701512 -0.3798205 29

lines(kL, ylastL2, lwd = 2, col = "red")

points(kL, ylastL2, pch=19, col="red")

legend("topleft”,col = c("blue","red"),lwd=2,
legend = c("y(0) = 1", "y(0) = 0.5")

which produces the plot
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Figure 43: Numerical Valueg(1) vs. k for Two Values ofy(0)

We see that the values bffor whichy(1) = 0 do not change if we vary(0) somewhat.

For largerk, the integration done byyrk4 must cope with more oscillation in the internv@l, 1), and the errors (1)
should increase. To test the sensitivity of the numericklesaroduced foy(1) to the value ofc we definewavel(kl) ,

which printsk, Ynum (1), Ynum (1) — Yan(1).

vV + + + V V

\%

del = 1
wavel = function(kl) {
yan = del *cos(kl) #  analytic y(1)
ynum = ylast(kl) # numerical
cat(" "k1," "ynum,” "ynum - yan,"\n") }
wavel(l)

1 0.5403023 6.974565e-11
for (k1 in seq(1,15,1) ) wavel(kl)
0.5403023 6.974565e-11
-0.4161468 2.442941e-09
-0.9899925 3.357889e-09
-0.6536437 -6.26847e-08
0.2836619 -2.525739e-07
0.9601701 -2.119242e-07
0.7539031 8.569973e-07
-0.1454973 2.721901e-06
-0.9111279 2.357997e-06
10 -0.8390755 -3.935337e-06
11 0.00441233 -1.336825e-05
12 0.8438411 -1.281603e-05
13 0.9074567 9.886284e-06
14 0.1367806 4.337372e-05
15 -0.7596411 4.681434e-05

O©CoO~NOUDWNPRE

As expected, the errors .., (1) grow ask increases.
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Confining ourselves to valuds < 15, we can make a simple table of the valuegpf,.(1) as a function of, looking
for sign changes.

> for (k1 in seq(1,15,1)) cat(kl,” "ylast(k1),"\n")
1 0.5403023
2 -0.4161468
3 -0.9899925
4 -0.6536437
5 0.2836619
6 0.9601701
7 0.7539031
8 -0.1454973
9 -0.9111279
10 -0.8390755
11 0.00441233
12 0.8438411
13 0.9074567
14 0.1367806
15 -0.7596411

As also implied by our plots, we search for roots in the iraés¥% < [1,2], [4,5],[7, 8], [10, 11], [14, 15].

> k1 = uniroot(ylast,c(1,2))$root; k1
[1] 1.570796

> k2 = uniroot(ylast,c(4,5))$root; k2
[1] 4.712389

> k3 = uniroot(ylast,c(7,8))$root; k3
[1] 7.853973

> k4 = uniroot(ylast,c(10,11))$root; k4
[1] 10.99559

> k5 = uniroot(ylast,c(14,15))$root; k5
[1] 14.13723

We can make a plot of the eigenfunctign(x) and its derivativey| (z) implied by the eigenvalué,. The numerical
solution here assumes a normalization suchgb@t = 1.

el =

1
k1

vV VvV Vv
~xa

[1] 1.570796
> solnL1l = myrk4(c(del,0),xL,derivs)
> yL1 = solnL1[[1]]
> fli(yL1)
1 1.021841e-09 101
> ypL1l = solnL1[[2]]
> fli(ypL1)
0 -1.570796 101

>

> curve(cos(kl  *x),0,1,add=TRUE,col = "red",lwd=2)
> mygrid()

> legend("topright",col = c("blue","red"),lwd=2,

+ legend = c("numerical”, "analytic"))

which produces the plot

3 = \ —— numerical
—— analytic

) \

o

0.0 0.2 0.4 0.6 0.8 1.0

Figure 44: Numerical; (z) for k = k; andy(0) = 1 with Analytical Soln.
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Next we plot the numerical and exact valueg/pfx) for k = k;, again assuming(0) = 1.

> plot(xL,ypL1,type="I"lwd=2,col="blue" xlab = "x"yl ab = "dydx")
> curve(-k1  *sin(kl *x), 0, 1, add=TRUE, col = "red", lwd=2)

> mygrid()

> legend("topright",col = c("blue","red"),lwd=2,

+ legend = c("numerical”, "analytic"))

which produces the plot
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—— numerical
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Figure 45: Numerical/ (x) for k = k; andy(0) = 1 with Analytical Soln.

5 Wave Equationu,;; = v> V?u in Plane Polar Coordinates

Using plane polar coordinatesandé to treat the vibrations of a circular drumhead with given haary and initial conditions, with
u the height of the drumhead from the plane, we scale the rdditdnce td) < » < 1 and assume = 0 whenr = 1. We seek
u(r, 0,t) that satisfies

1 1
utt=v2V2u:UQ(uTT+—uT+—2u99), 0<r<i (5.1)
T T
such that
u=0 when r=1 for 0<t< o0, (5.2)

subject to initial conditions on andu, whent = 0.

In this section we generally use a notation which agrees thihof Stanley J. Farlow, Partial Differential Equations $cientists
and Engineers, John Wiley, 1982, Lesson 30, “The Vibratingnthead; (also in the Dover reprint, 1993).

5.1 Separation of Variables
We look for fundamental standing wave solutions of the form
u(r,0,t) = R(r)©(0) T(t) (5.3)
by using the method of separation of variables. We first sepaiut the dependence on timeising
u(r,0,t) = U(r,0)T(t). (5.4)

Substitution into (5.1) leads to
171t VAU
v T(t) U
The sign of the separation constant is chosen to arrive @tisimarmonic motion in time

— k2. (5.5)

T"(t) + E*v*T(t) = 0, (5.6)
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and the spatial dependence is governed by the Helmholtziequa
V2U(r,0) + k2 U(r,0) = 0. (5.7)

We need/(r = 1, 6) = 0 to satisfy the spatial boundary conditionrat 1. We next substituté (r, §) = R(r) ©(0) in (5.7), divide
by R ©, and multiply byr? to get

2
™ pu T o 212 _ _i nigy — 2
RR(T)—l-RR(T)—i-rk— 69(9)—n (5.8)
The# dependence, governed by
0"(0) +n*>0(0) =0, (5.9
is then of the form
A sin(n @) + B cos(n @), (5.10)

forn=20,1,2,3,...and forn = 0 becomes a constant independem.of he radial dependence is then governed by

n2

R'"(r) + % R'(r) + <k2 - T—2> R(r)=0 (5.11)

with the boundary condition
R(1)=0. (5.12)

5.2 Then = 0and R(0) = 1 Case, withR(r) — y(z)
With the replacemenk(r) — y(x) in the radial equation, and assumiRg§0) = 1, we seek values df such that the BVP
1 1 /
y'(@) + —y'(@) + K y(x) =0, y(0)=1, y(1)=0 (5.13)

is satisfied. We can sidestep the problem of the singulér'my:z: = 0 in the second term by starting the integration@t= 1015,

5.2.1 Analytic Solution in Terms of Bessel Functions Using ixima

The general solution of the linear ode
u’(2) + 1u/(z) +u(z) =0 (5.14)
z

is a linear combination of the Bessel functiofgz) andYy(z). For example, using the identitly = 2 .J; /z — Jo,

(%il) u : bessel_j(0,2);

(%01) bessel_j(0,z)

(%i2) up : diff(u,z);

(%02) -bessel_j(1,z)

(%i3) upp : diff(up,z);

(%03) -(bessel_j(0,z)-bessel_j(2,2))/2

(%i4) eqn : z =*upp + up + z ~u,bessel_j(2,z)=2 *bessel_j(1,z)/z - bessel_j(0,z),expand;
(%04) 0

and using the identitys = 2Y7 /2 — Yy,

(%i5) u : bessel_y(0,z2);

(%05) bessel_y(0,z)

(%i6) up : diff(u,z);

(%06) -bessel_y(1,z)

(%i7) upp : diff(up,z);

(%07) -(bessel_y(0,z)-bessel_y(2,2))/2

(%i8) eqn : z *upp + up + z xu,bessel_y(2,z)=2 *bessel_y(1,z)/z - bessel_y(0,z),expand;
(%08) 0

If we let = = kx (for positivek) andy(z) = u(z) = u(kx), then (5.14) takes the form of (5.13), so that the solutio(50i3)
(without the boundary conditions) igx) = A Jo(kx) + BYy(k ), in which A and B are constants chosen to fit the boundary
conditions. Sinc&}(kx) — —oo asx — 0, B = 0 andy(x) = A Jy(k x).

We have the property,(0) = 1,
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(%i9) bessel_j(0,0);
(%09) 1

so if we requirey(0) = 1 (for our BVP), theny(z) = Jo(k 2) The further requirement thg{1) = 0 then implies that/y(k) = 0,
which is only satisfied for a discrete set of positive valuk&,onvhich can be found using Maxima. We first make a plot/gfk)
versusk.

(%i10) plot2d(bessel_j(0,k),[k,0,20],[xlabel,"k"],[y label,"JO(k)"],
[style,[lines,2]],[gnuplot_preamble,"set grid"])$

which produces the plot
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Figure 46: Values offy(k) versusk
We can put the cursor at the intersections of the curve witly th 0 axis to find approximate values of the set of eigenvalyes

We can also make a simple tableff(k) as a function ok, looking for sign changes.

(%i11) fpprintprec:8$
(%i12) for k thru 15 do
print(" ",k," " float(bessel_j(0,k)))$

1 0.765198

2 0.223891

3 -0.260052

4 -0.39715

5 -0.177597

6 0.150645

7 0.300079

8 0.171651

9 -0.0903336

10 -0.245936

11 -0.17119

12 0.0476893

13 0.206926

14 0.171073

15 -0.0142245

We can then usénd_root  with bessel_j(0,k) to find the first four roots offy (k) = 0, using the intervals
k€ (2,3),(5,6),(8,9),(11,12). The “0” stands fom = 0, the “a” stands for “analytic”.

(%il3) kOla : find_root(bessel_j(0,k),k,2,3);
(%013) 2.404826

(%il4) k02a : find_root(bessel_j(0,k),k,5,6);
(%014) 5.520078

(%il5) k03a : find_root(bessel_j(0,k),k,8,9);
(%015) 8.653728

(%il6) kO4a : find_root(bessel_j(0,k),k,11,12);
(%016) 11.79153

5.2.2 Why We Need to Usg/(0) =0
Multiply (5.13) through byz, to get

zy(x) +y'(z) + zk?y(z) = 0. (5.15)
Take the limit of this ode ag — 0, and assume both(0) andy”(0) are finite. The first and third terms approach zero, leaving
y'(0) =0.
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5.2.3 Numerical Solution using rk4 and findroot with Maxima

We defineylast(k)  to return the value of(1) for a given value of:. (Note the value okO which avoids the singularity at = 0.)

(%il) load(cp3);

(%01) "c:/k3/cp3.mac"

(%i2) ylast(k) =

block([solnL,x0:1e-15,h:0.01, numer],numer:true,
solnL : rk4(y2, -k"2 *yl - y2/x],[yl,y2],[1,0],[x,x0,1,h]),
last(take(solnL,2)))$

(%i3) ylast(2);

(%03) 0.22388

(%i4) ylast(3);

(%04) -0.26003

We can usglast to make a plot of the numerical valuesyfl ) as a function of.

(%i5) kL : makelist (k,k,1,15,0.5)$

(%i6) fli(kL);

(%06) [1,15.0,29]

(%i7) ylastL : map (ylast,kL)$

(%i8) fll(ylastL);

(%08) [0.76519,-0.014197,29]

(%i9) plot2d([ [discrete,kL,ylastL], [discrete,kL,ylas tL]], [xlabel,"k"],[ylabel , "y(1)"],
[style, [lines,2,1],[points,1,1,1]],[gnuplot_preambl e,"set grid"],

[legend, false])$

which produces the plot
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Figure 47: Values of(1) versusk

and make a table, looking for sign changes

(%i10) for j thru length(kL) do print(" "KL[j]," ",ylastL[ ins
1 0.76519
1.5 0.51182
2.0 0.22388
25 -0.048381
3.0 -0.26003
3.5 -0.38009
4.0 -0.3971
4.5 -0.32049
5.0 -0.17756
55 -0.0068419
6.0 0.1506
6.5 0.26
7.0 0.29996
7.5 0.26621
8.0 0.17156

8.5 0.041913
9.0 -0.090273
9.5 -0.19378
10.0  -0.24573
10.5  -0.23643
11.0 -0.17101
11.5 -0.067577
12.0 0.047632
12.5  0.14669
13.0  0.20663
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13,5 0.21466
140  0.17079
145  0.087388
15.0 -0.014197

We can then look for the eigenvaluks; usingylast with find_root  with k& € (2,2.5), (5.5,6), (8.5,9), (11.5,12), and com-
pare the numerical values with the “analytic” values.

(%il1) k01 : find_root(ylast,2,2.5);
(%011) 2.404826

(%i12) k01 - kOla;

(%012) -3.2908436E-8

(%il3) k02 : find_root(ylast,5.5,6);
(%013) 5.520077

(%il4) k02 - k02a;

(%014) -7.2644058E-7

(%il5) k03 : find_root(ylast,8.5,9);
(%015) 8.653725

(%i16) k03 - k03a;

(%016) -2.9313481E-6

(%il7) k04 : find_root(ylast,11.5,12);
(%017) 11.79153

(%i18) k04 - kO4a;

(%018) -4.8401604E-6

We can compare the numerical solution §@x:) with the analytic solution for the lowe&t= k; eigenvalue using a plot.

(%i19) soln(k) :=
block([x0:1e-15,h:0.01, numer],numer:true,
solnL : rk4([y2, -k*2 *yl - y2/x],[yl,y2],[1,0],[x,x0,1,h]))$

(%i20) solnl : soln(k01)$

(%i21) xL : take(solnl,1)$

(%i22) fli(xL);

(%022) [1.0E-15,1.0,101]

(%i23) yL1 : take(solnl,2)$

(%i24) fli(yL1);

(%024) [1.0,-5.8980598E-17,101]

(%i25) plot2d([[discrete, xL,yL1], bessel_j(0, kOla * X) ], [x,0,1],[xlabel,"x"],
[ylabel,"y"], [style,[lines,2]], [legend,"numerical”, "analytic"],

[gnuplot_preamble,"set grid"])$

which produces the plot showing agreement:
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Figure 48:k; Numerical Solution compared with (k; =)

Likewise fork = ko:

(%i26) soln2 : soln(k02)$
(%i27) yL2 : take(soln2,2)$
(%i28) fli(yL2);
(%028) [1.0,-1.0755286E-16,101]
(%i29) plot2d([[discrete, xL,yL2], bessel_j(0, k02a * X) ], [x,0,1],[xlabel,"x"],
[ylabel,"y"], [style,[lines,2]], [legend,"numerical”, "analytic"],
[gnuplot_preamble,"set grid"])$




5 WAVE EQUATION Uyt = V2 V2U IN PLANE POLAR COORDINATES 54

which again shows agreement:

T
numerical
analytic

0.8

0.6 \
0.4

0 \
-0.2

-0.4

-0.6

Figure 49:k, Numerical Solution compared with, (ks x)

5.2.4 Numerical Solution using myrk4 and uniroot with R

We seek values df such that the BVP )
y'(@)+ -y (@) + K y@) =0, y(0)=1, y(1)=0 (5.16)

is satisfied. We can sidestep the problem of the singul%riayx = 0 in the second term by starting the integrationgt= 105,

As we have discussed above, the analytic solutiong/gfe) = Jo(k x), in which the discrete set of eigenvaluesire the solutions of, (1) =
Jo(k) = 0.

If you type ?Bessel inside R, you will find a description of the syntax for Besagitdtions in R. In particular/, (x) is represented by the R
functionbesselJ(x, n)

Here we use R to numerically evalualg(0) = 1, and then make a plot ofy (k) as a function oft, to see visually where the curve crosses the
y = 0 axis; these locate the eigenvalues for whi¢h) = Jo (k) = 0.

> besselJ(0,0)
[1] 1

> source("cp3.R")

> curve(besselJ(k,0),0,15,xname="k",col="blue" lwd=3
+ ylab="J0(k)")

> mygrid()

which produces the plot
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Figure 50:Jy(k) versusk using besselJ(k,0)
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We can make a simple table of valueskcdind the corresponding values.ff(k), looking for sign changes.

55

> for (k in seq(1,15,1)) cat (k," ",besselJ(k,0), "\n")
1 0.7651977

2 0.2238908

3 -0.260052

4 -0.3971498
5 -0.1775968
6 0.1506453

7 0.3000793

8 0.1716508

9 -0.09033361
10 -0.2459358
11 -0.1711903
12 0.04768931
13 0.2069261
14 0.1710735
15  -0.01422447

We can then usaniroot  to find eigenvalues fok € (2, 3), (5,6), (8,9), (11,12), (14, 15).

> kOla = uniroot(function(k) besselJ(k,0), c(2,3), tol = 1le
> kOla

[1] 2.404826

> k02a = uniroot(function(k) besselJ(k,0), c(5,6), tol = 1le
> k02a

[1] 5.520078

> k03a = uniroot(function(k) besselJ(k,0), c(8,9), tol
> kO3a

[1] 8.653728

> kO4a = uniroot(function(k) besselJ(k,0), c(11,12), tol
> kOda

[1] 11.79153

> k05a = uniroot(function(k) besselJ(k,0), c(14,15), tol
> kO5a

[1] 14.93092

le

-10)$root

-10)$root

-10)$root

le-10)$root

le-10)$root

We next define a R functioylast(k1) which uses our homemade R functioyrk4 (as used above) to return the valueyof)

for givenk = k; value. In our globatlerivs  function,k is a global parameter which is changed insjthest

using the syntax

k <<- k1.
> derivs = function(x,y) {
+ cyl2l, -kK2  xy[1] - y[2l/x ) }
> xL = seq(le-15,1,0.01)
> fli(xL)
le-15 1 101
> head(xL)

[1] 1e-15 1e-02 2e-02 3e-02 4e-02 5e-02
> ylast = function(kl) {
+

<<- k1
+ last (myrk4(c(1,0), xL, derivs) [[1]] )}
> ylast(2)
[1] 0.2238833
> ylast(3)

[1] -0.2600324
kL = seq(1,15,0.5)

\%2

> fli(kL)
1 15 29
> ylastL = sapply(kL, ylast)
> fli(ylastL)
0.7651913 -0.01419687 29
> plot(kL, ylastL, type = "I", col = "blue", lwd = 3, xlab = "k",
+ ylab = "y(1)")
> mygrid()

which produces the plot

y()
0.0 0. 04 0.6

-02

Figure 51

: Numerical (1) versusk using myrk4
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We next make a small table gf1) values as a function df, as implied by the numerical integration.

\%

kL = seq(1,15,1)

> fli(kL)
1 15 15
> ylastL = sapply(kL, ylast)
> fli(ylastL)
0.7651913 -0.01419687 15
> for (j in kL) cat(" ",kL[]," "ylastL[j],"\n")
1 0.7651913
0.2238833
3 -0.2600324
4 -0.3970967
5 -0.1775594
6  0.1506001
7 0.2999558
8 0.1715578
9 -0.09027275

10 -0.2457283
11 -0.1710143
12 0.04763221
13 0.2066296
14 0.1707881
15 -0.01419687

We can then look for the eigenvalugg; usingylast
numerical values with the “analytic” values.

with uniroot

with k& € (2,3),(5,6),(8,9),(11,12), and compare the

> k01 = uniroot(ylast, ¢(2,3), tol = le-10)$root
> ko1

[1] 2.404826

> k01 - kOla

[1] -3.290844e-08

> k02 = uniroot(ylast, c(5,6), tol = le-10)$root

> k02
[1] 5.520077
> k02 - k02a

[1] -7.264406e-07

> k03 = uniroot(ylast, ¢(8,9), tol = le-10)$root

> k03
[1] 8.653725
> k03 - k03a

[1] -2.931348e-06

> k03 = uniroot(ylast, c(8,9), tol = le-12)$root

> k03
[1] 8.653725
> k03 - k03a

[1] -2.931348e-06

> k04 = uniroot(ylast, c(11,12), tol = le-12)$root

> k04
[1] 11.79153
> k04 - kO4da

[1] -4.84016€-06

We can now make a plot comparing the numerical solution vhigh*ainalytic” solution fork = ;.

curve(besselJ(k0la
legend("topright", col = c("blue", "red"), lwd = 2,
legend = c("numerical”, "analytic"), cex = 1.5)

+ VvV VVvVYyVv

> soln = function(kl) {

+ <<- k1

+ myrk4( c(1,0), xL, derivs ) }

> solnl = soln(k01)

> yL1 = soln1[[1]]

> fli(yL1)
1 -1.834644e-14 101
plot(xL,yL1,type = "I', col = "blue", lwd = 3, xlab = "x"yla
mygrid()

*X, 0),0,15,col="red",lwd=3,add = TRUE,n=200)

b = "y(x)")

which shows agreement

yx)

— | numerical
—— |analytic

Figure 52: Numerical vs. Analytig(z) for k = k;



6 1D SOLUTIONS OF SCHROEDINGER'’S EQUATION

We next compare the numerical vs. the “analytical” solufamk = k.
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> soln2 = solIn(k02)
> yL2 = soln2[[1]]

> fli(yL2)

1  -2.081668e-17 101
> plot(xL,yL2,type = "I', col = "blue", lwd = 3, xlab = "x"yla b = "y(x)")
> mygrid()

> curve(besselJ(k02a *X, 0),0,15,col="red" lwd=3,add = TRUE,n=400)
> legend("topright”, col = c("blue”, "red"), lwd = 2,
+ legend = c("numerical”, "analytic"), cex = 1.5)

which also shows agreement

— numerical
——  analytic

Figure 53: Numerical vs. Analytig(x) for k = ko

6 1D Solutions of Schroedinger’s Equation

Two examples of numerical solutions of Schroedinger’'s &quan 1D are worked out as examples in the Bleample3.pdf
These examples are a quantum particle in a finite rectangatantial well and a quantum particle in a potential wellatidsed by

the Lennard-Jones 6/12 potential (energy).

In addition tocp3.mac andcp3.R , code fileFW.mac, FW.R, LJ6-12.mac , andLJ6-12.R provide the needed method (both
Runge-Kutta and Numerov methods are used) codes for thasepdss.
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